
�ŽƌƐŽ�Ěŝ�ĚŝŶĂŵŝĐĂ�ĚĞŝ�ƐŝƐƚĞŵŝ�ŵĞĐĐĂŶŝĐŝ�

0HWRGR�HQHUJHWLFR�GL�5D\OHLJK�

(V����

$SSOLFDQGR� LO� PHWRGR� HQHUJHWLFR� GL� 5D\OHLJK� WURYDUH� OD� IUHTXHQ]D� QDWXUDOH� GL� RVFLOOD]LRQH� GHO�
VLVWHPD�UDSSUHVHQWDWR�LQ�ILJXUD��FRVWLWXLWR�GD�XQ�FLOLQGUR�RPRJHQHR�GL�UDJJLR�U��PDVVD�P�H�PRPHQWR�
GL� LQHU]LD�EDULFHQWULFR�-*��YLQFRODWR�D�WHODLR�GD�GXH�PROOH�GL�ULJLGH]]D�N��QHOO¶LSRWHVL�FKH�LO�FLOLQGUR�
URWROL�VXO�SLDQR�VHQ]D�VWULVFLDUH��

'DWL��
P� PDVVD�GHO�FLOLQGUR�
U� UDJJLR�GHO�FLOLQGUR�
N� ULJLGH]]D�GHOOH�PROOH�

D� GLVWDQ]D�WUD�LO�EDULFHQWUR�GHO�GLVFR�H�LO�SXQWR�GL�DWWDFFR�GHOOH�PROOH�

5LVROX]LRQH��

3HU�WURYDUH�OD�SULPD�IUHTXHQ]D�QDWXUDOH�GHO�VLVWHPD�VL�XWLOL]]D�LO�PHWRGR�GHOO¶HQHUJLD�GL�5D\OHLJK��LQ�
FXL�LO�TXDGUDWR�GHOOD�SXOVD]LRQH�YLHQH�FDOFRODWR�FRPH��

߱ଶ ൌ ௠ܸ௔௫
෨ܶ

6L�SURFHGH�DO�FDOFROR�GHOOH�GXH�HQHUJLH��SHU�TXDQWR�ULJXDUGD�O¶HQHUJLD�SRWHQ]LDOH��VL�FRQVLGHUD�TXHOOD�
VYLOXSSDWD�GDOOH�GXH�PROOH�SRVWH�LQ�SDUDOOHOR�WUD�GL�ORUR�

ܸ ൌ
ͳ
ʹ ή ʹ݇ ή

ሾߠ ή ሺܽ ൅ ሻሿଶݎ

(VSULPHQGR�OD�IXQ]LRQH�G¶DQJROR�FRPHߠ� ൌ ଴ߠ ή ���ሺ߱ݐ ൅ �ሻ��VL�RWWLHQHߙ�

ܸ ൌ
ͳ
ʹ ή ʹ݇ ή

ሺܽ ൅ ሻଶݎ ή ݐଶሺ߱݊݅ݏ ൅ ሻߙ ή ଴ߠ

7XWWDYLD�QHO�FRHIILFLHQWH�GL�5D\OHLJK�FRPSDUH�LO�YDORUH�PDVVLPR�GHOO¶HQHUJLD�SRWHQ]LDOH��FKH�VL�
RWWLHQH�SRQHQGR�LO�VHQR�SDUL�D���HG�HOLPLQDQGR�OD�GLSHQGHQ]D�GDO�WHPSR��



�ŽƌƐŽ�Ěŝ�ĚŝŶĂŵŝĐĂ�ĚĞŝ�ƐŝƐƚĞŵŝ�ŵĞĐĐĂŶŝĐŝ�

௠ܸ௔௫ ൌ ݇ ή ሺܽ ൅ ሻଶݎ ή �଴ߠ

3HU�O¶HQHUJLD�FLQHWLFD�VL�FRQVLGHUD�LO�PRWR�GL�URWD]LRQH�GHOO¶LQWHUR�FLOLQGUR�DWWRUQR�DO�VXR�EDULFHQWUR�H�
LO�PRWR�GHO�EDULFHQWUR�VWHVVR��

ܶ ൌ
ͳ
ʹ ή ܬீ ή ൫ߠሶ൯

ଶ
൅
ͳ
ʹ ή ݉ ή ൫ߠݎሶ൯

ଶ

6RVWLWXHQGR�O¶HVSUHVVLRQH�GLߠ��H�ULFRUGDQGR�FKH�SHU�XQ�FLOLQGUR�RPRJHQHR�YDOH�ீܬ ൌ ଵ
ଶ
�ଶݎ݉�

ܶ ൌ
͵
Ͷ ή ݉ ή ଶݎ ή ߱ଶ ή ଴ߠ ή ݐଶሺ߱ݏ݋ܿ ൅ ሻߙ

&DOFRODQGR�LO�PDVVLPR��

௠ܶ௔௫ ൌ
͵
Ͷ ή ݉ ή ଶݎ ή ߱ଶ ή ଴ߠ ൌ ෨ܶ ή ߱ଶ

/¶HVSUHVVLRQH�GHOOH�SXOVD]LRQL�ULVXOWD�TXLQGL��

߱ଶ ൌ ௠ܸ௔௫
෨ܶ

0D��DYHQGR�SUHVR�L�YDORUL�PDVVLPL�VLD�GHOO¶HQHUJLD�SRWHQ]LDOH�FKH�GHOO¶HQHUJLD�FLQHWLFD��SRVVLDPR�
VFULYHUH��

߱ଶ ൌ ௠ܸ௔௫
෨ܶ ൌ

Ͷ݇ ή ሺܽ ൅ ሻଶݎ

ଶݎ݉͵

'D�FXL�OD�SXOVD]LRQH�QDWXUDOH�ULVXOWD��

߱௡ ൌ ඨͶ݇ ή
ሺܽ ൅ ሻଶݎ

ଶݎ݉͵



�ŽƌƐŽ�Ěŝ�ĚŝŶĂŵŝĐĂ�ĚĞŝ�ƐŝƐƚĞŵŝ�ŵĞĐĐĂŶŝĐŝ�

(V����

8WLOL]]DUH�LO�PHWRGR�GL�5D\OHLJK�SHU�FDOFRODUH�OD�SULPD�IUHTXHQ]D�SURSULD�GHO�VLVWHPD�UDSSUHVHQWDWR�
LQ�ILJXUD��

/D� WUDYH� KD�PRGXOR� HODVWLFR�(��PRPHQWR� GL� LQHU]LD� GL� VH]LRQH� ,�� VH]LRQH�6�� GHQVLWj�ȡ� HG� DOOD� VXD�
HVWUHPLWj�VL�WURYD�XQD�PDVVD�FRQFHQWUDWD�P��1HOOD�VXD�PH]]HULD�OD�WUDYH�q�FROOHJDWD�D�WHODLR�PHGLDQWH�

XQD� PROOD� GL� ULJLGH]]D� N�� 6L� VXJJHULVFH� GL� LPSLHJDUH� OD� IXQ]LRQH� GL� WHQWDWLYR�߮ሺݔሻ ൌ ൤͵ ቀ௫
௅
ቁ
ଶ
െ

ቀ௫
௅
ቁ
ଷ
ቃ�

5LVROX]LRQH��

/R� VSRVWDPHQWR� YHUWLFDOH� q� HVSUHVVR� GDOOD� IXQ]LRQH� ǡݔሺݒ ሻݐ ൌ �߮ሺݔሻ ή ݂ሺݐሻ ൌ ൤͵ ቀ௫
௅
ቁ
ଶ
െ ቀ௫

௅
ቁ
ଷ
൨ ή

��� ����GLSHQGHQWH�VLD�GDOOR�VSD]LR�FKH�GDO�WHPSRݐ߱

6L� FDOFROD� OD� SULPD� IUHTXHQ]D� SURSULD� DWWUDYHUVR� LO� PHWRGR� GL� 5D\OHLJK�� LO� FDOFROR� GHOO¶HQHUJLD�
SRWHQ]LDOH�SRUWD�D��

ܸ ൌ
ͳ
ʹ
න ܫܧ ቆ

߲ଶݒ
ଶቇݔ߲

ଶ

ݔ݀ ൅
ͳ
ʹ݇

ሾݒሺݔǡ ሻሿଶ௫ୀ௅Ȁଶݐ ൌ
௅

଴

ൌ
ͳ
ʹ
න ܫܧ ቆ

݀ଶ߮
ଶቇݔ݀

ଶ

ݔሻ�݀ݐଶሺ߱݊݅ݏ ൅
ͳ
ʹ݇ ή ݊݅ݏ

ଶሺ߱ݐሻ ή ሾ߮ሺݔሻሿଶ௫ୀ௅Ȁଶ ൌ
௅

଴

ൌ
ͳ
ʹ ൬ܫܧ

ͳʹ
ଷܮ ൅ ݇

ʹͷ
͸Ͷ൰ ή ݊݅ݏ

ଶሺ߱ݐሻ�

6L�FRQVLGHUD�O¶HQHUJLD�SRWHQ]LDOH�PDVVLPD�SRQHQGR݊݅ݏ�ଶሺ߱ݐሻ ൌ ͳǣ�

௠ܸ௔௫ ൌ
ͳ
ʹ ൬ܫܧ

ͳʹ
ଷܮ ൅ ݇

ʹͷ
͸Ͷ൰�

/¶HQHUJLD�FLQHWLFD�WLHQH�FRQWR�GHOOR�VSRVWDPHQWR�GHOOD�PDVVD�FRQFHQWUDWD�DOO¶HVWUHPLWj�GHOOD�WUDYH�H�
GHOOD�IOHVVLRQH�GHOOD�WUDYH�VWHVVD��VWXGLDWD�FRPH�FRUSR�FRQWLQXR��



�ŽƌƐŽ�Ěŝ�ĚŝŶĂŵŝĐĂ�ĚĞŝ�ƐŝƐƚĞŵŝ�ŵĞĐĐĂŶŝĐŝ�

ܶ ൌ
ͳ
ʹ
න ܵߩ ൬

ݒ߲
൰ݐ߲

ଶ

ݔ݀ ൅
ͳ
ʹ݉ ൤

ݒ߲
൨ݐ߲

ଶ

௫ୀ௅

௅

଴

ൌ
ͳ
ʹ
න ሻݐଶሺ߱ݏ݋ଶܿ߱ܵߩ ൤͵ ቀ

ݔ
ቁܮ

ଶ
െ ቀ

ݔ
ቁܮ

ଷ
൨
ଶ

ݔ݀ ൅
ͳ
ʹ݉Ͷ߱

ଶܿݏ݋ଶሺ߱ݐሻ
௅

଴

ൌ
ͳ
ʹ߱

ଶܿݏ݋ଶሺ߱ݐሻ ൤ܵߩ
͵͵
͵ͷܮ ൅ Ͷ݉൨�

&RPH�IDWWR�SHU�O¶HQHUJLD�SRWHQ]LDOH��VL�FRQVLGHUD�LO�YDORUH�PDVVLPR�GL�HQHUJLD�FLQHWLFD��

௠ܶ௔௫ୀ
ͳ
ʹ߱

ଶ ൤ܵߩ
͵͵
͵ͷܮ ൅ Ͷ݉൨ ൌ ෨ܶ߱ଶ�

6L�SXz�TXLQGL�HVSULPHUH�LO�FRHIILFLHQWH�GL�5D\OHLJK�FRPH�

߱ଶ ൌ
ܫܧ ͳʹܮଷ ൅ ݇ ʹͷ͸Ͷ
ܵߩ ͵͵͵ͷ ܮ ൅ Ͷ݉

(VWUDHQGR�OD�UDGLFH�TXDGUDWD�GHO�FRHIILFLHQWH�VL�RWWLHQH�OD�SULPD�SXOVD]LRQH�SURSULD��FKH�ULVXOWD�SDUL�
D��

߱ଵ ൌ ඩ
ܫܧ ͳʹܮଷ ൅ ݇ ʹͷ͸Ͷ
ܵߩ ͵͵͵ͷ ܮ ൅ Ͷ݉



�ŽƌƐŽ�Ěŝ�ĚŝŶĂŵŝĐĂ�ĚĞŝ�ƐŝƐƚĞŵŝ�ŵĞĐĐĂŶŝĐŝ�

(V����

8Q� DOEHUR� ULJLGR� LQ� DFFLDLR�� GL� ��� PP� GL� GLDPHWUR� H� OXQJR� ����� P�� q� LQFDVWUDWR� ULJLGDPHQWH� DG�
XQ¶HVWUHPLWj�PHQWUH�DOO¶DOWUD�q�PRQWDWR�DG�XQ�YRODQR�GL�DFFLDLR��,O�YRODQR�SXz�HVVHUH�VWXGLDWR�FRPH�
XQ�DQHOOR�GL�GLDPHWUR�HVWHUQR�SDUL�D�����P�H� VH]LRQH�TXDGUDWD�GL� ODWR����PP��FRQ�EUDFFL� ULJLGL�GL�
PDVVD�WUDVFXUDELOH�JLDFHQWL�QHO�SLDQR�PHGLR�GHOO¶DQHOOR���

&DOFRODUH� OH� IUHTXHQ]H� GHOOH� YLEUD]LRQL� IOHVVLRQDOL� OLEHUH� XWLOL]]DQGR� LO� PHWRGR� GHOO¶HQHUJLD� GL�

5D\OHLJK��VL�DVVXPD�FRPH�IXQ]LRQH�GL�WHQWDWLYRݕ� ൌ ௅ݕ ቀͳ െ ��� ቀగ
ଶ
௫
௅
ቁቁ�

5LVROX]LRQH��

,O�PRWR�GHO�VLVWHPD�q�GHVFULWWR�GD�XQD�IXQ]LRQH�GLSHQGHQWH�VLD�GDOOR�VSD]LR�FKH�GDO�WHPSR��GRYH�OD�
IXQ]LRQH�GL�WHQWDWLYR�\�q�GLSHQGHQWH�GDO�VROR�VSD]LR���

ǡݔሺݒ ሻݐ ൌ ሻݔሺݕ ή ���ሺ߱ݐ ൅ ሻߙ ൌ ௅ݕ ቀͳ െ ��� ቀ
ߨ
ʹ
ݔ
ቁቁܮ ή ���

ሺ߱ݐ ൅ �ሻߙ

6L� VFHJOLH� GL� FDOFRODUH� OH� SXOVD]LRQL� GHO� VLVWHPD� DWWUDYHUVR� LO� TXR]LHQWH� GL� 5D\OHLJK�� OD� FXL�
HVSUHVVLRQH�q��

߱ଶ ൌ ௠ܸ௔௫
෨ܶ

2FFRUUH�TXLQGL�FDOFRODUH�O¶HQHUJLD�SRWHQ]LDOH�H�O¶HQHUJLD�FLQHWLFD�GHO�VLVWHPD��

3HU�TXDQWR�ULJXDUGD�O¶HQHUJLD�SRWHQ]LDOH��OD�VXD�HVSUHVVLRQH�q��

ܸ ൌ
ͳ
ʹ
න ଵܫܧ ቆ

߲ଶݒሺݔǡ ሻݐ
ଶݔ߲ ቇ

ଶ௅

଴
�ݔ݀

6YROJHQGR�OD�GHULYDWD�VHFRQGD�GHOOD�IXQ]LRQHݒ��ULVSHWWR�DOOD�YDULDELOH�GHOOR�VSD]LR�[��VL�RWWLHQH�

ܸ ൌ
ͳ
ʹ
න ଵܫܧ ቆ

݀ଶݕ
ଶቇݔ݀

ଶ௅

଴
ݔ݀ ή ሺ���ሺ߱ݐ ൅ �ሻሻଶߙ



�ŽƌƐŽ�Ěŝ�ĚŝŶĂŵŝĐĂ�ĚĞŝ�ƐŝƐƚĞŵŝ�ŵĞĐĐĂŶŝĐŝ�

7XWWDYLD�QHO�TXR]LHQWH�GL�5D\OHLJK�FRPSDUH�LO�YDORUH�PDVVLPR�GHOO¶HQHUJLD�SRWHQ]LDOH��FKH�VL�RWWLHQH�
HOLPLQDQGR�OD�GLSHQGHQ]D�GDO�WHPSR�H�TXLQGL�SRQHQGR�LO�VHQR�SDUL�D����

௠ܸ௔௫ ൌ
ͳ
ʹ
න ଵܫܧ ቆ

݀ଶݕ
ଶቇݔ݀

ଶ௅

଴
�ݔ݀

3HU�O¶HQHUJLD�FLQHWLFD�ELVRJQD�WHQHUH�FRQWR�GL�GXH�GLYHUVL�FRQWULEXWL��TXHOOR�GHOOD�EDUUD�H�TXHOOR�GHO�
YRODQR��FKH�UDSSUHVHQWDQR�ULVSHWWLYDPHQWH�XQ�VLVWHPD�FRQWLQXR�H�XQR�GLVFUHWR��SHU�TXDQWR�ULJXDUGD�LO�
YRODQR��ELVRJQD�FRQVLGHUDUH�VLD�O¶HQHUJLD�GRYXWD�DOOR�VSRVWDPHQWR�GHO�EDULFHQWUR��GLVSRVWR�LQ�[ /��
FKH�TXHOOD�GRYXWD�DOOD�URWD]LRQH��

ܶ ൌ ௕ܶ௔௥௥௔ ൅ ௩ܶ௢௟௔௡௢�

ܶ ൌ
ͳ
ʹ
න

݉ଵ

ܮ

௅

଴
൬
ǡݔሺݒ߲ ሻݐ
ݐ߲ ൰

ଶ

ݔ݀ ൅
ͳ
ʹ݉ଶ ቆ

ǡܮሺݒ߲ ሻݐ
ݐ߲ ቇ

ଶ

൅
ͳ
ʹ ଶܫ ൬

݀
ݐ݀ ൬

ݒ߲
൰௅ݔ߲

൰
ଶ

'HULYDQGR�O¶HVSUHVVLRQH�GLݒ��ULVSHWWR�D�VSD]LR�H�WHPSR�VL�RWWLHQH�O¶HVSUHVVLRQH�FRPSOHWD�GHOO¶HQHUJLD�
FLQHWLFD��

ܶ ൌ
ͳ
ʹቆ

න
݉ଵ

ܮ ݔଶ݀ݕ ൅ ݉ଶݕ௅ଶ ൅ ଶܫ ൬
ݕ߲
൰௅ݔ߲

ଶ௅

଴
ቇ ή ߱ଶ ή ሺ���ሺ߱ݐ ൅ �ሻሻଶߙ

&RPH� JLj� IDWWR� SHU� O¶HQHUJLD� SRWHQ]LDOH�� VL� RWWLHQH� O¶HQHUJLD� FLQHWLFD� PDVVLPD� SRQHQGR� LO� FRVHQR�
XQLWDULR�HG�HOLPLQDQGR�OD�GLSHQGHQ]D�GDO�WHPSR��RWWHQHQGR�FRVu��

௠ܶ௔௫ ൌ
ͳ
ʹቆ

න
݉ଵ

ܮ ݔଶ݀ݕ ൅ ݉ଶݕ௅ଶ ൅ ଶܫ ൬
ݕ߲
൰௅ݔ߲

ଶ௅

଴
ቇ ή ߱ଶ ൌ ෨ܶ ή ߱ଶ�

$YHQGR� SUHVR� L� YDORUL� PDVVLPL� GHOOH� GXH� HQHUJLH�� RWWHQXWL� ULVSHWWLYDPHQWH� SHU� VLQ �� H� FRV ���
SRVVLDPR�VFULYHUH��

߱ଶ ൌ ௠ܸ௔௫
෨ܶ ൌ

׬ ଵܫܧ ൬
݀ଶݕ
ଶ൰ݔ݀

ଶ
௅
଴ ݔ݀

׬ ݉ଵ
ܮ ݔଶ݀ݕ ൅݉ଶݕ௅ଶ ൅ ଶܫ ൬

ݕ߲
൰௅ݔ߲

ଶ
௅
଴

5LVROYHQGR�O¶LQWHJUDOH�GHOO¶HQHUJLD�SRWHQ]LDOH�

௠ܸ௔௫ ൌ ௅ଶݕଵܫܧ ቀ
ߨ
ቁܮʹ

ସ
න ቀ��� ቀ

ߨ
ʹ
ݔ
ቁቁܮ

ଶ
ݔ݀ ൌ

௅

଴
௅ଶݕଵܫܧ ቀ

ߨ
ቁܮʹ

ସ
ή
ܮ
ʹ

(�GHOO¶HQHUJLD�FLQHWLFD�

෨ܶ ൌ න
݉ଵ

ܮ

௅

଴
௅ଶݕ ൤ͳ െ ʹ ��� ቀ

ߨ
ʹ
ݔ
ቁܮ ൅ ቀ��� ቀ

ߨ
ʹ
ݔ
ቁቁܮ

ଶ
൨݀ݔ ൅݉ଶݕ௅ଶ ൅ ௅ଶݕଶܫ ቀ

ߨ
ቁܮʹ

ଶ

ൌ
݉ଵ

ܮ ௅ଶݕ� ൬ܮ െ
Ͷܮ
ߨ ൅

ܮ
ʹ൰ ൅ ݉ଶݕ௅ଶ ൅ ௅ଶݕଶܫ ቀ

ߨ
ቁܮʹ

ଶ

6L�RWWLHQH��



�ŽƌƐŽ�Ěŝ�ĚŝŶĂŵŝĐĂ�ĚĞŝ�ƐŝƐƚĞŵŝ�ŵĞĐĐĂŶŝĐŝ�

߱ଶ ൌ
ଵܫܧ ቀ

ߨ
ቁܮʹ

ସ
ή ʹܮ

݉ଵ
ܮ �ቀܮ െ Ͷܮ

ߨ ൅ ܮ
ʹቁ ൅݉ଶ ൅ ଶܫ ቀ

ߨ
ቁܮʹ

ଶ

6L� VRVWLWXLVFRQR� L� YDORUL� QXPHULFL� GHOOH� JUDQGH]]H�� ULFRUGDQGR� FKH� OD� GHQVLWj� GHOO¶DFFLDLR� q� SDUL� D�
ȡ� ������NJ�P���

� ൌ ʹͲ͹ ൈ ͳͲଽ��Ȁ�ଶ�

� ൌ ͲǤͶͷ���

�ଵ ൌ Ɏ
͸Ͷൗ ൈ ʹǤͷସ ൈ ͳͲି଼ ൌ ͳǤͻͳ͸ ൈ ͳͲି଼��ସ

�ଵ ൌ ͹ͺͷͲ ൈ Ɏ
Ͷൗ ൈ ሺͲǤͲʹͷሻଶ ൈ ͲǤͶͷ ൌ ͳǤ͹͵ʹ���

�ଶ ൌ ͹ͺͷͲ ൈ Ɏ ൈ ሺͲǤͲʹሻଶ ൈ ͲǤͷͺ ൌ ͷǤ͹ͳ����

�ଶ ൌ ͳൗʹ ൈ ͷǤ͹ͳ ൈ ቀͲǤͷͺൗʹ ቁ
ଶ
ൌ ͲǤʹͶ�����ଶ

6L�RWWLHQH�FRVu�LO�YDORUH�GHO�TXR]LHQWH�GL�5D\OHLJK�

߱ଶ ൌ
ͳǤ͵ʹͷ ൈ ͳͲହ

ͻǤͲʹ͸ ൌ ͳͶǤ͹ ൈ ͳͲଷ�ሺ݀ܽݎ Τݏ ሻଶ�

'D�FXL�q�SRVVLELOH�ULFDYDUH�OD�SXOVD]LRQH�QDWXUDOH�H�OD�IUHTXHQ]D�DVVRFLDWD��

߱ ൌ ͳʹͳ� ݀ܽݎ Τݏ � � ݂ ൌ ͳͻǤ͵ݖܪ��


