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1. Introduction

Premise: most of the footnotes of this document are explanations for expert/interested readers; some of
them are digressions or historical ephemera. They (the footnotes) provide a more detailed look at stuff
that the main text glosses over; they can be glanced at, or skipped altogether if the reader wants. The
laboratory assignments are marked in blue. Supplemental material can be found in [1, 2, 3, 4].

The starting point of our discussion is the Boltzmann transport equation (BTE) – the first equation ever
written to govern the time evolution of a probability – proposed in the late nineteenth century by Ludwig
Boltzmann in his kinetic theory of gases and generalized in different fields of physics [5] including, of
course, carrier transport in semiconductors, where it takes the form (see Appendix A)

∂ f
∂ t

+ v ·—r f
| {z }
diffusion

+
1
h̄

F ·—k f
| {z }

drift

=
∂ f
∂ t

����
coll.

(1.1)

The relevant probability function here is the distribution f (r,k, t) that describes the evolution in phase
space of carriers treated as point-like particles with well defined geometrical position r and wavevector
k, subject to the Lorentz force

F = h̄k̇ = �e(E + v⇥B) (1.2)

and to scattering with photons, phonons, impurities, or other carriers, all described by the collision term
in the right-hand side of (1.1)

d f
dt

����
coll.

= Â
k0

8
<

: f (r,k0, t)S(k0,k)[1� f (r,k, t)]| {z }
in scatt.

� f (r,k, t)S(k,k0)[1� f (r,k0, t)]| {z }
out scatt.

9
=

; (1.3)

where S(k,k0) is the rate at which a particle scatters from a state k to k0

k¢

k
zk

yk

xk
In scattering

S(k’,k)

Out scattering
S(k,k’)

The first term in (1.3) represents the flow of particles into state k, the second is the loss by scattering into
another state. Each carrier population (electrons and holes) is described by its own distribution function,
and the corresponding BTEs are coupled together (and to the crystal lattice) through the collision term.
The description of the band structure is included in the BTE through the velocity term

ṙ = v = —kE(k)/h̄, (1.4)

where E(k) is the energy dispersion and the band index has been omitted to ease the notation.
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Figure 1.1.: Simulation tools for carrier transport in semiconductor devices, from rigorous to
approximate.

B. Deformation potential carrier-phonon interaction

The carrier-phonon interaction at high energies is the
critical piece of information to be evaluated to study the
carrier dynamics at high fields and to study impact ionization
related phenomena. Several theoretical and numerical studies
of the DP carrier-phonon interaction in semiconductors have
been presented.23,41,42 If an electron of wavevector k in the
nth conduction band with energy Enk interacts with a !-type
phonon with momentum q and frequency "q!, the rate for
the DP scattering process is given, to the lowest order, by the
Fermi golden rule,

1

#!
$!n,k"

=
2%

&
#
n!
$

V
dk!%&n!,k!;Nq!! %Hel-ph%n,k;Nq!'%2

'(!En!k! − Enk $ &"q!" , !1"

where Nq! is the phonon occupation number, the $ sign
corresponds to phonon absorption and emission, q=k!−k
+GU, GU being the reciprocal lattice vector needed in um-
klapp processes to map k!−k in the first BZ. Assuming that
atomic pseudopotentials are not deformed by the atom dis-
placements, the matrix element for the carrier-phonon inter-
action can be written as23,41,42

&n!,k!;Nq!! %Hel-ph%n,k;Nq!' =( &2

2NM"q!
)!!n!,k!;n,k"

'(Nq! + 1/2 $ 1/2, !2"

with

)!!n!,k!;n,k" = #
*=1

N* ( M

M*
A*!n!,k!;n,k" · !*

!!q" !3"

A*!n!,k!;n,k" = − &n!,k!%!V*!r − "*"%n,k'eiq·"*, !4"

where )! is the DP of phonon mode !, V*!r−"l*" is the
potential of the atomic core in its equilibrium position, N is
the number of primitive cells, N*=4 is the number of atoms
per unit cell, M* is the mass of an atom of type *, M
=#*M* is the mass of the primitive cell, and !*

! is the nor-

malized eigenvector of phonon mode ! associated with atom
*. A* can be computed from the Fourier expansion over
reciprocal lattice vectors G of the electron wavefunction
%n ,k' and the pseudopotential V*,

A*!n!,k!;n,k" = −
i

N*
#
GG!

a
n!G!
* !k!"anG!k"

' !k! + G! − k − G"

'V*!k! + G!,k + G"e−i!G!−G−GU"·"*, !5"

where anG!k" are the expansion coefficients of the pseudo-
wavefunction %n ,k'.

While EPM calculations need only a few samples !the
form factors" of the pseudopotentials V* at some reciprocal
lattice vectors, the evaluation of the DPs )! requires the
knowledge of the full wave-vector dependence of V*. There-
fore, the interpolation of the potential has been controversial,
especially in the limit q!0, see discussion in Ref. 43. In the
present work we have retained the original behavior of the
screened potentials used in our EPM computations.

To illustrate the dependence of the DPs on the initial
state k, the phonon wavevector q, and phonon mode !, we
have computed their value for a given initial carrier
wavevector and a set of selected final points in the BZ. We
consider an electron at a wavevector k=0.3!cos + , sin + ,0" in
the BZ close to the , point and we compute the DPs as a
function of the angle + for scattering to the energy conserv-
ing point k= !1,0 ,0.355" which corresponds to the lowest
secondary minimum in GaN.30 As already observed in zinc
blende semiconductors,25,26 also the DPs in wurtzite GaN
show a strong variation as a function of the initial and final
states as shown in Fig. 3. For the sake of clarity, Fig. 3
presents the calculated DP only for four phonon modes: the
acoustic LA and the optical modes LO, B1

h and E2
h.

