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21. TRANSFORMATIONS OF THREE-PHASE QUANTITIES 

 

 Transformations of a three-phase system of quantities are used to simplify the analysis of three-phase 

electric circuits. Convention for the quantity notations is as follows: 

 

Space phasor/vector and matrix: bold 

Complex quantity: point/bar over the symbol 

 

Remark 

 Amplitude is a quantity that may have a positive or negative value; magnitude is the module of a 

quantity and has only positive value.  

 

1)   (Clarke) transformation 
 Let us consider a three-phase system a,b,c 

𝑥𝑎 = 𝑥𝑎(𝑡) 

𝑥𝑏 = 𝑥𝑏(𝑡) 

𝑥𝑐 = 𝑥𝑐(𝑡) 

where xa, xb and xc are termed phase quantities and are arbitrary functions of time. The three-phase system 

can be conveniently written in matrix (column) form as follows: 

 

𝒙𝒂𝒃𝒄 = |

𝑥𝑎
𝑥𝑏
𝑥𝑐
| 

 

 The Clarke transformation transforms a three-phase system of quantities in another three-phase 

system. The Clarke transformation in matrix form is defined as 

 

𝒙𝜶𝜷𝜸 = 𝑪𝒙𝒂𝒃𝒄 

 

where 

𝒙𝜶𝜷𝜸 = |

𝑥𝛼
𝑥𝛽
𝑥𝛾
|,                    𝑪 = 𝑘1 ||

1 −
1

2
−
1

2

0
√3

2
−
√3

2

𝑘2   𝑘2  𝑘2

|| 

where k1 and k2 are two constant coefficients (they are determined later on) and x, x and x are termed 

transformed quantities. Note that all the coefficients of the transformation matrix C are constant, i.e. they 

do not depend on the time.  

 In extended form, the expression of the Clarke-transformed quantities is  









 cba1 x

2

1
x

2

1
xkx

 














 cb1 x

2

3
x

2

3
kx
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𝑥𝛾 = 𝑘1𝑘2(𝑥𝑎 + 𝑥𝑏 + 𝑥𝑐) 

 

 

  It can be proved that the Clarke matrix is invertible for any non-zero value of the coefficients k1 and 

k2. Then it is possible to trace back from x, x, x  to xa, xb, xc 

 

𝒙𝒂𝒃𝒄 = 𝑪
−𝟏𝒙𝜶𝜷𝜸 

 

 The Clark transformation has some useful properties. The most useful one is that in many electric 

applications the three-phase system has no bias component (in sinusoidal system, the bias component is 

called zero-sequence component), i.e. it is  

 

(𝑥𝑎 + 𝑥𝑏 + 𝑥𝑐) = 0 
 

Then 

 

𝑥𝛾 = 𝑘1𝑘2(𝑥𝑎 + 𝑥𝑏 + 𝑥𝑐) = 0 

 

and the transformed quantities reduce to two (two-phase system).  

 Let us make explicit the bias component in the phase quantities and let us denote the new quantities 

with the apex. It is 

 

𝑥𝑎 = 𝑥𝑎
′ + 𝑥0 

𝑥𝑏 = 𝑥𝑏
′ + 𝑥0 

𝑥𝑐 = 𝑥𝑐
′ + 𝑥0 

 

where  

 

𝑥0 =
1

3
(𝑥𝑎 + 𝑥𝑏 + 𝑥𝑐)  

 

Note that 

𝑥0 =
1

3𝑘1𝑘2
𝑥𝛾 

Of course, the three-phase system 𝑥𝑎
′ ,  𝑥𝑏

′ , 𝑥𝑐
′  has no bias component, i.e. it is 

 

𝑥𝑎
′ + 𝑥𝑏

′ + 𝑥𝑐
′ = 0 

 

It can be easily shown that only the terms 𝑥𝑎
′ , 𝑥𝑏

′ , 𝑥𝑐
′  contribute to x, x. Indeed, by substituting the above 

expression of xa, xb and xc into the equations of expression of x and x, it is 









 '''

cba1 x
2

1
x

2

1
xkx

 














 ''

cb1 x
2

3
x

2

3
kx  
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Therefore, if the three-phase quantities have a bias component, it does not appear in the transformed 

quantities. In particular, x becomes equal to 

'
a1 x

2

3
kx 

 

Vice versa, it can be affirmed that x and x does not contain any bias component whatever are xa, xb and xc. 

This means that going back from x and x to xa, xb and xc gives a correct result only if the three-phase 

quantities is free from any bias component. If not, the  component of the Clarke transformation must be 

also taken into account. 

 

 

2) Representation of the Clark transformation by vector  

 Let us consider a Cartesian plane , and let the three axes a,b,c be placed as in the figure (i.e. axis a 

aligned along axis , axis b rotated of 2/3 with respect to axis a, axis c rotated of 4/3 with respect to axis 

a).  

 Then let us consider three vectors xa, xb, xc along the three axes a,b,c whose amplitudes are xa, xb, xc 

respectively. Let us now calculate the projections of the three vectors on the axis . The algebraic sum of 

the three amplitudes multiplied by the coefficient k1 gives the component x above defined.  

 

𝑥𝛼 = 𝑘1 [𝑥𝑎 + 𝑥𝑏 cos (
2𝜋

3
) + 𝑥𝑐 cos (

4𝜋

3
)] 









 cba1 x

2

1
x

2

1
xkx

 

Multiplication of x by the versor of the axis  gives a vector that is representative of the projections of the  

three vectors xa, xb, xc along the axis :  

 

𝒙 = 𝑥𝛼𝒗𝒆𝒓𝒔(𝛼) 

xa

tt0

xb

xc

                   

xb

xc

x
 

 

a

c

b

xa

x
P

O

(with K1=1) 

  

 Let us do the same for the projections of the three vectors along the axis . The algebraic sum of the 

three amplitudes multiplied by the coefficient k1 gives the component x above defined. 

