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CONSERVATION LAWS

@ Find the value of the divergence V - u and the vorticity V X u for each of the AN = MA - £4 + 1 L1 + M} - 29
following velocity fields. The factors 4 and B are constants. ™ —_ - —
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@ Suggest physical means for producing a flow with V+u > 0.
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@ Show formally that the velocity field u(x,?) derived from a potential ¢(x,?)
u=Ve
is irrotational.
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Find the material acceleration Du/Dt¢ for the velocity field
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where « is a constant, and interpret the result for the special case « = 1.
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@ Show that the Euler momentum equation
Du;

P Dt

can be put in the form

+P,i=0

7t Pt + (puuy + Pdy) . = 0

The quantity pu,u, is the momentum tensor.
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For an incompressible fluid at rest, with e = ¢,T + const, show that the energy
equation (1.71) reduces to the heat equation

oT 8
pC, ™ k T

where the thermal conductivity « has been assumed constant.
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THERMODYNAMICS OF MOTION [26/53 /2020

Write explicit expressions for the dissipation function Y for the velocity fields
of Examples 1.2 and 1.3 (pages 21 and 24).
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Given that
dh = Tds + vdP
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@ If the ratio of specific heats y for an ideal gas varies according to
Hp: « 23 = @a,+ Taa . lG
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where a, and a, are constants, find an equation relating P and T for an isentropic . J N =0

process analogous to the perfect gas relation
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Find the molecular weight and ratio of specific heats for an equimolar mixture
of helium and oxygen at room temperature.

Answer 18.001; 1.500
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The identity (6P/0v), = y(0P/ov); is not useful at the critical point because
(0P/ov)y — 0 and y — co. Find the alternative identity,
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Evaluate the derivatives (9z/0P),, (0%/0P%),, (932/0P®), in terms of », P, and y

for a perfect gas.
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ACOUSTICS

@ Given that the condensation S satisfies the wave equation; which of the
quantities P, p, T, and s satisfy the wave equation?
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Show formally that a function F(t — x/c,) satisfies the one-dimensional wave
equation.
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@ For a hypothetical substance which has an equation of state P = a®p, where a is
a constant, find an expression for the sound speed.
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@ The equation of state for a Clausius gas is P(v — b) = RT, where b is a constant
representing the molecular volume and R is the gas constant. Find an expres-

sion for the sound speed in such a gas in terms of y, R, T, v, and b. If possible,
interpret the result physically.
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@ For acoustic motion in an ideal gas with the local value of condensation S,
find the corresponding value of the relative sound-speed change, (¢ — ¢o)/co.
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Calculate the particle displacement amplitude for one-dimensional sinusoidal rvimincrdall wene

progressive waves in air at 300 K at the following intensity levels and frequencies: progrumive Wane ( 3,9)
(a) 20 dB, 10 kHz To = 200 K
(b) 60dB, 50 Hz Po = 4 abm

These levels are roughly the lowest at which the sound can be clearly heard at A = A0 ﬁ% &

the particular frequency.
Answer 1.11 x 1071'm; 223 x 10" m
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A loudspeaker advertisement claims a total (peak-to-peak) diaphragm displace-
ment of % in. for bass notes. Assuming one-dimensional sinusoidal motion at
frequency v = 35 Hz, calculate the one-dimensional energy flux and find the

corresponding decibel level at the speaker.
Answer 148 dB
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For acoustic radiation with spherical symmetry, the velocity potential is

¢ = (1)r)F(r — ct). If F is sinusQidal, with wavelength A, find a criterion for
the negligibility of the 1/r? term iy the expression for particle velocity; i.e.,
find the condition on r such that thi§ term is negligible.
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MOC AND BURGERS EQUATIONS

Exercis Consider the first order partial differential equation

+2x (ﬂu 3.\') =0

The initial condition for u(x,y) is given by
u(0,y) =5y + 10

u

ox dy 2

Using the Method of Characteristics, determine:
(a) The conservative and quasi-linear form of the PDE
(b) The characteristic and compatibility equations
(¢) The equation for the characteristic passing throught the point (2,4)
(d) The compatibility equation valid along the characteristic passing throught the point (2,4)

(e) The value of u(2,4)
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Exercis Consider the first order partial differential equation
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Compute the value of the solution at point (2,4) assuming the initial condition

u(0,y) =5y + 10
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@ dU-59"dx=5x*dx —[> U= x°+D

U°(0)= M(Olo) = Ao =D — b =0
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#(2/4) = UC(1,4) (7.) = 42

Exercis Consider the first order partial differential equation

ou du N
— —2y— -3y =0
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The initial condition for u(x,y) is given by
u(0,y) =5y + 10

Compute the expression u(x,y).
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Exercis Consider the first order partial differential equation
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a+3x a—V‘F) =0

The initial condition for u(x,y) is given by
_ 2
u(x,0)=x"-3

Compute the value of the solution at point (2,9).
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Exercisansider the following inviscid Burgers’s equation

u u
—+u—=0
ot ox
where x is the spatial coordinates and t is the time. For the scalar unknown u, draw the solution at
timet =1 t=1 andt = 2. The initial data is:
0 x0 < -1
-1 -1<xy<0
up(xo) =
| 0<x <1
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Exercise@ Consider the following inviscid Burgers'’s equation

ou ou
—+u—=0
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where x is the spatial coordinates and t is the time. For the scalar unknown u, draw the solution at
time t = % t =1, andt = 2. The initial data is:
0 xo < -1
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Exercise Consider the following inviscid Burgers’s equation

ou 3 ou
o R i
ot ox

where x is the spatial coordinates and t is the time. For the scalar unknown u, draw the solution at

timet = % t =1, andt = 2. The initial data is:

=0

( ) -1 X()<0
uplXxp) =
00 0 x>0
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4.1 ‘Traffic flow

Consider the flow of cars on a highway. Let p denote the density of cars (in vehicles
per mile, say) and u the velocity. In this application p is restricted to a certain range,
0 < p € Pmax, Where pmay is the value at which cars are bumper to bumper.

Since cars are conserved, the density and velocity must be related by the continuity
equation derived in Section 1,

pi+ (pu): = 0. (4.1)

In order to obtain a scalar conservation law for p alone, we now assume that u is a given
function of p. This makes sense: on a highway we would optimally like to drive at some
speed umax (the speed limit perhaps), but in heavy traffic we slow down, with velocity
decreasing as density increases. The simplest model is the linear relation

u(p) = tmax(1l = p/Pmax)- (4.2)

At zero density (empty road) the speed is tmax, but decreases to zero as p approaches
Pmax- Using this in (4.1) gives

pet f(p):=0 (4.3)

where
f(p) = pumax(1l = p/Pmax)- (4.4)

Whitham notes that a good fit to data for the Lincoln tunnel was found by Greenberg in
1959 by

f(p) = aplog(pmax/P),

a function shaped similar to (4.4).
The characteristic speeds for (4.3) with flux (4.4) are

fl(p) = umll(l = 2P/me)y (45)
while the shock speed for a jump from p; to p; is

L o) - £(p)

gy~ Umax(1 = (o + pr)/ Prma)- (4.6)

The entropy condition (3.45) says that a propagating shock must satisfy f'(p;) > f'(pr)
which requires p; < p,. Note this is the opposite inequality as in Burgers’ equation since
here f is concave rather than convex.

We now consider a few examples of solutions to this equation and their physical inter-
pretation.

EXAMPLE 4.1. Take initial data

_ ) z< 0
p(z,0) = { % Bl (4.7)
where 0 < p; < p, < pmax- Then the solution is a shock wave traveling with speed s given
by (4.6). Note that although u(p) > 0 the shock speed s can be either positive or negative
depending on p; and p,.

Consider the case p, = pmax and p; < pmax- Then s < 0 and the shock propagates to
the left. This models the situation in which cars moving at speed u; > 0 unexpectedly
encounter a bumper-to-bumper traffic jam and slam on their brakes, instantaneously
reducing their velocity to 0 while the density jumps from p; t0 pmax. This discontinuity
occurs at the shock, and clearly the shock location moves to the left as more cars join
the traffic jam. This is illustrated in Figure 4.1, where the vehicle trajectories (“particle
paths”) are sketched. Note that the distance between vehicles is inversely proportional
to density. (In gas dynamics, 1/p is called the specific volume.)

The particle paths should not be confused with the characteristics, which are shown
in Figure 4.2 for the case p; = ;-pm.x (so uy = ;-um.,), as is the case in Figure 4.1 also.
In this case, f(p1) = 0. If py > }pmax then f'(pr) < 0 and all characteristics go to the
left, while if p; < ;—pm then f’(pi1) > 0 and characteristics to the left of the shock are
rightward going.

EXI-:RCIS Sketch the particle paths and characteristics for a case with p + p, <
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1D UNSTEADY FLOWS - EXPANSION WAVES

@ A very long tube of constant area contains uniform stationary gas at P,, ¢, and
is closed by a piston. Starting at time zero, the piston is withdrawn with

displacement X = —Y/4(at?), where a is a constant. Find the normalized
pressure P/P, on the face of the piston as a function of time. Assume a perfect
gas.