The carrier-phonon DP scattering rates accounting for
the computed electronic structure and phonon dispersion
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FIG. 2. Calculated phonon dispersion curves for wurtzite GaN.
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FIG. 3. !Color online" Calculated intervalley GaN DPs for a transition from
the initial point k=0.3!cos + , sin + ,0" in the fundamental , valley to the
second conduction band minimum k!= !1,0 ,0.355" located along the L-M
segment, as a function of angle +.
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have been evaluated by numerical integration of Eq. !1" over
the energy-conserving final states for a set of 3402 k-points
in the IW. The wavefunction expansion coefficients an,G!k"
and the phonon eigenvectors !"

#!q" have been computed over
a mesh of spacing 0.03$2% /#3a in the BZ and stored to-
gether with the corresponding eigenvalues En!k" and &'#!q",
respectively.

Figure 4 presents the energy-averaged electron DP scat-
tering rate !solid black line". It is interesting to notice that the
nonpolar electron scattering rate calculated by Yamakawa et
al.15,16 with a pseudorigid ion method has a similar energy
dependence but it is roughly four times higher. This could be
explained by the fact that they considered two atoms per unit
cell !N"=2" in the computation of the DP as it appears from
Eq. !3" in Ref. 15. It is not known to the authors why Ya-
makawa et al.15,16 have assumed two basis atoms for wurtzite
instead of the usual four. Kolnik et al.7 are the only other
researchers who computed the total scattering rate in GaN
using a full band structure. Their results, reported in Fig. 1 of
Ref. 7, are similar to the scattering rates presented here, with
some differences traceable back to the different band struc-
ture and the constant DP approximation employed in their
calculations.

Figure 5 presents the hole-phonon scattering rates !DP-
and LO-like polar scattering". Oguzman et al.9 are the only
other group who evaluated the total hole-phonon scattering
rate in GaN using a full band structure. Their result is sig-
nificantly different from the one obtained in this work. The
hole-phonon scattering rate computed here is based on a va-
lence band structure with a total width of 8 eV. This value
was experimentally measured by Dhesi et al.44 and it is con-
sistent with the ab initio DFT-GW calculation of Rubio et
al.45 Oguzman et al. used a band structure !that was obtained
before the measurements were performed by Dhesi et al."
with a total valence band width of 6 eV. This completely
changes the final density of states and as a result the scatter-
ing rates.

Starting from the anisotropic scattering rate obtained
from the rigid pseudoion model using Eq. !1", it is also pos-
sible to attempt to distill this information and try to extract a

set of, possibly constant, DP values. It is a common practice
to approximate the acoustic and nonpolar optical matrix ele-
ments with effective isotropic coupling constants Dac !DtK"op
representing all acoustic and optical phonon branches,
respectively.23 The assumptions of ignoring the anisotropy
and wave-vector dependence of the matrix element translate
into the following simple expressions for nonpolar scattering
with optical and acoustic phonons, respectively:

1

(ac
)!n,k"

=
2%

&
$
n!
%

V
dk!

%Dac
2 q

V*'ac
&Nq +

1
2

)
1
2'

$(I!n,k,n,k!"(2+)E!k!" − E!k" , &'ac!q"* !6"

and

1

(op
) !n,k"

=
2%

&
$
n!
%

V
dk!

%!DtK"2

V*'op
&Nq +

1
2

)
1
2'

$(I!n,k,n!,k!"(2+)E!k!" − E!k" , &'op!q"* ,

!7"

where * is the semiconductor density, 'ac is the frequency of
the effective acoustic phonon with wave vector q, 'op is the
frequency of the effective dispersionless optical phonon, and
I!n ,k ,n! ,k!" is the overlap integral between Bloch states.
Because of the lack of an acoustic gap in the lattice dynamics
!see Fig. 2" in GaN !and in the other wurtzite-type semicon-
ductors", it is not possible to separate completely the contri-
bution of the acoustic and optical branches to the scattering
rate. Consequently we assume somewhat arbitrarily that the
lower six phonon branches are lumped in an effective acous-
tic mode while the upper six branches above the gap are
associated with an effective optical mode. For each one of
these two modes we determine a set of effective DPs that
gives the best fit to the total rigid pseudoion scattering rate
plotted in Figs. 4 and 5. For electrons it is not possible to use
only one value, and as a result we employ two different DPs,
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FIG. 4. !Color online" Calculated electron-phonon scattering rates as a func-
tion of energy for wurtzite GaN. Black solid line: calculated electron-
phonon DP scattering rate. Red dot-dashed line: calculated LO-like POP
scattering rate.
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Fig. 1. Schematic representation of a bulk baseline p–i–n cell with NS ab-
sorbers inserted in the intrinsic region. While photogeneration occurs in both
bulk and NS components, carrier extraction proceeds via the bulk states.

are identified in Section IV and positioned with respect to a
general hierarchy of device simulation approaches. Section V
provides an overview of existing implementations for the most
important types of NS-based SC, namely those based on QW
and quantum dots (QD) with both optical and electronic func-
tionality. Section VI summarizes the main remaining challenges
and open problems in nanostructured PV device simulation
and thus points at potential directions of future developments.
Section VII concludes the paper.

II. NS-BASED IMPLEMENTATION OF HIGH-EFFICIENCY SCS

The idea of utilizing low-dimensional structures for novel
high-efficiency SC concepts dates back to the early days of
epitaxial semiconductor growth in the 1980s [13], [14], and
became increasingly popular after the group of Barnham at Im-
perial College put forward the concept of the QW solar cell
(QWSC) in the early 1990s [15], which still represents the pro-
totype of a successfully implemented NS PV device. At the
beginning of the last decade, most of the concepts investigated
today had been conceived [16]. In 2001, NS for PV was the topic
of a landmark workshop at the MPI Dresden, which, together
with the accompanying publications, boosted both popularity
and impact of this field of research. Two important represen-
tatives of these concepts with extensive utilization of NS—the
multi-QW/QD single junction SC (MQWSC/MQDSC) and the
QW/QD superlattice (QWSL/QDSL) multijunction SC—shall
briefly be reviewed in the following.

A. MQWSC/MQDSC—Band Gap Engineering for
Single-Junction Devices

As one of the first NS-based high-efficiency concepts being
experimentally realized, the QWSC now represents the most

Fig. 2. (a) Schematic energy band diagram of a MQW/MQD SC. The device
(absorber/emitter) states can be bound, quasi-bound or form a quasi-continuum.
At the contacts, photogenerated carriers are extracted and thermalized carriers
are injected according to the chemical potentials µn ,p for electrons and holes,
respectively, which are split by the voltage Vbias . In the active device region, the
physical processes relevant for the PV operation are: (b) radiative transitions,
i.e., (1) interband photogeneration and radiative recombination as well as (2)
radiative intraband transitions, which may also lead to (3) photon recycling;
(c) coherent and dissipative quantum transport involving nonradiative intraband
transitions, such as (1) phonon-mediated carrier capture and escape, (2) intra-
band relaxation, (3) scattering-assisted or (4) direct tunneling between absorber
states, and (5) phonon-assisted carrier escape as combination of the two; (d) non-
radiative recombination, via (1) the Auger mechanism or (2) deep trap states.

mature and industry relevant technology in this field. The main
idea of the concept is to extend the absorption range of a high
band gap material via the insertion of thin layers of lower band
gap material in the intrinsic absorber region of a single-junction
PV device, where the effective band gap is then determined
by the QW states. In the MQW concept (see Fig. 1), the QW
are separated by thick regions of high band gap material, and
in order to contribute to the photocurrent, the charge carriers
generated in the QW need to escape to the conduction band of
the bulk material via thermionic emission or phonon-assisted
tunneling (see Fig. 2). The original hope for an independent
optimizability of open circuit voltage Voc and short circuit cur-
rent Jsc via the use of high and low band gap materials [15]
was soon shown to fail on thermodynamical grounds [17]–[19]:
the Voc was found to correspond rather to that of a bulk cell
with an effective band gap determined by the NS states. On the
other hand, Jsc could be effectively enhanced, as the escape
process proved to be highly efficient with probabilities close
to unity at room temperature for effective barrier potentials of
the order of 0.1–0.2 eV. The use of strain-balancing techniques
allowed to overcome initial difficulties with strain-related dis-
location formation [20], such that dislocation free samples with
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part is most influenced by carrier scattering and diffusion over the long path through618

the substrate (200−500 µm), during which the current can possibly spread. In this619

simplified view the current density is fully determined by the VCSEL geometry. That620

allows for any shape of the metal ring contact and, much importantly, of the oxide621

shape, which is never circular in real devices [11], but rather with a diamond shape622

(see Sect. 3.3.3).623

The previous model, reasonable as Joule source, might be over-simplified to derive624

the carrier injection profile. In fact, the combination of a metal contact ring with a625

smaller oxide aperture causes the so called current crowding effect. It consist of626

a stronger injection close to the oxide aperture rim than in the center; the current627

tends always to follow the shortest path between the two electrodes. For all those628

cases when such effect is relevant, especially for large aperture devices, the constant629

injection profile can be modified by a phenomenological injection shape, suitable to630

describe the current crowding features, such as:631

Jinj (z) = J0 exp(az p − bzm) (3.24)632

This super-Gaussian shape is a generalization of the one proposed in [6]. The second,633

negative term (−bzm) in the exponent accounts for the current confinement induced634

by the oxide-aperture shape. The exponent m can be chosen so as to fit the injection635

decay in the outer region. For very large m values the shape can be made close636

to step like (constant in the center and zero in the outer region). The transverse637

profile is included via the normalized radial coordinate z = r/rs(ϕ), being rs(ϕ) the638

angularly (ϕ) dependent oxide-aperture shape. Current crowding is represented by639

the first, positive term (az p). Depending on the absolute size of the oxide aperture, the640

exponent p can be chosen to fit the injection overshoot which occurs slightly before641
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Fig. 1. Schematic representation of a bulk baseline p–i–n cell with NS ab-
sorbers inserted in the intrinsic region. While photogeneration occurs in both
bulk and NS components, carrier extraction proceeds via the bulk states.

are identified in Section IV and positioned with respect to a
general hierarchy of device simulation approaches. Section V
provides an overview of existing implementations for the most
important types of NS-based SC, namely those based on QW
and quantum dots (QD) with both optical and electronic func-
tionality. Section VI summarizes the main remaining challenges
and open problems in nanostructured PV device simulation
and thus points at potential directions of future developments.
Section VII concludes the paper.

II. NS-BASED IMPLEMENTATION OF HIGH-EFFICIENCY SCS

The idea of utilizing low-dimensional structures for novel
high-efficiency SC concepts dates back to the early days of
epitaxial semiconductor growth in the 1980s [13], [14], and
became increasingly popular after the group of Barnham at Im-
perial College put forward the concept of the QW solar cell
(QWSC) in the early 1990s [15], which still represents the pro-
totype of a successfully implemented NS PV device. At the
beginning of the last decade, most of the concepts investigated
today had been conceived [16]. In 2001, NS for PV was the topic
of a landmark workshop at the MPI Dresden, which, together
with the accompanying publications, boosted both popularity
and impact of this field of research. Two important represen-
tatives of these concepts with extensive utilization of NS—the
multi-QW/QD single junction SC (MQWSC/MQDSC) and the
QW/QD superlattice (QWSL/QDSL) multijunction SC—shall
briefly be reviewed in the following.

A. MQWSC/MQDSC—Band Gap Engineering for
Single-Junction Devices

As one of the first NS-based high-efficiency concepts being
experimentally realized, the QWSC now represents the most

Fig. 2. (a) Schematic energy band diagram of a MQW/MQD SC. The device
(absorber/emitter) states can be bound, quasi-bound or form a quasi-continuum.
At the contacts, photogenerated carriers are extracted and thermalized carriers
are injected according to the chemical potentials µn ,p for electrons and holes,
respectively, which are split by the voltage Vbias . In the active device region, the
physical processes relevant for the PV operation are: (b) radiative transitions,
i.e., (1) interband photogeneration and radiative recombination as well as (2)
radiative intraband transitions, which may also lead to (3) photon recycling;
(c) coherent and dissipative quantum transport involving nonradiative intraband
transitions, such as (1) phonon-mediated carrier capture and escape, (2) intra-
band relaxation, (3) scattering-assisted or (4) direct tunneling between absorber
states, and (5) phonon-assisted carrier escape as combination of the two; (d) non-
radiative recombination, via (1) the Auger mechanism or (2) deep trap states.

mature and industry relevant technology in this field. The main
idea of the concept is to extend the absorption range of a high
band gap material via the insertion of thin layers of lower band
gap material in the intrinsic absorber region of a single-junction
PV device, where the effective band gap is then determined
by the QW states. In the MQW concept (see Fig. 1), the QW
are separated by thick regions of high band gap material, and
in order to contribute to the photocurrent, the charge carriers
generated in the QW need to escape to the conduction band of
the bulk material via thermionic emission or phonon-assisted
tunneling (see Fig. 2). The original hope for an independent
optimizability of open circuit voltage Voc and short circuit cur-
rent Jsc via the use of high and low band gap materials [15]
was soon shown to fail on thermodynamical grounds [17]–[19]:
the Voc was found to correspond rather to that of a bulk cell
with an effective band gap determined by the NS states. On the
other hand, Jsc could be effectively enhanced, as the escape
process proved to be highly efficient with probabilities close
to unity at room temperature for effective barrier potentials of
the order of 0.1–0.2 eV. The use of strain-balancing techniques
allowed to overcome initial difficulties with strain-related dis-
location formation [20], such that dislocation free samples with
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band gap material via the insertion of thin layers of lower band
gap material in the intrinsic absorber region of a single-junction
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by the QW states. In the MQW concept (see Fig. 1), the QW
are separated by thick regions of high band gap material, and
in order to contribute to the photocurrent, the charge carriers
generated in the QW need to escape to the conduction band of
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tunneling (see Fig. 2). The original hope for an independent
optimizability of open circuit voltage Voc and short circuit cur-
rent Jsc via the use of high and low band gap materials [15]
was soon shown to fail on thermodynamical grounds [17]–[19]:
the Voc was found to correspond rather to that of a bulk cell
with an effective band gap determined by the NS states. On the
other hand, Jsc could be effectively enhanced, as the escape
process proved to be highly efficient with probabilities close
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Radiative processes

Intraband dissipative 
transport processes

Figure 1.3.: Band diagram of a VCSEL. The relevant physical processes in the active region are: radiative
transitions and coherent and dissipative quantum transport involving nonradiative intraband
processes (see inset). The DBR mirrors must have a very high reflectivity, which means a
large number of layers, typically tens of Bragg reflector pairs consisting of an alternating
sequence of high and low refractive index layers with l/4 thicknesses. Many effects, e.g.,
temperature profiles and current crowding make VCSELs three-dimensional structures. On
the other hand, the active region of the VCSEL where the interesting physics happens is just a
small fraction of the whole structure. The NEGF model requires a tremendous computational
effort, and there is just no way that you can analyze the whole structure with a full quantum
kinetic treatment.

5



Electronic	Properties	of	Materials	2016/2017 3

XVIII-century	Monte	Carlo:	the	Buffon	needle

(1777)	Needles	are	thrown	onto	the	floor,	with	
floor	boards	of	width	b,	separated	by	cracks.	

Needles	are	as	long	as	the	floor	boards	are	wide,	
a=b,	and	they	are	dropped	randomly,	so	that	
both	the	position	x_center and	the	angle	are	

uniform	random	variables.	The	fraction	of	
needles	touching	a	crack	is	2/p ~	0.6366.	