 

𝑥𝛽 = 𝑘1 [𝑥𝑏 sin (
2𝜋

3
) + 𝑥𝑐 sin (

4𝜋

3
)] 
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












 cb1 x

2

3
x

2

3
kx

 

Multiplication of x by the versor of the axis  gives a vector that is representative of the projections of the  

three vectors xa, xb, xc along the axis  

 

𝒙𝜷 = 𝑥𝛽𝒗𝒆𝒓𝒔(𝛽) 

  

 If the three-phase system does not have the bias component, the vector representation of the three-

phase system of vector xa, xb, xc is defined as 

  

𝒙 = 𝑥𝛼𝒗𝒆𝒓𝒔(𝛼) + 𝑥𝛽𝒗𝒆𝒓𝒔(𝛽) 

 

 If xa+ xb+ xc ≠0, the plane , is extended by including the axis  orthogonal to the plane , and 

directed as per the right-hand rule. A vector x is then defined along the axis ,  

 

𝒙𝜸 = 𝑥𝛾𝒗𝒆𝒓𝒔(𝛾) 

 

the amplitude of which is equal to the sum of xa+ xb+ xc multiplied by the coefficient k1k2, i.e. to 

 

𝑥𝛾 = 𝑘1𝑘2(𝑥𝑎 + 𝑥𝑏 + 𝑥𝑐) 

  

The vector representation of the three-phase system is defined as  

𝒙 = 𝑥𝛼𝒗𝒆𝒓𝒔(𝜶) + 𝑥𝛽𝒗𝒆𝒓𝒔(𝜷) + 𝑥𝛾𝒗𝒆𝒓𝒔(𝜸) 

and is given by the vector OP in the figure. It represents the Clarke transformation in vector form. For a 

three-phase system with no bias component the vector OP lies on the plane . 

 

         

 

 
 

P

O

            
 

 Note that even in the presence of a bias component, the Clarke transformation has an useful property: 

the three axes ,,  are orthogonal each other. This means that the projection of each axis on the other 

twos is zero.  

 

3) Representation of the Clarke transformation by space phasor  

 Let us consider only the , components of the vector OP. If the plane , is interpreted as the complex 

plane (Re, Im), the vector OP is described by means of the complex quantity  𝑥̅𝛼𝛽. This quantity is 

termed space phasor as it represents phase-related quantities. Differently from a (time) phasor, a space 

phasor  

 

- represents a three-phase system of quantities,  
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- is defined for any time function of the quantities, whether periodic or not; if periodic, whether sinusoidal 

or not 

- is not fixed on the plane but moves on it with the time 

- all its the components x, x, x have a physical meaning as they are representative of a three quantities. 

 

 In rectangular form, it is 

 

𝑥̅𝛼𝛽 = 𝑥𝛼 + 𝑗𝑥𝛽 

 

𝑥𝛼 = 𝑅𝑒(𝑥̅𝛼𝛽) 

 

𝑥𝛽 = 𝐼𝑚(𝑥̅𝛼𝛽) 

 

where 𝑥𝛼  and 𝑥𝛽 are the  components of the space phasor.  

 In polar form, the expression of a space phasor is 

 

𝑥̅𝛼𝛽 = 𝑥𝛼𝛽𝑒
𝑗𝜃𝛼𝛽  

 

where 𝑥𝛼𝛽 is the magnitude and 𝜃𝛼𝛽 the argument of the space phasor.  

 

x

x

   Im 

q 

  Re
O

P

 
  

 The relationships between the parameters in the polar and rectangular forms of a space phasor are  

22 xxx    



















q

x

x
2arctg  

and  

 

𝑥𝛼 = 𝑥𝛼𝛽𝑐𝑜𝑠 𝜃𝛼𝛽 

 

𝑥𝛽 = 𝑥𝛼𝛽𝑠𝑖𝑛 𝜃𝛼𝛽 

 

If the three-phase system has a bias component, the space phasor 𝑥̅𝛼𝛽 does not fully represent the phase 

quantities but it must be supplemented with the quantity x.  

 

4) Example 
 Let us consider a three-phase sinusoidal system with initial phase 𝜃0. It is 
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𝑥𝑎 = √2𝑋 cos(Ω𝑡 + 𝜃0) 

𝑥𝑏 = √2𝑋 cos(Ω𝑡 −
2𝜋

3
+ 𝜃0) 

𝑥𝑐 = √2𝑋 cos(Ω𝑡 −
4𝜋

3
+ 𝜃0) 

 

The transformed quantities x and x are 

𝑥𝛼 =
3

2
𝑘1√2𝑋 cos(Ω𝑡 + 𝜃0) 

𝑥𝛽 =
3

2
𝑘1√2𝑋 sin(Ω𝑡 + 𝜃0) 

and the space phasor in polar form is given by 

𝑥̅𝛼𝛽 =
3

2
𝑘1√2𝑋 𝑒

𝑗(Ω𝑡+𝜃0) 

The space phasor fully represents the three-phase sinusoidal system since it does not have any zero-

sequence component. 

 As a function of time, the space phasor rotates on the complex plane at the angular speed , describing 

a circle of radius  

R=
3

2
𝑘1√2𝑋 

which is equal to the modulus of the space phasor. The figure below draws the space phasor at t=0. 

