A21 Transformations - new 2015-16

21. TRANSFORMATIONS OF THREE-PHASE QUANTITIES

Transformations of a three-phase system of quantities are used to simplify the analysis of three-phase
electric circuits. Convention for the quantity notations is as follows:

Space phasor/vector and matrix: bold
Complex quantity: point/bar over the symbol

Remark
Amplitude is a quantity that may have a positive or negative value; magnitude is the module of a
qguantity and has only positive value.

1) oapfy (Clarke) transformation
Let us consider a three-phase system a,b,c

Xq = Xq (1)
xp = xp(t)
X = x.(t)

where x,, X, and x. are termed phase quantities and are arbitrary functions of time. The three-phase system
can be conveniently written in matrix (column) form as follows:

xa
Xp
xC

Xabc =

The Clarke transformation transforms a three-phase system of quantities in another three-phase
system. The Clarke transformation in matrix form is defined as

Xapy = Cxgpe

where
1 1
Xe I =3 =2
Xapy = [*B|, C=ki|g B _B
xy 2

2
ko ko ks

where k; and k, are two constant coefficients (they are determined later on) and x,, xs and x, are termed
transformed quantities. Note that all the coefficients of the transformation matrix C are constant, i.e. they
do not depend on the time.

In extended form, the expression of the Clarke-transformed quantities is

2

_k(ﬁ \/Ej
Xg =Kq| ——Xp ——Xc

1 1
X =Kq Xa_EXb —=Xc

2 2
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xy = kiky(xq + xp + x¢)

It can be proved that the Clarke matrix is invertible for any non-zero value of the coefficients k, and
kz. Then it is possible to trace back from x,, Xg, X, t0 X5, Xp, Xc

_ -1

Xabc = c xaBy

The Clark transformation has some useful properties. The most useful one is that in many electric
applications the three-phase system has no bias component (in sinusoidal system, the bias component is
called zero-sequence component), i.e. it is
(Xqg+xp+x:)=0
Then
Xy, = kiky(xqg + x5 +x) =0
and the transformed quantities reduce to two (two-phase system).

Let us make explicit the bias component in the phase quantities and let us denote the new quantities
with the apex. It is
Xq = X4 + X
Xp = Xp + Xo

Xe = X¢ + X

where

1
Xo =§(xa+xb +x.)

Note that
_ 1
X0 = 3k, Y

Of course, the three-phase system x;, x, X. has no bias component, i.e. it is
Xg+xp+x.=0
It can be easily shown that only the terms x,, x;, x; contribute to x,, xg. Indeed, by substituting the above

expression of x,, X, and x. into the equations of expression of x, and xg, it is

2

Xz =k ﬁx'—éx'
B 1 2 b 2 ¢

o011
Xq =Kq xa—Exb——xC
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Therefore, if the three-phase quantities have a bias component, it does not appear in the transformed
guantities. In particular, x, becomes equal to

3 .
Xy =k1§xa

Vice versa, it can be affirmed that x, and x does not contain any bias component whatever are x,, X, and X..
This means that going back from x, and xg to x,, x, and x. gives a correct result only if the three-phase
quantities is free from any bias component. If not, the ycomponent of the Clarke transformation must be
also taken into account.

2) Representation of the Clark transformation by vector

Let us consider a Cartesian plane o, and let the three axes a,b,c be placed as in the figure (i.e. axis a
aligned along axis o, axis b rotated of 27t/3 with respect to axis a, axis c rotated of 47t/3 with respect to axis
a).

Then let us consider three vectors x,, X,, X. along the three axes a,b,c whose amplitudes are x,, Xu, X.
respectively. Let us now calculate the projections of the three vectors on the axis a. The algebraic sum of
the three amplitudes multiplied by the coefficient k; gives the component x, above defined.

2m 4m
Xq = kq [xa + xp, cos (?) + x. cos (—)]

3
1 1
Xq =Kq1| X3 _Exb _EXC

Multiplication of x, by the versor of the axis o gives a vector that is representative of the projections of the
three vectors x,, X, X along the axis a.:

X, = xqvers(a)

(with K;=1)

Let us do the same for the projections of the three vectors along the axis . The algebraic sum of the
three amplitudes multiplied by the coefficient k; gives the component xg above defined.