Georges-Louis 
Leclerc, Comte de 

Buffon (1707 – 1788)

Figure 1.4.: XVIII-century Monte Carlo: needles are thrown onto the floor, separated by cracks. Needles
are as long as the floor boards are wide, and they are dropped randomly, so that both the
position and the angle are uniform random variables. The fraction of needles touching a
crack is 2/p .

The BTE is an integro-differential equation, nonlinear because the collision term depends on the dis-
tribution function f (r,k, t) itself due to the Fermi statistical factors appearing in (1.3) (that also describe
phase-space filling) or, in dealing with Coulomb interactions, via the Lindhard screening formula [4,
Chapter 11]. Different approaches are available:

• Closed-form approximate solutions of the BTE may be obtained under homogeneous conditions
and small electric fields, which allow to linearize the equation with respect to the field (relaxation-
time approximation, see Section 4.1).

• Partial differental equations (PDEs) may be obtained from the BTE by expanding the unknown
f (r,k, t) into suitable basis functions (e.g., spherical harmonics [6]) and then solving for the ex-
pansion coefficients (expansion methods).

• Another possibility is to give up the goal to obtain the full distribution function, being satisfied
with the knowledge of some ensemble averages of physical quantities, such as carrier density,
velocity and energy (method of moments). Partial differental equations (PDEs) may be obtained
taking the statistical moments of the BTE leading to an infinite hierarchy of equations, the lowest
order approximation of which is the well known drift-diffusion model.

• A direct statistical solution of the BTE for the distribution function is provided by the Monte
Carlo1 method [7, 8, 2, 9], which consists in the simulation of the motion of an ensemble of car-
riers, subject to the action of electric and magnetic fields and of given scattering mechanisms, see
Sections 4.2 and 4.3. The duration of the carrier free flights, i.e., the time between two successive
collisions, and the states after scattering are determined stochastically according to the scattering
probabilities, see Fig. 1.5. The books by Jacoboni, Reggiani, and Moglestue give full details about
the method [7, 10, 8].

In introducing the theory of Monte Carlo carrier transport, it is useful to consider some of the basic
hypotheses implicit in the semiclassical limit described by the BTE:2

1The earliest documented use of “random sampling” to solve an integral is that of Comte de Buffon who posed the problem:
“Suppose that you drop a short needle on ruled paper – what is then the probability that the needle comes to lie in a position
where it crosses one of the line?”, see Fig. 1.4. A few years later, the idea was used by Laplace to estimate the value of p ,
which can be considered the first application of the Monte Carlo method. The origin of the word “Monte Carlo” dates back
to one of the largest scientific collaborations ever undertaken, the Manhattan Project. As the backstory goes, the team lead
by Enrico Fermi literally took their chances to solve a problem (the transport of neutrons through radiation shielding) that
was too complex to be even described analytically. It was the first time that a method inspired by card games and gambling
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Figure 1.5.: Reproduced from [11].

1. The carriers have a well-defined position r and crystal momentum k as if they were classical par-
ticles. For this approximation to be acceptable, the characteristic length of the device L, say the
channel length of a MOSFET, should be much larger than the size of the electron wave-packet
given by the mean-free-path lf (the average distance travelled by the electron between two colli-
sions)

L � lf

and the energy scale of interest should be much larger than the uncertainty implied by the spread
of the electron momentum.

2. The energy bands do not change too quickly in space, so that the concept of a local band structure
may be accepted and level quantization can be neglected, see Fig. 1.6.

3. At any given point in k-space, the energy bands are well separated in energy and the electric fields
are sufficiently small so that we can describe the free-flight of the carriers between collisions with
Newton’s laws3

ṙ = v(k) =
1
h̄

—kE(k)

k̇ =
F
h̄

= � e
h̄

(E + v⇥B)

This approximation breaks down if, for some reason, the bands are close enough to allow band-to-
band tunneling, see Fig. 1.7.

4. Boltzmann’s Stosszahlansatz holds, i.e., all scattering processes are independent (no memory is
conserved of where and when the previous collisions happened), local in space (they involve no

was employed for a serious scientific pursuit.
2 N.B. that the BTE has resisted so far a rigorous derivation. The problem of deriving the macroscopic irreversibility that

defines the “arrow of time” of the BTE from the microscopic reversibility of quantum mechanics eluded several attempts,
including – and, obviously, starting with – Boltzmann himself [4, Chapter 18]. A heuristic derivation of the BTE obtained
by means of conservation principles is reported in Appendix A.

3In wide band-gap materials, due to the small size of the Brillouin zone, multiple bands exist in relatively narrow ranges of
energy and band-to-band tunnelling at band “kissing points” may be of importance, see Fig. 1.6b.
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just above it are the minima at the !3
c and K points. For AlN

the lowest secondary valley is at K, followed by the valley
along the M –L segment and by the !3

c point. Table VIII
presents the values of the electron effective masses for the
second conduction band at ! , the first conduction band at L
and K, and the minimum along the M –L direction, whose
position and energy value are given in Table VII. In order to
avoid possible confusion due to different normalizations, the
position of the minimum along the M –L segment is ex-
pressed as the ratio between the distance of the minimum
from the M point and the total length of the M –L segment.
The effective mass at !3

c for all the compounds is isotropic in
the basal plane, as the electron and hole masses at !1

c , but is
one order of magnitude larger in the perpendicular direction.
Significant differences among the components of the effec-
tive mass tensor are also present at the M –L valley. Even-
tually, the nonparabolicity coefficients " have been com-
puted by fitting the conduction bands along the principal
directions up to an energy of 0.2 eV from the bottom of each
valley. The values of " corresponding to all the components
of the electron effective masses are reported in Tables IX and
VIII.