 

x

x

   Im 

q0 

  Re

 

P

O

 
5) Power expressions 
 In terms of phase quantities 

 

𝑝𝑎𝑏𝑐 = 𝑣𝑎𝑖𝑎 + 𝑣𝑏𝑖𝑏 + 𝑣𝑐𝑖𝑐 = 𝒗𝒂𝒃𝒄
𝑻𝒊𝒂𝒃𝒄 

 

 In terms of transformed quantities 

 

𝑝𝛼𝛽𝛾 = 𝑣𝛼𝑖𝛼 + 𝑣𝛽𝑖𝛽 + 𝑣𝛾𝑖𝛾 = 𝒗𝜶𝜷𝜸
𝑻𝒊𝜶𝜷𝜸 

 

By substituting the Clarke transformation of voltages and currents in 𝑝𝑎𝑏𝑐, its expression becomes 

 

𝑝𝑎𝑏𝑐 = 𝑣𝑎𝑏𝑐
𝑇𝑖𝑎𝑏𝑐 = 𝑣𝛼𝛽𝛾

𝑇
(𝐶−1)𝑇𝐶−1𝑖𝛼𝛽𝛾 
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6) Selection of the coefficients k1 and k2 
 Coefficients k1 and k2 can be selected arbitrarily, provided that the Clarke matrix is invertible. It is useful 

to select them by convenience criteria. 

 

Selection #1  

 Let  𝑘1 =
2

3
  and  𝑘2 =

1

2
.  The Clarke matrix becomes 

2

1

2

1

2

1
2

3

2

3
0

2

1

2

1
1

3

2




C

  

Its inverse exists and is equal to 

1
2

3

2

1

1
2

3

2

1

101

1




C

 

The extended expressions of x, x, x  become  









 cba x

2

1
x

2

1
x

3

2
x

 














 cb x

2

3
x

2

3

3

2
x  

𝑥𝛾 =
1

3
(𝑥𝑎 + 𝑥𝑏 + 𝑥𝑐) 

 

 The power in terms of transformed quantities is 

 

𝑝𝑎𝑏𝑐 =
3

2
(𝑣𝛼𝑖𝛼 + 𝑣𝛽𝑖𝛽) + 3𝑣𝛾𝑖𝛾 =

3

2
(𝑣𝛼𝑖𝛼 + 𝑣𝛽𝑖𝛽 + 2𝑣𝛾𝑖𝛾) 

 

Then, by selection #1, the transformation is not invariant to the power. For a three-phase system with no 

neutral connection, it is 

 

𝑝𝑎𝑏𝑐 =
3

2
(𝑣𝛼𝑖𝛼 + 𝑣𝛽𝑖𝛽) 

 

 Let us consider a sinusoidal three-phase system 

 

𝑥𝑎 = √2𝑋 cos(Ω𝑡) 

𝑥𝑏 = √2𝑋 cos(Ω𝑡 −
2𝜋

3
) 
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𝑥𝑐 = √2𝑋 cos(Ω𝑡 −
4𝜋

3
) 

 

The transformed quantities are 

 

𝑥𝛼 = √2𝑋 cos(Ω𝑡) 
 

𝑥𝛽 = √2𝑋 sin(Ω𝑡) 

 

The magnitude of the transformed quantities is equal to the magnitude of the phase quantities. Then, by 

selection #1, the transformation is invariant to the magnitude of the sinusoidal quantities. Selection #1 is 

used when dealing with voltages and currents. 

 Note that if  the coefficients 𝑘1 and 𝑘2 had selected equal to  𝑘1 =
2

3
  and  𝑘2 =

1

√2
, the Clarke matrix, its 

inverse and the power relationship  would become  

2

1

2

1

2

1
2

3

2

3
0

2

1

2

1
1

3

2
C 



   

2

1

2

3

2

1

2

1

2

3

2

1

2

1
01

C 1




 

𝑝𝑎𝑏𝑐 =
3

2
(𝑣𝛼𝑖𝛼 + 𝑣𝛽𝑖𝛽+𝑣𝛾𝑖𝛾) 

 

 

Selection #2 

 Let   𝑘1 = √
2

3
  and  𝑘2 =

1

√2
. The Clarke matrix becomes 

2

1

2

1

2

1
2

3

2

3
0

2

1

2

1
1

3

2




C

 

Its inverse exists and is equal to 
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2

1

2

3

2

1

2

1

2

3

2

1

2

1
01

3

21




C

 

It can be easily proved that the matric is orthogonal, i.e. that 

 

𝑪𝑻 = 𝑪−𝟏 
 

 The extended expressions of x, x, x  are  









 cba x

2

1
x

2

1
x

3

2
x

 














 cb x

2

3
x

2

3

3

2
x  

𝑥𝛾 =
1

√3
(𝑥𝑎 + 𝑥𝑏 + 𝑥𝑐) 

 

 The power in terms of transformed quantities is 

 

𝑝𝑎𝑏𝑐 = 𝒗𝛼𝛽𝛾
𝑻𝑰𝒊𝛼𝛽𝛾 = 𝑝𝛼𝛽𝛾 

 

where I is the unit (or identity) matrix. Then, by selection #2, the transformation is invariant to the power. 