. [2m - [Am
xg = kq [xb sin (?) + X, sin (;)]
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R
Xp =Ky —Xp —— X

2 2

Multiplication of xg by the versor of the axis B gives a vector that is representative of the projections of the
three vectors x,, X, X, along the axis 3

xg = xgvers(f)

If the three-phase system does not have the bias component, the vector representation of the three-
phase system of vector x,, X, X. is defined as

Xop = xqvers(a) + xgvers(f)

If x,+ xp+ X, 70, the plane o,B is extended by including the axis y orthogonal to the plane o, and
directed as per the right-hand rule. A vector x, is then defined along the axis v,

x, = x,vers(y)

the amplitude of which is equal to the sum of x,+ x,+ X, multiplied by the coefficient k;k,, i.e. to
x, = kiky(xq +xp + x¢)

The vector representation of the three-phase system is defined as

Xopy = Xqvers(a) + xgvers(B) + x,vers(y)

and is given by the vector OP in the figure. It represents the Clarke transformation in vector form. For a
three-phase system with no bias component the vector OP lies on the plane a,f3.

B

QY

Note that even in the presence of a bias component, the Clarke transformation has an useful property:
the three axes o,B, y are orthogonal each other. This means that the projection of each axis on the other
twos is zero.

3) Representation of the Clarke transformation by space phasor
Let us consider only the o,3 components of the vector OP. If the plane o, is interpreted as the complex

plane (a—Re, B—Im), the vector OP is described by means of the complex quantity X,g. This quantity is
termed space phasor as it represents phase-related quantities. Differently from a (time) phasor, a space
phasor

- represents a three-phase system of quantities,
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- is defined for any time function of the quantities, whether periodic or not; if periodic, whether sinusoidal

or not
- is not fixed on the plane but moves on it with the time
- all its the components x,, X3, X, have a physical meaning as they are representative of a three quantities.

In rectangular form, it is
Xap = Xq +JXp
Xq = Re(%qp)
Xg = Im(fal;)

where x, and xg are the o, components of the space phasor.
In polar form, the expression of a space phasor is

faﬁ = xaﬁem“ﬁ

where x4 is the magnitude and 6,4 the argument of the space phasor.

f— Im

The relationships between the parameters in the polar and rectangular forms of a space phasor are
Xop = ,/xg + xf;

X
6,5 = arctg Z(X—ﬁ]

a

and
Xg = XqpCOS Onp
Xg = XqpSin O4p

If the three-phase system has a bias component, the space phasor X,z does not fully represent the phase
quantities but it must be supplemented with the quantity x,.

4) Example
Let us consider a three-phase sinusoidal system with initial phase 8. It is
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Xg = V2X cos(Qt + 6,)

2m
x, = V2X cos(Qt — 3

41
x. = V2X cos(Qt — 3 +6y)

+6y)

The transformed quantities x, and xg are

3
Xq = Ekp/EX cos(Qt + 6,)

3

X = Eklx/iX sin(Qt + 6,)
and the space phasor in polar form is given by
_ 3 I
Xap = Eklx/fX ) (Qt+60)
The space phasor fully represents the three-phase sinusoidal system since it does not have any zero-
sequence component.

As a function of time, the space phasor rotates on the complex plane at the angular speed €2, describing
a circle of radius

Rzz kV2X

which is equal to the modulus of the space phasor. The figure below draws the space phasor at t=0.

p— Im A
0
sl NP
),
- >
© X9 4 >Re

5)  Power expressions
In terms of phase quantities

_ . . . _ T .
Pabc = Vala + Uplp + Ucle = Vabe labe

In terms of transformed quantities
. . . T-
Papy = Vala T Vglg + Vyly = Vagy lagy
By substituting the Clarke transformation of voltages and currents in p,p., its expression becomes

— T: T m—1INT ~=1;
Pabc = Vabc labc _vaﬁy (C ) C laﬁy
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6) Selection of the coefficients k; and k,

Coefficients k; and k, can be selected arbitrarily, provided that the Clarke matrix is invertible. It is useful
to select them by convenience criteria.

Selection #1

Let k4 =§ and k, = % The Clarke matrix becomes

1 11
2 2
co2p BB
3. 2 2
111
2 2 2

Its inverse exists and is equal to

1 0 1

cl- _1 E 1
2 2

S R
2 2

The extended expressions of x,, X, X, become

2 1 1
Xy =3 Xa _Exb _EXC

ngﬁx_ﬁx
B3l 2P e

1
Xy = §(xa +xp + x.)
The power in terms of transformed quantities is
3. . . .3 , ,
Pabe =5 (Vala + vﬁlﬁ) + 3,0, = E(Uala + vgip + ZUyly)

Then, by selection #1, the transformation is not invariant to the power. For a three-phase system with no
neutral connection, it is

3, . .
Pabc = E (vala + Uﬁlﬁ)
Let us consider a sinusoidal three-phase system

xg = V2X cos(Qt)
27
xp = V2X cos(Qt — ?)
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x. = V2X cos(Qt — 4?”)