The calculated band structures for the three binary com-
pounds are presented in Figs. 5–7. The magnitude of the gap
and the correct ordering of the valence bands at ! can be
immediately noticed. The similarity of the valence bands in
all the three binaries is also evident. Although the shape is
very similar, the total width and the degeneracy at ! change.
For the first conduction band we can find similarities as well;
substantial differences become more and more evident as we
move to higher bands.

IV. CONCLUSIONS

This work presents a band structure study of GaN, AlN,
and InN based on a nonlocal pseudopotential calculation us-
ing realistic atomic effective potentials. An analytical param-
etrization for the local part of the potentials has been intro-
duced. A nonlocal correction has been included to simulate
the effect of the d electrons and the deep potential of nitro-
gen.

The key step in our procedure is the determination of the
atomic effective potentials for the constitutive elements in
the three binary compounds, GaN, AlN, and InN. The form
of these potentials is optimized through an iterative scheme
in which we recursively calculate the band structures com-
paring the calculated values of the energy gaps, bandwidths,
crystal-field splitting, effective masses, and the correct band
degeneracies to experimental and/or ab initio results. In this
way, optimized forms of the nonlocal atomic potentials can
be found that provide an excellent description of the band
structures of the binary compounds, i.e., all of the selected
quantities agree to within 3%–5% to experimental and ab
initio results. The atomic effective potentials determined in

TABLE IX. Nonparabolicity coefficients, expressed in eV!1, corresponding
to the electron effective masses at !1

c .

AlN GaN InN

!!M (m!) 0.2891 0.3772 0.5625
!!K (m!) 0.2865 0.3761 0.5617
!!A (m !) 0.2373 0.3630 0.6066

FIG. 5. Band structure of wurtzite phase AlN.

FIG. 6. Band structure of wurtzite phase GaN.

FIG. 7. Band structure of wurtzite phase InN.
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proaches, the overlap test57 and the velocity continuity
method10 have been used for 4H-SiC and GaN. As pointed
out by Nilsson et al.57 the overlap test approach has two
major drawbacks: it does not depend on the electric field,
i.e., it is a local formulation of the tunneling process, and it
does depend on the mesh size used to compute the overlap
itself. In order to overcame these problems, Nilsson et al.58

have employed a rigorous approach developed by Krieger
and Iafrate59 to describe the time evolution of Bloch elec-
trons. Our transport model follows the same footsteps and
treats carrier transport in the GaN full band structure by in-
cluding the Krieger–Iafrate !KI" approach within the frame-
work of ensemble FBMC.

According to the KI model, a particle moving in a sys-
tem described by a given number of bands has a finite prob-
ability of being found in each one of them. Specifically, the
time dependent amplitude probability #Cn!t"#2 of finding the
particle in band n at time t is given by the solution of a set of
coupled differential equations,60

i!
!Cn!t"

!t
= "n$k!t"%Cn!t" + eE # &

m
Xn,m$k!t"%Cn!t" ,

!10"

where "$k!t"% is the energy of the particle in band n at time t,
E is the applied electric field, and Xn,m is the band-to-band
coupling coefficient. The latter is given by the expression

Xn,m$k!t"% = − i'
$

un,k!t"
* !r""kum,k!t"!r"dr , !11"

where um,k!r" is the periodic part of the Bloch wavefunction.
As clearly indicated by Lindefelt et al.60 the evaluation of the
band-to-band coupling coefficient, and, in particular, the
choice of the wavefunction phases, is critical to obtain the
correct solution of the KI equations !10". In this work we
compute the Xn,m using the approach outlined in Ref. 60.

To illustrate the impact of the band-to-band tunneling
processes on the carrier dynamics, the time dependent prob-
ability amplitudes (#Cn,k#2) have been computed along a di-
rection in the BZ parallel to the c-axis $dashed line inside the
IW shown in the inset of Fig. 8!a"%. Figure 8!a" presents the
six uppermost valence bands calculated along the considered
direction. Because of the eigenvalue ordering resulting from
the electronic structure solver, a ballistic particle in band 4
will propagate following the path indicated by the arrow a!if
no band-to-band transitions are allowed. Although a band-to-
band transition is possible as a result of a phonon absorption,
this event has a low probability of occurring when compared
to other scattering processes. As a result, the carrier will be
mainly confined to the three uppermost valence bands !bands
4–6", with few chances to reach higher energies and impact
ionize.

The carrier dynamics picture predicted by the KI model
!10" is drastically different. Figure 8!b" presents the ampli-
tude probabilities (#Cn,k#2) as a function of the hole wave
vector, calculated for an applied electric field Ez=4MV /cm
in the aforementioned direction. As expected, a ballistic hole
propagating in band 4 will most likely follow the path indi-
cated by the arrow labeled b!as shown in Fig. 8!a". The fact

that a particle can arrive in band 2 makes it possible for it to
reach states with high enough energy to permit impact ion-
ization events to occur. This outcome has also been described
by Nilsson et al.58 for GaN and 2H-SiC. This simple ex-
ample clearly indicates that when studying high field trans-
port and impact ionization in noncubic semiconductor mate-
rial systems, the band-to-band tunneling has to be properly
taken into consideration. If this is not included, as a conse-
quence of the inability of carriers to reach high energy states
in the band structure, the impact ionization coefficients are
significantly underestimated, and the FBMC model fails to
predict the measured multiplication gain and breakdown
voltage of GaN APDs as discussed in Part II of this work.33