 Let us consider a sinusoidal three-phase system 

 

𝑥𝑎 = √2𝑋 cos(Ω𝑡) 

𝑥𝑏 = √2𝑋 cos(Ω𝑡 −
2𝜋

3
) 

𝑥𝑐 = √2𝑋 cos(Ω𝑡 −
4𝜋

3
) 

 

The transformed quantities are 

 

𝑥𝛼 = √3𝑋 cos(Ω𝑡) 
 

𝑥𝛽 = √3𝑋 sin(Ω𝑡) 

 

The magnitude of the transformed quantities differs from the magnitude of the phase quantities. Then, by 

selection #2, the transformation is not invariant to the magnitude of the sinusoidal quantities. Selection #2 

is used when dealing with powers. Then it is commonly used hereafter. 

 

7) Space phasor in terms of phase quantities 
 By selection #2, the transformed quantities become 









 cba x

2

1
x

2

1
x

3

2
x
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 cbcb xx
2

1
x

2

3
x

2

3

3

2
x 














  

 cba xxx
3

1
x   

The space phasor 𝑥̅𝛼𝛽 can be expressed as  

















 3

4
j

c
3

2
j

ba exexx
3

2
jxxx





 

being 

2

3
j

2

1
e 3

2
j





 

The latter quantity is a space phasor with unit magnitude and argument of 2/3. It is called the rotating 

operator. Indeed, when it multiplies another quantity, it rotates such a quantity of 2/3 without changing 

its magnitude.  

 

8) Construction of the space phasor  
 The following equation 

















 3

4
j

c
3

2
j

ba exexx
3

2
x





 

suggests a direct way of constructing the space phasor OP. Let xa, xb and xc be the amplitudes of the three 

phase quantities at the time t0. The space phasor OP at the time t0 is constructed as shown (Note that xb 

and xc have negative values) 

xa

tt0

xb

xc

    

Im 

Rexa

xb e j2/3

xc e j4/3 

 

3

2

P

O

 
 

9) Clark anti-transformation  
 By means of the matric C-1, the phase quantities can be expressed in terms of the transformed quantities 

as follows: 









  x

2

1
x

3

2
xa
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












  x

2

1
x

2

3
x

2

1

3

2
xb  














  x

2

1
x

2

3
x

2

1

3

2
xc  

The bias component is clearly given by x
3

1
. Then  

x
3

1
xx aa  '

 

x
3

1
xx bb  '

 

x
3

1
xx cc  '

 

where  

x
3

2
xa '

 














  x

2

3
x

2

1

3

2
xb

'
 














  x

2

3
x

2

1

3

2
xc

'
 

and '
ax  is obtained as  

  x
3

2
x

3

2
xa Re' 

 

 If the space phasor 𝑥̅𝛼𝛽 is multiplied by 𝑒−𝑗
2𝜋

3 , one obtains  




















3

2

3

2

3

2

3

2




j

cb

j

a

j
exxexex  

By looking at the procedure used to obtain x𝑎
′ , one can readily realize that  




















3

2
j

b ex
3

2
x



Re'

 

In a similar way, it is  
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


















3

4
j

c ex
3

2
x



Re'

 

 From the analytical process used to execute the anti-transformation, it can be easily derived the 

geometrical process. It is illustrated in the figure. 

Im 

Rex'a

 

 

3

2

P

O

Im 

Re

x'b
 3

2

-2/3

P

O

 

 

10) Analysis of a three-phase circuit by Clarke transformation 
 Let us consider a three-phase system with neutral connection and let the load (f.i. of RL type) be 
balanced. The three-phase source voltages are denoted with 𝑣𝑎 , 𝑣𝑏 , 𝑣𝑐 and are arbitrary functions of time; 
the currents flowing into the load are denoted with 𝑖𝑎 , 𝑖𝑏 , 𝑖𝑐.  

 

va L
+

R

Lvb
+

R

L Rvc

ia

ib

ic
+

 
  

 Voltage equations of the circuit are 

𝑣𝑎 = 𝑅𝑖𝑎 + 𝐿
𝑑𝑖𝑎
𝑑𝑡

 

𝑣𝑏 = 𝑅𝑖𝑏 + 𝐿
𝑑𝑖𝑏
𝑑𝑡

 

𝑣𝑐 = 𝑅𝑖𝑐 + 𝐿
𝑑𝑖𝑐
𝑑𝑡

 

 In space phasor form, the voltage equations can be written as    

𝒗𝑎𝑏𝑐 = 𝑅𝒊𝑎𝑏𝑐 + 𝐿
𝑑𝒊𝑎𝑏𝑐
𝑑𝑡

 

Clarke transformation of the voltage equations is obtained by multiplying the voltage space phasor 

equation by the Clarke matrix C  

𝑪𝒗𝑎𝑏𝑐 = 𝑅𝑪𝒊𝑎𝑏𝑐 + 𝐿
𝑑𝑪𝒊𝑎𝑏𝑐
𝑑𝑡
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obtaining 

𝒗𝛼𝛽𝛾 = 𝑅𝒊𝛼𝛽𝛾 + 𝐿
𝑑𝒊𝛼𝛽𝛾

𝑑𝑡
 

The extended expression of the resulting voltage space phasor equation in terms of , it is   

𝑣𝛼 = 𝑅𝑖𝛼 + 𝐿
𝑑𝑖𝛼
𝑑𝑡

 

𝑣𝛽 = 𝑅𝑖𝛽 + 𝐿
𝑑𝑖𝛽

𝑑𝑡
 

𝑣 = 𝑅𝑖 + 𝐿
𝑑𝑖

𝑑𝑡
 

The transformed voltage equations of the circuit are the voltage equations of three independent circuits in 

the transformed phases , where the voltage applied to each phase determines the current in the same 

phase. Note that this occurs irrespectively of the time functions of the applied voltages. 

 

v

L

+

Ri

  

v

L

+

Ri

v

L

+

Ri 

 
 
  

 Let us now assume that there is no neutral connection. Above equations and circuits reduce to the ones 

of the transformed phases  and . By using the space phasor representation for voltages and currents, it is 

𝑣̅ = 𝑣𝛼 + 𝑗𝑣𝛽 

𝑖̅ = 𝑖𝛼 + 𝑗𝑖𝛽 

The relevant voltage space phasor equation is defined as  

𝑣̅ = 𝑅𝑖̅⏟
𝑣̅𝑅

+ 𝐿
𝑑𝑖̅

𝑑𝑡⏟
𝑣̅𝐿

 

The space phasor of the currents can be written as 

𝑖̅ = 𝑖𝑒𝑗𝜃𝑖  

Then  𝑣̅𝐿 is given by 

𝑣̅𝐿 = 𝐿
𝑑𝑖̅

𝑑𝑡
= 𝐿

𝑑𝑖

𝑑𝑡
𝑒𝑗𝜃𝑖 + 𝐿𝑖𝑗

𝑑𝜃𝑖
𝑑𝑡
𝑒𝑗𝜃𝑖 = 𝐿

𝑑𝑖

𝑑𝑡
𝑒𝑗𝜃𝑖

⏟    
𝑣̅𝐿1

+ 𝑗
𝑑𝜃𝑖
𝑑𝑡
𝐿𝑖̅

⏟    
𝑣̅𝐿2

 

i.e. it consists of two terms: one proportional to the change in the current space phasor magnitude and the 
other one to the change in the current space phasor argument. The first term is aligned along the space 
phasor of the current whilst the other term is orthogonal to it. The voltage 𝑣̅𝐿, in turn, is aligned with 𝑑𝑖 ̅ . 

Note that the finite expression of the time rate is  
𝑑𝑖

𝑑𝑡
=

∆𝑖

∆𝑡
 , where ∆𝑖 is the magnitude of ∆𝑖 ̅. 
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 The space phasor equation of the  circuits has the graphical representation shown in the figure.  

 

v 

i 

vR 

i+Di 

Di 

vL 

vL2 

vL1 

 
 

 For a sinusoidal three-phase system of applied voltages, the three-phase system of currents is 
sinusoidal, and the voltage and current expressions are 

𝑣𝑎 = √2𝑉 cos(Ω𝑡) 

𝑣𝑏 = √2𝑉 cos(Ω𝑡 −
2𝜋

3
) 

𝑣𝑐 = √2𝑉 cos(Ω𝑡 −
4𝜋

3
) 

 

𝑖𝑎 = √2𝐼 cos(Ω𝑡 − 𝜑) 

𝑖𝑏 = √2𝐼 cos (Ω𝑡 −
2

3
𝜋 − 𝜑) 

𝑖𝑐 = √2𝐼 cos (Ω𝑡 −
4

3
𝜋 − 𝜑) 

The voltage equations, the space phasor of the voltage equations and the graphical representation of the 
voltage space phasor equation become 

𝑣𝛼 = 𝑅𝑖𝛼 + 𝑗𝛺𝐿𝑖𝛼 

𝑣𝛽 = 𝑅𝑖𝛽 + 𝑗𝛺𝐿𝑖𝛽  

𝑣̅ = 𝑅𝑖̅⏟
𝑣̅𝑅

+ 𝑗𝛺𝐿𝑖̅⏟
𝑣̅𝐿

= 𝑅𝑖̅⏟
𝑣̅𝑅

+ 𝐿
𝑑𝑖̅

𝑑𝑡⏟
𝑣̅𝐿

 

v 

i 

vR 

vL 
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11) dq0 (Park) transformation  
 The Park transformation transforms a three-phase system of quantities in another three-phase system. 

Let us start from the three-phase system made of x, x, x. The Park transformation in matrix form is 

defined as 

𝒙𝒅𝒒𝟎 = 𝑷𝒙𝜶𝜷𝜸 

where 

𝒙𝒅𝒒𝟎 = |

𝑥𝑑
𝑥𝑞
𝑥0
| 

𝑷 = |

𝑐𝑜𝑠𝜃𝑝 𝑠𝑖𝑛𝜃𝑝 0

−𝑠𝑖𝑛𝜃𝑝 𝑐𝑜𝑠𝜃𝑝 0

0   0  1

| 

where 𝜃𝑝 is an angle that is a (arbitrary) function of the time, i.e. 𝜃𝑝 = 𝑓(𝑡). Therefore the coefficients of P 

are a function of time. This is the additional feature of the Park transformation compared to the Clarke 

transformation. In extended form, the expression of the Park-transformed quantities is  

𝑥𝑑 = 𝑥𝛼 cos 𝜃𝑝 + 𝑥𝛽 sin 𝜃𝑝 

𝑥𝑞 = −𝑥𝛼 sin 𝜃𝑝 + 𝑥𝛽 cos 𝜃𝑝 

𝑥0 = 𝑥𝛾 

 Note that  

i) the matrix P is orthogonal, i.e. its inverse coincides with the transpose 

𝑷−1 = 𝑷𝑻 = |

𝑐𝑜𝑠𝜃𝑝 −𝑠𝑖𝑛𝜃𝑝 0

𝑠𝑖𝑛𝜃𝑝 𝑐𝑜𝑠𝜃𝑝 0

0   0  1

| 

ii) the Park transformation transforms only the  components of the three-phase system whilst it does 

not make any transformation on the  component 

 