Po, Co

STATE ©
fo

7 Co
M Mo =D
/%\

>
° X

€™ S5 > Ja-—,f’;;/o-;& S -2 = —2¢e

5~ s
¥
Cp=Co+rralp >0 —> Co—31af >0 5> t2th- 24
2 7 a(x4)
ok ¢ *
Co =Co+¥4 Vp = Co-n4at
z 2
n k34 2y
From iroenbiopic adakiown = Pltet™) =[P = (cp\®lc (4-%4 at) &
i ALY =
Exercise A tube is filled with air (R = 287 kJ/kgK, y = 1.4) at rest. In the initial state, ¢y = 300
m/s and Py = 2 atm. The tube is closed at both ends by two moving pistons. At time t = 0, the pistons
start moving outwards with two different velocities V5 and V,g. The velocity of the piston at the right
end of the tube is V,p = 100 m/s. Compute the velocity of the piston at the left end of the tube V5 so
that the pressure P; in the uniform region after the first wave interaction is P> = 1 atm. Draw the flow
field in the (x,t) plane.
Va Po Ve fo = 2 akwm
Co
Mo=O Vg = 400 m/f8

Poz 4 abm

XA Xp
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A lightweight frictionless piston of length L and density p is held in a long
Constant-area tube and released at + = 0. The perfect gas within the tube is
Initially stationary at pressure P, with sound speed c,. The exterior of the tube
IS at zero pressure. Find the approximate ordinary differential equation for the
free-piston velocity X = W(r) in terms of the given quantities. If possible,

Assume that V < ¢,, and use the binomial

solve the differential equation.

expansion if required.
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1D UNSTEADY FLOWS - SHOCK WAVES 10/04 fr0t0

Exercis@ A tube is filled with air (R = 287 kJ/kgK, y = 1.4) at rest. In the initial state, p; = 1.225 R = 287 Kg/KzK
kg/m* and P = 1 atm. A shock wave moves from left to right, and reaches the right end of the tube at -

. 5 N : : X=44
time t = t*. Before the shock reaches the right end of the tube, the pressure downstream of the shock 4

is P, = 4.5 atm. The open end of the tube can be: eo = 4]125 ‘Qk //m'b
4,5 abim

(a) A closed wall Fo

(b) An open end at constant pressure P\ PJ

"

For both configurations, plot the velocity and pressure profiles for time t; < t* and time t, > t*.
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FANNO, RAYLEIGH AND QUASI 1D FLOWS

/ FANND
Exercis Consider the flow of air through a pipe of inside diameter D = 120 mm and length b = 420 /v -[:' =30 K
L = 1500 mm. The inlet flow conditions are My = 3, Py = 1| bar, and T = 300 K. Assuming
f = constant = 0.005, calculate: QI = '4500 ’WVI )p = 0/005
(a) The length of the duct required to choke the flow H" =5
[
(b) The flow conditions at exit: M>, P>, T>, and P:’ P4 =4 La-n, LKI H"-/ P?-/T'll P‘L ?

From Famvo Lubl (bincrag il H_,)

afly =o5222 —> L,=3%133 mm
) \‘i’"#" ot whidh B Plows
T-q/T.,‘:,__ ﬁT-g..- Nl rovie  condibiows
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Frow roslivpic  lobln (sultuiy H4): Pi = ooz —> Pz 369C ben

P1t
t ¢
Py = __P_Lc E& P-dt:' 13,40 Lx.rl.
p.x" P4t
RAYLEIGH

Exercise@‘ enters a constant-area duct at My = 3, Py = 1 bar, and Ty = 300 K. Inside the duct,
4 g 5 3 .
the heat added per unit mass is g = 3 - 10° J/kg. How much heat per unit mass must be added in order

to choke the flow?

M3 ) e B e o checned ()7
Ps = o ban \

T4 =300 K . per il meom

q=3 40" 3/l
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From Ravielon Cubl (-wtam% M4) 1 |e _:fl__{ = 0654

*
[
™= Tx . T°= 1282k
T4
X

q¥= 4,464 Sy > So th Rk we proide i mb cuflicink G Doke D Lo

Quas! 4D (No22LE)

t
Exercis A conic nozzle is fed by a reservoir containing air (R = 287 J/kgK, vy = 1.4)at P, =7 P =% LM
bar and T, = 500 K. The nozzle is designed to operate at an altitude of 25 000 m, where P gpq = 26 T t; 500 K
mbar. The semi-aperture of the diverging portion is ¢ = 15°. The length of the converging portion .
is I = 0.751y4, where l; is the length of the diverging portion, and the inlet area A; is A; = 0.75A,, PmL/J = 26 MLM
where A, is the exhaust area. The nozzle discharges a mass flow rate m = 9.54 kg/s. Determine:

O =45’
le = 0,35 Lb
A= OFs A,

(a) The length of the diverging portion

(b) The flow velocity at the exit section when the nozzle operates at sea level (P yp, sea = 1 bar)

(c) Plot the p(x), P(x), and M(x) profiles corresponding to the limiting solutions, to the solution m = A s4 k&/s
computed at point (b), and to the solutions computed for ambient pressures P g, = 6.995 bar, 4

P amp = 5 bar, and P 4, = 3 bar

(d) Plot the flux function f(p) and the area function A(p) in adapted conditions
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Pe

o SUBSONIC — =OnIC — SUPERSONIC — SHOCK WAVE  (ewit)
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STEADY 2D SUPERSONIC FLOWS

Find the lift coefficient C;, = 2F,/poux2L for a flat plate airfoil with M, = 2,
The fluid is a perfect gas with y = 1.40. Compare with the results

o= 8°
from linear theory.
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