During the FBMC simulation, it is necessary to integrate
the KI equations !10" over each drift interval %tdrift with a
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FIG. 8. !Color online" !a" Calculated band structure for the six uppermost
valence bands in wurtzite GaN for a direction parallel to the c-axis, starting
from the point ki= !0.1,0.0289,0.1" to the point k f = !0.1,0.0289,0.523" lo-
cated at the top of the BZ. The wave vectors are in units of 2& / !a*3", where
a is the lattice constant in the xy-plane orthogonal to the c-axis. The strength
of the electric field Ez in the c-axis direction is 4.0 MV /cm. !b" Tunneling
probability for the same drift trajectory.
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(a)                    (b)

Figure 1.6.: Top panel: band structure of wurtzite phase GaN. Bottom panel: the local band structure
approximation in the case of a GaN-based solar cell (a forward-biased p-i-n junction). The
red lines represent confined levels; carrier confinement may be included in semiclassical
approaches by means of quantum corrections.
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IW shown in the inset of Fig. 8!a"%. Figure 8!a" presents the
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will propagate following the path indicated by the arrow a!if
no band-to-band transitions are allowed. Although a band-to-
band transition is possible as a result of a phonon absorption,
this event has a low probability of occurring when compared
to other scattering processes. As a result, the carrier will be
mainly confined to the three uppermost valence bands !bands
4–6", with few chances to reach higher energies and impact
ionize.

The carrier dynamics picture predicted by the KI model
!10" is drastically different. Figure 8!b" presents the ampli-
tude probabilities (#Cn,k#2) as a function of the hole wave
vector, calculated for an applied electric field Ez=4MV /cm
in the aforementioned direction. As expected, a ballistic hole
propagating in band 4 will most likely follow the path indi-
cated by the arrow labeled b!as shown in Fig. 8!a". The fact

that a particle can arrive in band 2 makes it possible for it to
reach states with high enough energy to permit impact ion-
ization events to occur. This outcome has also been described
by Nilsson et al.58 for GaN and 2H-SiC. This simple ex-
ample clearly indicates that when studying high field trans-
port and impact ionization in noncubic semiconductor mate-
rial systems, the band-to-band tunneling has to be properly
taken into consideration. If this is not included, as a conse-
quence of the inability of carriers to reach high energy states
in the band structure, the impact ionization coefficients are
significantly underestimated, and the FBMC model fails to
predict the measured multiplication gain and breakdown
voltage of GaN APDs as discussed in Part II of this work.33
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FIG. 8. !Color online" !a" Calculated band structure for the six uppermost
valence bands in wurtzite GaN for a direction parallel to the c-axis, starting
from the point ki= !0.1,0.0289,0.1" to the point k f = !0.1,0.0289,0.523" lo-
cated at the top of the BZ. The wave vectors are in units of 2& / !a*3", where
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of the electric field Ez in the c-axis direction is 4.0 MV /cm. !b" Tunneling
probability for the same drift trajectory.
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(a)                    (b)

EHBTFET Electron–hole-bilayer TFETs

EMA Effective mass approximation

FET Field effect transistor

GAA NW Gate-all-around NW

HH Heavy holes

JDOS Joint DOS

LDOS Local DOS

LH Light holes

MOSFET Metal-oxide-semiconductor FET

NEGF Non-equilibrium Greenʼs function
NW Nanowire

PAT Phonon-assisted tunneling

PMI Physical model interfaces

QCTP Quantum-corrected tunneling path

QTB Quantum transmitting boundary

SG Single gate

SOI Silicon-on-insulator

SRH Shockley–Read–Hall

SS Sub-threshold swing

TAT Trap-assisted tunneling

TCAD Technology computer aided design

TFET Tunnel FET

TMD Transition-metal dichalcogenides

UTB Ultra-thin body

vdW van der Waals

WKB Wentzel Kramers Brillouin

1. Background and introduction

The progress in the computing and information technologies
over the past four decades has been the enabler of a countless
number of applications. In a foreseeable future, nanoelec-
tronics will deliver self-powered, energy autonomous families
of sensing, computing and communicating devices for many
scenarios in the frameworks of the internet-of-things and
internet-of-humans. As of today, however, power consump-
tion is the main hindrance to the progress of the computing
technologies: indeed integrated circuits simply do not have
the energy budget necessary for the full exploitation of their
potential performance. This utilization wall led to the so
called dark silicon age where, at any point in time, significant
fractions of the gates available on a chip are idle or sig-
nificantly underclocked [1]. The origin of the utilization wall
is that, in the CMOS technology generations after about the
beginning of years 2000, it has been impossible to scale the
power supply voltage, VDD, as prescribed by the Dennardian
scaling [2, 3], so that VDD reached a plateau value of about
1 V. The dark silicon age officially marks the transition from
the Dennardian scaling, where progress in CMOS technolo-
gies was measured in terms of improvements in transistor
speed and number, to a new era where progress will be mainly
measured in terms of energy efficiency.

A number of measures and design techniques against the
power crisis have been devised at circuit and system level
[4, 5], which in CMOS technology nodes from 130 to 90 nm
allowed to improve the delay while reducing VDD down to
about 1 V. After the 90 nm technology node, however, it has
been impossible to further scale VDD and reduce the delay, so
that designers had to find new avenues to convert geometrical
scaling into performance enhancements. The most important
of such avenues was parallelism, so that after 2005 the
number of microprocessor cores started to double at each new
technology cycle [6, 7]. The parallelism is not a solution to
the utilization wall limit though, because its effectiveness
ceases when each hardware unit approaches the minimum
energy per operation [5, 6], and in fact the number of cores in
microprocessors has already started to saturate.