12) Representation of the Park transformation by vector  

 Let us consider the Cartesian plane , and a vector OP 

  

𝒙 = 𝑥𝛼𝒗𝒆𝒓𝒔(𝜶) + 𝑥𝛽𝒗𝒆𝒓𝒔(𝜷) 

 

On the plane , another reference frame is drawn, rotating of 𝜃𝑝 in anticlockwise way with respect to the 

reference frame ,. The axes of the new reference frame are termed d,q as well as the relevant plane. The 

Park transformation represents the vector OP in the d,q frame  

𝒙𝒅𝒒 = 𝑥𝑑𝒗𝒆𝒓𝒔(𝒅) + 𝑥𝑞𝒗𝒆𝒓𝒔(𝒒) 

 Demonstration:  
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x

xd

  

qp 

 

d 

q 

O

S
R

xq

xT

U

P

YV

Z

W

 

𝑥𝑑 = 𝑂𝑆 = 𝑂𝑅 + 𝑅𝑆 = 𝑂𝑅 + 𝑇𝑈 = 𝑥𝛼 cos 𝜃𝑝 + 𝑥𝛽 sin 𝜃𝑝 

𝑥𝑞 = 𝑂𝑉 = 𝑂𝑍 − 𝑍𝑉 = 𝑂𝑍 −𝑊𝑌 = 𝑥𝛽 cos 𝜃𝑝 −𝑥𝛼 sin 𝜃𝑝 

 

13) Representation of the Park transformation by space phasor  

 If the plane d,q is interpreted as a complex plane (dRe, qIm), the vector OP  is described by means 

of the complex quantity  𝑥̅𝑑𝑞 that, as for the Clarke transformation, is called space phasor. It may be written 

in polar and rectangular forms as follows 

𝑥̅𝑑𝑞 = 𝑥𝑑𝑞𝑒
𝑗𝜃𝑑𝑞 

𝑥̅𝑑𝑞 = 𝑥𝑑 + 𝑗𝑥𝑞  

 By substituting the expressions of 𝑥𝑑 and 𝑥𝑞 as a function of 𝑥𝛼 and 𝑥𝛽 in the rectangular form, it is 

𝑥̅𝑑𝑞 = 𝑥𝑑 + 𝑗𝑥𝑞 = 𝑥𝛼cos 𝜃𝑝 + 𝑥𝛽sin 𝜃𝑝 + 𝑗 𝑥𝛽cos 𝜃𝑝 − 𝑗 𝑥𝛼sin 𝜃𝑝 = 𝑥𝛼(cos 𝜃𝑝 − 𝑗 sin 𝜃𝑝) + 𝑗𝑥𝛽(cos 𝜃𝑝 − 𝑗 sin 𝜃𝑝) = 

= (𝑥𝛼 + 𝑗𝑥𝛽)(cos 𝜃𝑝 − 𝑗 sin 𝜃𝑝) = (𝑥𝛼 + 𝑗𝑥𝛽)𝑒
−𝑗𝜃𝑝 = 𝑥̅𝛼𝛽 𝑒

−𝑗𝜃𝑝 = x𝛼𝛽 𝑒
𝑗(𝜃𝛼𝛽−𝜃𝑝) 

The last equation, here rewritten  

𝑥̅𝑑𝑞 = x𝛼𝛽 𝑒
𝑗(𝜃𝛼𝛽−𝜃𝑝) 

shows that the Park transformation introduces a clockwise rotation of −𝜃𝑝(𝑡) in the space phasor in the 

 plane whilst it leaves unchanged the magnitude of the space phasor. Then 

𝑥𝑑𝑞 = 𝑥𝛼𝛽 

𝜃𝑑𝑞 = 𝜃𝛼𝛽 − 𝜃𝑝 

 

Example 

 The power-invariant Clarke transformation of a three-phase sinusoidal system is expressed as 

𝑥𝛼 = √3𝑋 cos(Ω𝑡 + 𝜃0) 

𝑥𝛽 = √3𝑋 sin(Ω𝑡 + 𝜃0) 

and its space phasor representation as 
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𝑥̅𝛼𝛽 = √3𝑋 𝑒
𝑗(Ω𝑡+𝜃0) 

Let  

θ𝑝 = Ω𝑡 

The Park transformation of the space phasor in the  plane becomes  

𝑥̅𝑑𝑞 = √3𝑋 𝑒
𝑗𝜃0 

This equation shows that the space phasor in the d,q plane is stationary; it is due to the fact that the 

selected d,q plane is made rotating at the same speed of 𝑥̅𝛼𝛽. 

 

14) Park transformation in terms of phase quantities 
 The Park transformation can be directly applied to a three-phase system xa, xb and xc by  

𝒙𝒅𝒒𝟎 = 𝑷𝑪𝒙𝒂𝒃𝒄  

𝑻 = 𝑷𝑪 

The matrix T is invertible since they are invertible both C and P. By selecting for C the power-invariant 

version, T is orthogonal too. Its expression is 

𝑻 = √
2

3
|

|
cos 𝜃𝑝 cos (𝜃𝑝 −

2

3
𝜋) cos (𝜃𝑝 −

4

3
𝜋)

− sin 𝜃𝑝 −sin (𝜃𝑝 −
2

3
𝜋) −sin (𝜃𝑝 −

4

3
𝜋)

1

√2

1

√2

1

√2

|

|

 

and its inverse is 

2

1

3

4
sin

3

4
cos

2

1

3

2
sin

3

2
cos

2

1
sincos

3

2

pp

pp

pp

1












































q


q


q


q

qq

T

 