The transformed quantities are
X, = V2X cos(Qt)

Xg = V2X sin(Qt)

The magnitude of the transformed quantities is equal to the magnitude of the phase quantities. Then, by
selection #1, the transformation is invariant to the magnitude of the sinusoidal quantities. Selection #1 is
used when dealing with voltages and currents.

1

Note that if the coefficients k; and k., had selected equal to k; = % and k, = >, the Clarke matrix, its

inverse and the power relationship would become

., 11
2 2

c 2l B B
3 2 2
11 1
2 2 2
1

1 0 —

72

ci | 1 P31

2 2 J2

11

2 2 2

3, . . .
Pabc = E (vala + vﬁlﬁ+v)/l)/)

Selection #2
2 1 .
Let k; = 3 and k, = N2 The Clarke matrix becomes
p L1
2 2
c= 2o B B
3 2 2
11
V2 V2 2

Its inverse exists and is equal to
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N|$|N|$I o
= &= -

It can be easily proved that the matric is orthogonal, i.e. that
CT — C—l

The extended expressions of x,, Xg, X, are

The power in terms of transformed quantities is

Pabc = vaﬁyT”aﬁy = Papy

where | is the unit (or identity) matrix. Then, by selection #2, the transformation is invariant to the power.
Let us consider a sinusoidal three-phase system

x, = V2X cos(Qt)
2
xp = V2X cos(Qt — ?)

x, = V2X cos(Qt — 4;)

The transformed quantities are

X, = V3X cos(Qlt)

Xg = V3X sin(Qt)

The magnitude of the transformed quantities differs from the magnitude of the phase quantities. Then, by
selection #2, the transformation is not invariant to the magnitude of the sinusoidal quantities. Selection #2

is used when dealing with powers. Then it is commonly used hereafter.

7) Space phasor in terms of phase quantities
By selection #2, the transformed quantities become

2 1 1
Xa = E Xa —EXb —EXC
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1
X, :\/;(xa1 +Xp %)

The space phasor X,z can be expressed as

.27 LAr
% i 2 3 ixe' 3
X = Xg + iXg = 3 Xg +Xp€ 3 +Xce

being

The latter quantity is a space phasor with unit magnitude and argument of 2%t/3. It is called the rotating
operator. Indeed, when it multiplies another quantity, it rotates such a quantity of 2t/3 without changing
its magnitude.

8) Construction of the space phasor
The following equation

.27 Ar
_ 2 i i
Xap =\ 5| %a + o 3 +xe 3

suggests a direct way of constructing the space phasor OP. Let x,, X, and x. be the amplitudes of the three
phase quantities at the time t,. The space phasor OP at the time t, is constructed as shown (Note that x,
and x. have negative values)

BEA Im A
2
p \ -
/7 XC € 13
% T > -

oL o W/ R

Xy, € j273

9) Clark anti-transformation
By means of the matric C?, the phase quantities can be expressed in terms of the transformed quantiti
as follows:
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2( 1. 3 1
Xp == ==X, +— Xz +—=X
b \/;[ 2 a 2 4] \/E 7}
WP
¢T3 T2t f Xr
. . . 1
The bias component is clearly given by —Xx, . Then
V3
' 1
Xa:Xa‘f‘ﬁxy
Xb_xb+\/— y

_XC \/_ 7

where

.2

Xa: §Xa

. \E NN
b7y 27T A

2 1 B
Xe =\5| "%~ Xp

2

and x'a is obtained as

Xg = \/gxa = \/%Re(iaﬁ)
2T

If the space phasor X4 is multiplied by e 7=, one obtains

L Y L 2=
Xgpe 3 :\/; Xae 3 +Xp+Xce 3

By looking at the procedure used to obtain x;, one can readily realize that

In a similar way, it is
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2 it
Xe =\/;Re Rope 3

From the analytical process used to execute the anti-transformation, it can be easily derived the
geometrical process. It is illustrated in the figure.

Im & Im A
B
% P le - - P
. > 0 E;
0 X Re i 243
i/

10) Analysis of a three-phase circuit by Clarke transformation

Let us consider a three-phase system with neutral connection and let the load (f.i. of RL type) be
balanced. The three-phase source voltages are denoted with v,, vy, v, and are arbitrary functions of time;
the currents flowing into the load are denoted with i, iy, i..