 The expression of the space phasor 𝑥̅𝑑𝑞 in terms of the phase quantities xa, xb and xc can be readily 

obtained from the expression of 𝑥̅𝛼𝛽. It is 

pj

x

j

c

j

badq
eexexxx

q
























  

3

4

3

2

3

2
 

 

15) Correspondence between vector and space phasor operations 

Let us consider two vectors on the plan   

 

𝒙𝟏 = (𝑥𝛼1, 𝑥𝛽1),                𝒙𝟐 = (𝑥𝛼2, 𝑥𝛽2) 
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Their internal (or dot/scalar) product is a scalar quantity given by the following expressions 

 

𝒙𝟏 ∙ 𝒙𝟐 =  𝑋1𝑋2 cos(𝜑2 − 𝜑1) 
𝒙𝟏 ∙ 𝒙𝟐 = 𝑥𝛼1𝑥𝛼2 + 𝑥𝛽1𝑥𝛽2 

 

 Note that 

𝒙𝟏 ∙ 𝒙𝟐 = 𝒙𝟐 ∙ 𝒙𝟏 
 

The properties of the internal product are  

 

 If the two vectors are orthogonal, their internal product is zero (and vice versa).  

 The internal product is commutative (i.e. the result does not depend on the order of the vectors). 

 

Their cross (or vector/external) product is a vector given by the following expressions 

 

𝒙𝟏⋀𝒙𝟐 = 𝑋1𝑋2 sin(𝜑2 −𝜑1)𝒗𝒆𝒓𝒔(𝜸) 

𝒙𝟏⋀𝒙𝟐 = (𝑥𝛼1𝑥𝛽2 − 𝑥𝛼2𝑥𝛽1)𝒗𝒆𝒓𝒔(𝜸) 

 

where the direction of  is orthogonal to x1, x2 and is obtained by the right-hand rule. The orientation of the 

resulting vector depends on the sign of its amplitude. The amplitude Am of the vector is given by 

 

𝐴𝑚(𝒙𝟏⋀𝒙𝟐) = 𝑋1𝑋2 sin(𝜑2 − 𝜑1) = (𝑥𝛼1𝑥𝛽2 − 𝑥𝛼2𝑥𝛽1) 

 

 Note that 

 

𝐴𝑚(𝒙𝟏⋀𝒙𝟐) = −𝐴𝑚(𝒙𝟐⋀𝒙𝟏) 
 

The properties of the cross product are 

  

 If the two vectors are parallel, the cross product is zero (and vice versa).  

 The cross product is non-commutative (i.e. the result depends on the order of the vectors) 

 

Space phasors 

 Let us consider two space phasors 𝑥̅1 and 𝑥̅2 on the ,  plane 

 

𝑥̅1 = 𝑋1𝑒
𝑗𝜑1 = 𝑥𝛼1 + 𝑗𝑥𝛽1,                𝑥̅2 = 𝑋2𝑒

𝑗𝜑2 = 𝑥𝛼2 + 𝑗𝑥𝛽2 

 

Internal product 

 Let us define the internal product of two space phasors as 

 

𝑥̅1 ∙ 𝑥̅2 = 𝑅𝑒(𝑥̅1
∗𝑥̅2) 

 

It can be expressed in two ways, depending on whether it is used the polar or the rectangular form  

 

𝑅𝑒 (𝑥̅1
∗𝑥̅2) = 𝑅𝑒[𝑋1𝑋2𝑒

𝑗(𝜑2−𝜑1)]  = 𝑋1𝑋2𝑐𝑜𝑠(𝜑2 − 𝜑1) ≡ 𝒙𝟏 ∙ 𝒙𝟐 

𝑅𝑒 (𝑥̅1
∗𝑥̅2) = 𝑥𝛼1𝑥𝛼2 + 𝑥𝛽1𝑥𝛽2 ≡ 𝒙𝟏 ∙ 𝒙𝟐 
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These results shows that the internal product of the two space vectors is equal to the internal product of 

the two vectors x1 and x2 represented by the space phasors. Then it has the same properties of the internal 

product of the two vectors; f.i. it is commutative 

  

𝑅𝑒(𝑥̅1
∗𝑥̅2) = 𝑅𝑒(𝑥̅2𝑥̅1

∗) 
 

Example 

 Voltage and current space vectors in a system with no bias component are given by 

 

𝑣̅𝛼𝛽 = 𝑣𝛼 + 𝑗𝑣𝛽 

𝑖𝛼̅𝛽 = 𝑖𝛼 + 𝑗𝑖𝛽 

and the instantaneous power by 

𝑝𝛼𝛽 = 𝑣𝛼𝑖𝛼 + 𝑣𝛽𝑖𝛽 

 

It can be written as the internal product of the voltage space phasor by the current space phasor  

 

𝑝𝛼𝛽 = 𝑣̅𝛼𝛽 ∙ 𝑖𝛼̅𝛽 

 

Cross product 

 Let us define the cross product of two space phasors as 

 

𝑥̅1⋀𝑥̅2 ≡ 𝐼𝑚(𝑥̅1
∗𝑥̅2) 

 

It can be expressed in two ways, depending on whether the polar or the rectangular form is used 

 

𝐼𝑚(𝑥̅1
∗𝑥̅2) = 𝐼𝑚[𝑋1𝑋2𝑒

𝑗(𝜑2−𝜑1)] = 𝑋1𝑋2 sin(𝜑2 − 𝜑1) ≡ 𝐴𝑚(𝒙𝟏⋀𝒙𝟐) 

𝐼𝑚(𝑥̅1
∗𝑥̅2) = (𝑥𝛼1𝑥𝛽2 − 𝑥𝛼2𝑥𝛽1) ≡ 𝐴𝑚(𝒙𝟏⋀𝒙𝟐) 

 

These results shows that the cross product of the two space vectors is equal to the amplitude of the cross 

product of the two vectors x1 and x2 represented by the two space vectors. If convenient, it can be thought 

that the cross product is directed along the axis , orthogonal to the plane ,  and obtained by the right-

hand rule. The orientation along the axis  depends on the sign of Am. 