Vao ool L R
@* YN
—/

/

Voltage equations of the circuit are

. dig

Vg =Rla +LE
Riy + 1L

VUV, = Rl —_
b b dt
. dic

Ve = Rlc +LE

In space phasor form, the voltage equations can be written as

Clarke transformation of the voltage equations is obtained by multiplying the voltage space phasor
equation by the Clarke matrix C

dCigp.
dt

C‘Uabc = RCiabC + L
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obtaining

. digpy
vaﬁy = Rlaﬁy + L—dt

The extended expression of the resulting voltage space phasor equation in terms of a,3,y, it is

di
Vg = Rig + L—=

dt

Riy + 12

17[; = "ﬁ dt
o di,

U}, = Rl},+ LE

The transformed voltage equations of the circuit are the voltage equations of three independent circuits in
the transformed phases a,p,y, where the voltage applied to each phase determines the current in the same
phase. Note that this occurs irrespectively of the time functions of the applied voltages.

Let us now assume that there is no neutral connection. Above equations and circuits reduce to the ones
of the transformed phases o and . By using the space phasor representation for voltages and currents, it is

U=, +jvg
U=1i, +jig

The relevant voltage space phasor equation is defined as

The space phasor of the currents can be written as
T=ielb

Then v, is given by

_ Ldr_ di j6; +Ld01 jo; — Ldl j6; + dal LT
L= T ae® Yar T a Jae !
VL1 VL2

i.e. it consists of two terms: one proportional to the change in the current space phasor magnitude and the
other one to the change in the current space phasor argument. The first term is aligned along the space

phasor of the current whilst the other term is orthogonal to it. The voltage ¥;, in turn, is aligned with dt .

A

Note that the finite expression of the time rate is Z—i = A—Z, where Ai is the magnitude of Ar.
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The space phasor equation of the a,f3 circuits has the graphical representation shown in the figure.

T+A7i —»

For a sinusoidal three-phase system of applied voltages, the three-phase system of currents is

sinusoidal, and the voltage and current expressions are

v, = V2V cos(Qt)

2
vy, = V2V cos(Qt — ?)

4T
v, = V2V cos(Qt — ?)

i, = V2I cos(Qt — @)
2
i, = V2I cos (Qt—gn—w)

4
i, = V2I cos (Qt —§n - (p)
The voltage equations, the space phasor of the voltage equations and the graphical representation of the
voltage space phasor equation become
Vg = Rig + j0Li,

dt
V=Ri+jOLt=Ri+L—
A W dt

VR v, VR ?L—’

14
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11) dqO (Park) transformation

The Park transformation transforms a three-phase system of quantities in another three-phase system.
Let us start from the three-phase system made of x,, xg, x,. The Park transformation in matrix form is
defined as

xdqo = anﬁ'}'

where
Xq
Xqq0 = [*q
Xo

cosé?p sinep 0
—sinep cosé?p 0
0 0 1

P =

where 6, is an angle that is a (arbitrary) function of the time, i.e. 8, = f(t). Therefore the coefficients of P
are a function of time. This is the additional feature of the Park transformation compared to the Clarke
transformation. In extended form, the expression of the Park-transformed quantities is

Xq = Xq COS 6, + xp sin 6,

Xq = —Xq Sin6, + x5 cos 6,
xo = xy
Note that

i) the matrix P is orthogonal, i.e. its inverse coincides with the transpose

cosHP —sinep 0
sinep cosHP 0
0 0 1

Pt=pP" =

ii) the Park transformation transforms only the o,3 components of the three-phase system whilst it does
not make any transformation on the y component

12) Representation of the Park transformation by vector
Let us consider the Cartesian plane o, and a vector OP

Xop = xqvers(a) + xgvers(f)

On the plane o, another reference frame is drawn, rotating of 6,, in anticlockwise way with respect to the

reference frame o,[3. The axes of the new reference frame are termed d,q as well as the relevant plane. The
Park transformation represents the vector OP in the d,q frame

Xqq = xqvers(d) + x,vers(q)

Demonstration:
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Xﬁ __________ P
Z\ | - hs d
VXq Y R"‘-A.,l XdU 2
0 T %

Xqg =05 =0R+RS=0R+TU = x,cos0, + x3sin0,

Xqg =0V =0Z—-2V = 0Z - WY = xgcos 8, — x,sinb,

13) Representation of the Park transformation by space phasor

If the plane d,q is interpreted as a complex plane (d—Re, g—Im), the vector OP is described by means
of the complex quantity Xy, that, as for the Clarke transformation, is called space phasor. It may be written
in polar and rectangular forms as follows