 The cross product of two space phasors has the same properties of the cross product of two vectors; f.i. 

it is not commutative 

 

𝐼𝑚(𝑥̅1
∗𝑥̅2) ≠ 𝐼𝑚(𝑥̅2

∗𝑥̅1) 
 

Useful relationships 

 It can be proved that  

𝐴𝑚(𝑥̅1⋀𝑥̅2) = 𝑥̅1 ∙ 𝑗𝑥̅2 
𝑥̅1 ∙ 𝑥̅2 = 𝐴𝑚(𝑥̅1⋀𝑗𝑥̅2) 

 

The formulas show that 

-  the cross product of two space phasors can be calculated as the internal product of the two space 

vectors, where the second one is multiplied by j (i.e. rotated of /2), 

- the internal produce of two space phasors can be calculated as the cross product of the space phasor, 

where the second one is multiplied by j (i.e. is rotated of /2). 

 

 

16) Analysis of a circuit with time-variant load 
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 The space phasor approach is a powerful tool for analyzing the behavior of very complex circuits. Let us 

consider a three-phase sinusoidal system of source voltages that supply an RL load with the resistance that 

is time-varying (f.i. a load made of an arc furnace). The space phasor of the three-phase system of source 

voltages obtained with the magnitude-invariant Clarke transformation is 

tj
s Vev 2  

Let the varying resistance be expressed as  

𝑟 = 𝑅0[1 − 𝑚𝑐𝑜𝑠(𝜔𝑚𝑡)] 

where m is the magnitude and m is the angular frequency of the varying fraction of the resistance. Let m 
<<1 and 𝜔𝑚 < Ω. For the load inductance L equal to zero, it is for the generic phase k, with k=a, b, c 

𝑖𝑘 =
𝑣𝑘
𝑟
≅
𝑣𝑘
𝑅0
[1 + 𝑚𝑐𝑜𝑠(𝜔𝑚𝑡)] 

By accounting for L, the current equations become quite involved. Let us assume that they can expressed as  

𝑖𝑎 = √2𝑖 𝑐𝑜𝑠(Ω𝑡 − 𝜑) 

𝑖𝑏 = √2𝑖 𝑐𝑜𝑠 (Ω𝑡 −
2𝜋

3
− 𝜑) 

𝑖𝑐 = √2𝑖 𝑐𝑜𝑠 (Ω𝑡 −
4𝜋

3
− 𝜑) 

where 

𝑖 = 𝐼[1 +𝑚𝑐𝑜𝑠(𝜔𝑚𝑡)] 

𝐼 =
𝑉

𝑅0
 

Note that this assumption is equivalent to consider a load constituted by a three-phase current user. 

 The one-line scheme of the circuit, f.i. of the phase a,  is shown in the figure, where 𝑣𝑎 is the source 
voltage and 𝐿𝑠 is the line inductance. 

 

Ls

ia

va

PCCa

+

vLs

vPCC,a Load

     

Ls PCCa

iava

+

vLs

vPCC,a

 

 
Constant load resistance operation 

 For constant load resistance, m=0 and the space phasor of the currents is 

   tj' Iei 2  
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The space phasor of the PCC voltages is 

'
ss

Lsv

'

ss
st,PCC

iLjv
dt

id
Lvv 


  

where Ls is the source inductance and the subscript st stays for stationary. The voltage drop at PCC is shown 
in the figure. Note that this situation is the same as the one exposed in chapter A1.   

vs 

i’ 

vLs 

DVPCC 

vPCC,st 

 
 

Varying load resistance operation 

 Under load resistance variation, the space phasor of the currents becomes 

   'cos itm1i m   

and the space phasor of the PCC voltages, calculated by expressing the cos function according to the Euler 

formula, i.e. 

'
tmjtmj

i
2

ee
m1i



























 


 

 

is  

  


r,PCCv

tmjmtmjm'
s

st,PCCv

'
ssPCC eeiL

m
jiLjvv 



























 








 11

2
  

where the subscript r stays for rotating. This expression shows that the space phasor of the PCC voltages 
consists of two terms: one term (𝑣̅𝑃𝐶𝐶,𝑠𝑡 ) has constant magnitude and rotates synchronously with 𝑣̅𝑠 ; the 

other term (𝑣̅𝑃𝐶𝐶,𝑟) is composed by two space phasors of different magnitude that rotate in opposite 

directions at the angular speed m with respect to 𝑣̅𝑃𝐶𝐶 . Then the trajectory of the tip of 𝑣̅𝑃𝐶𝐶,𝑟 describes 

an ellipse. The same occurs for the resulting space phasor 𝑣̅𝑃𝐶𝐶. As a result, the amplitude of the space 
phasor of the PCC voltages fluctuates; this is underlined by the fluctuations of the peak amplitude of the 

PCC voltages.  
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m  

vs 

vPCCs 

i 

vLs 

vPCCr 

vPCC 

 m  

DD VPCC) 

 
 

 

 
 

  