Xaq = xdqejgdq
Xaqg = Xaq + jxq
By substituting the expressions of x4 and x, as a function of x, and xp in the rectangular form, it is
Xaq = Xq + jxq = X,C08 0, + xpsin 6, + j xgc0s 0, — j x,sin 6, = xa(cos 6, — j sin Hp) +jx5(cos 6, —Jj sin Hp) =
= (xa +jx3)(cos 6, — j sin Hp) = (xa +jx5)e_jel’ = Xap e = Xqp e/ (6ap=0p)
The last equation, here rewritten
4q = Xap e/ (0ap=0p)

shows that the Park transformation introduces a clockwise rotation of —6,,(t) in the space phasor in the
o,P plane whilst it leaves unchanged the magnitude of the space phasor. Then

Xaq = Xap
Oaq = Oap — Oy
Example
The power-invariant Clarke transformation of a three-phase sinusoidal system is expressed as
X, = V3X cos(Qt + 6,)
Xg = V3X sin(Qt + 6,)

and its space phasor representation as
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fa[)’ = \/§X eijgO)
Let

0, =Qt

P
The Park transformation of the space phasor in the o, plane becomes
qu = \/§X ejgo

This equation shows that the space phasor in the d,q plane is stationary; it is due to the fact that the
selected d,q plane is made rotating at the same speed of X.

14) Park transformation in terms of phase quantities
The Park transformation can be directly applied to a three-phase system x,, x, and x. by

xqu = chabc
T =PC

The matrix T is invertible since they are invertible both C and P. By selecting for C the power-invariant
version, T is orthogonal too. Its expression is

2 4
cos 8, cos (Hp — §7T) cos (6,, — §n)

2 ) ) 2 ] 4
T = 3 —siné, —sm(Hp _§7T) —sin <9p—§n)

1 1 1

V2 V2 V2

and its inverse is

cos b, —sind,
Ti= gcos ep—z—” —sin Bp—z—”
3 3 3

coS Hp—4—” —sin Hp—4—”
3 3

The expression of the space phasor X4, in terms of the phase quantities x,, x, and x. can be readily

o=t 5 -

obtained from the expression of Xyg. It is

> j27r J.47r )
_ o X | -]
quz\/; Xg +X,€ 3 +x.e 3 e P

Xa, B

15) Correspondence between vector and space phasor operations
Let us consider two vectors on the plan a, 3

X1 = (xm;x/h): X2 = (vaIx/i'z)
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Their internal (or dot/scalar) product is a scalar quantity given by the following expressions

X1 X3 = X;X; cos(p; — ¢1)
X1 X2 = Xq1Xa2 + Xp1Xp2

Note that
X1 X2 = X2°'Xq

The properties of the internal product are

e If the two vectors are orthogonal, their internal product is zero (and vice versa).
e The internal product is commutative (i.e. the result does not depend on the order of the vectors).

Their cross (or vector/external) product is a vector given by the following expressions

x1/\xy = X1 X, sin(p, — @1)vers(y)
x1\xz = (xoaxﬁz - xazxﬁl)vers(y)

where the direction of y is orthogonal to x4, X, and is obtained by the right-hand rule. The orientation of the
resulting vector depends on the sign of its amplitude. The amplitude Am of the vector is given by

Am(x1/\x3) = X1X; sin(p, — @) = (xa1xﬁz - xazxm)
Note that
Am(xiA\xy) = —Am(x,A\x1)
The properties of the cross product are

e If the two vectors are parallel, the cross product is zero (and vice versa).
e The cross product is non-commutative (i.e. the result depends on the order of the vectors)

Space phasors
Let us consider two space phasors X; and X, on the a, p plane

X = X079 = xgq + jxp, Xy = Xp0/%2 = x4, + jXp;

Internal product
Let us define the internal product of two space phasors as

X1 ' X, = Re(¥{X;)
It can be expressed in two ways, depending on whether it is used the polar or the rectangular form

Re (X;%,) = Re[X1X,e/®27%D]| =X, X,cos(p; — ¢1) = %1 %,
Re (X1X3) = Xgq1Xa2 + Xg1Xg2 = X1 X2
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These results shows that the internal product of the two space vectors is equal to the internal product of
the two vectors x; and x, represented by the space phasors. Then it has the same properties of the internal
product of the two vectors; f.i. it is commutative

Re(x1%,) = Re(X,X1)

Example
Voltage and current space vectors in a system with no bias component are given by

ﬁaﬁ = Vy +j17[;
fa[g = ia, +]I'B
and the instantaneous power by
paﬁ’ = Uaia + vﬂlﬁ

It can be written as the internal product of the voltage space phasor by the current space phasor
Pap = ﬁaﬁ ’ Taﬁ

Cross product
Let us define the cross product of two space phasors as

% A%, = Im(%;%,)
It can be expressed in two ways, depending on whether the polar or the rectangular form is used

Im(%;%,) = Im[X; X,e/#27%D] = X, X, sin(p, — ¢1) = Am(x1/\x3)
Im(xix;) = (xalxﬁz - xazxﬁl) = Am(x1/\x3)

These results shows that the cross product of the two space vectors is equal to the amplitude of the cross
product of the two vectors x; and x, represented by the two space vectors. If convenient, it can be thought
that the cross product is directed along the axis vy, orthogonal to the plane a, § and obtained by the right-
hand rule. The orientation along the axis y depends on the sign of Am.

The cross product of two space phasors has the same properties of the cross product of two vectors; f.i.
it is not commutative

Im(Z%,) # Im(T%,)

Useful relationships
It can be proved that

Am(x;A\X;) = Xy * jX;
Xy - X = Am(X \jX;)

The formulas show that

- the cross product of two space phasors can be calculated as the internal product of the two space
vectors, where the second one is multiplied by j (i.e. rotated of 7/2),

- the internal produce of two space phasors can be calculated as the cross product of the space phasor,
where the second one is multiplied by j (i.e. is rotated of m/2).

16) Analysis of a circuit with time-variant load
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The space phasor approach is a powerful tool for analyzing the behavior of very complex circuits. Let us
consider a three-phase sinusoidal system of source voltages that supply an RL load with the resistance that
is time-varying (f.i. a load made of an arc furnace). The space phasor of the three-phase system of source
voltages obtained with the magnitude-invariant Clarke transformation is

Vs =/2ve X
Let the varying resistance be expressed as
7 = Ro[1 — mcos(wp,t)]

where m is the magnitude and w,, is the angular frequency of the varying fraction of the resistance. Let m
<<1 and w,, < Q. For the load inductance L equal to zero, it is for the generic phase k, with k=a, b, ¢

v,
_x [1 + mcos(wy,t)]
R,

By accounting for L, the current equations become quite involved. Let us assume that they can expressed as
iq = V2i cos(Qt — )

ip =\/§icos(ﬂt—2?ﬂ—<p)

i =\/§icos<ﬂt—4?ﬂ—<p)

where

i =I[1+ mcos(wpyt)]

I=—
Ro

Note that this assumption is equivalent to consider a load constituted by a three-phase current user.
The one-line scheme of the circuit, f.i. of the phase a, is shown in the figure, where v, is the source
voltage and L; is the line inductance.

Ls PCC, Ls PCC,

Y

i — o
Vis la Vis

Vpcca L:Qiad Va +@ Vpcc,a @i ia

@)

Constant load resistance operation

For constant load resistance, m=0 and the space phasor of the currents is

i =J21ei(@0)
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The space phasor of the PCC voltages is

where L is the source inductance and the subscript st stays for stationary. The voltage drop at PCC is shown
in the figure. Note that this situation is the same as the one exposed in chapter Al.

Varying load resistance operation

Under load resistance variation, the space phasor of the currents becomes

i =[1+mcos(wpmt)]i

and the space phasor of the PCC voltages, calculated by expressing the cos function according to the Euler
formula, i.e.

- elomt | g=lomt ) |
i=[1+m — ||

T g ; = .M = Dm |, jomt Dm |- jomt
Vpee =V — JLgl — J— LA Kl+—je +[1——Je
S R Qo Q

VPCC st

Vpce r

where the subscript r stays for rotating. This expression shows that the space phasor of the PCC voltages
consists of two terms: one term (Up¢c s+ ) has constant magnitude and rotates synchronously with g ; the
other term (Upcc,) is composed by two space phasors of different magnitude that rotate in opposite
directions at the angular speed o, with respect to Up. . Then the trajectory of the tip of Up.(, describes
an ellipse. The same occurs for the resulting space phasor Upcc. As a result, the amplitude of the space
phasor of the PCC voltages fluctuates; this is underlined by the fluctuations of the peak amplitude of the
PCC voltages.
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PCC voltage

v[KV]
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