The scaling of the power supply is probably the most
effective measure to improve energy efficiency. The mini-
mum VDD for digital circuits has been discussed by several
authors [8], and different authors driven by different per-
spectives found that VDD could in principle be as small as a
few K TB /e (i.e. about 0.1 V at room temperature), where KB,
T and e are respectively the Boltzmann constant, absolute

Figure 1. Sketch of the essential physics behind the electron
injection from the source to the channel region of either an n-type
MOSFET or an n-type tunnel FET. (a) MOSFET: where electrons
are injected for energies above the top-of-the-barrier and according
to the Fermi–Dirac occupation function in the source region; (b)
tunnel FET: where electrons of the source are injected from the
valence band, whose maximum sets an upper limit to the electron
energy. A qualitative band-diagram is shown for both the OFF and
the ON state of the tunnel FET.

2
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Figure 1.7.: Top panel. The six uppermost valence bands of bulk wurtzite GaN calculated along the di-
rection in the Brillouin zone represented by the dashed line in the inset. If band-to-band
transitions are not allowed, a ballistic hole in band four propagates coherently following the
path indicated by the red arrow. This intraband tunnelling mechanism enables an additional
(high-field) path indicated by the blue arrow. In the dissipative limit, when scattering mech-
anisms are present, the free flight propagation in momentum space would be interrupted by
scattering events; in high field conditions the particle may travel a significant portion of the
Brillouin zone, giving rise to the so-called Bloch oscillations. Bottom panel. Qualitative
band diagram for a tunnel FET in the ON/OFF state. The shaded area indicates the tunneling
window (where the conductions and the valence band overlap in energy) with the arrow rep-
resenting electrons injected from the valence band of the source into the conduction band of
the drain. As opposed to the intraband process considered above, the tunneling mechanism
considered here is an interband process (connecting valence and conduction bands).

9



change of r), instantaneous (their duration is negligible with respect to the free-flight time between
successive collisions), and are perturbations weak enough to justify the use of the first-order (in
perturbation theory) Fermi’s Golden rule.4

5. An additional assumption, unrelated to the BTE derivation, is that time-domain transients are
slow enough to justify the use of electrostatics rather than Maxwell’s equations, meaning that
the electric field E may be determined only by the instantaneous distributions of the carriers via
Poisson’s equation, therefore neglecting propagation effects.

6. Carrier transport is described in terms of the electronic states of an infinite crystal, without any
external potential applied (such as from the bias applied at contacts), and unperturbed by whatever
scattering perturbation we shall consider shortly, as given by Bloch theorem, i.e., described by the
product of a simple plane wave factor eik·r as for electrons of momentum h̄k in free space, and a
complicated fast-wiggling function u(n)

k (r) = u(n)
k (r +Rl) with the periodicity of the lattice (Rl is a

lattice vector) that originates from the orbitals of the atoms that constitute the crystal

y(n)
k (r) =

1p
W

eik·r u(n)
k (r) =

1p
W

eik·r Â
G

u(n)
G,k eiG·r (1.5)

where W is the normalization volume, and n is the index labeling the band.5 In addition to the
symmetries in real space, there are also corresponding symmetries in the reciprocal space: the
wavefunctions for values of k inside the first BZ give full knowledge of the electronic properties
of the lattice.

4These assumptions break down in a few important cases: (i) very fast transients that have to be studied on a time scale
comparable to the scattering rate [12]; (ii) high scattering rates, so that the initial state may decay appreciably by the time
the scattering is completed (collision broadening) [12]; and (iii) high electric fields, which may transfer a significant amount
of energy to the carriers during the finite time required for a collision, or, in other words, renormalize the states involved in
the scattering process (intracollisional field effect [13]).

5The infinite field-free crystal is admittedly an over-idealized situation, and one may wonder if it makes even sense to consider
it. In fact, the motion of the electrons in the crystal requires some electric field that drives the electrons. The reason why
Bloch functions matter at all is the following [4, Chapter 12]. Assume that the length-scale over which the potential
energy associated with the external field changes significantly is much larger than the distance between two collisions
suffered on average by the electron, the so-called mean free path or coherence length. By changes significantly we mean
a change comparable to the electron kinetic energy or to the thermal energy kBT . This corresponds to situations in which
all spatial variations induced by the external field are slow enough. In this case, one can ignore the spatial dependence
of the electron wavefunction caused by the changing external potential, since coherent transport, characterized by a pure
wavefunction, will not occur. Moreover, things do not change appreciably, as seen by the electron, between two collisions.
Then, we can assume that locally, over the distance between successive collisions, the crystal appears almost field-free and
we can approximate satisfactorily the electron wavefunction with the Bloch wave of the ideal crystal. This is the regime
of semiclassical transport, since, besides the obvious role played by Quantum Mechanics in determining the band structure
and Bloch wavefunctions, scattering occurs locally, ignoring interference effects between the wavefunctions scattered by
other collisions that have occurred previously, and ignoring also the effect that the variation of the potential over the mean
free path has on the wavefunction itself.
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2. Lattice dynamics of crystals

Besides the electronic structure (see Lab. 1), one important ingredient needed to compute carrier-phonon
interactions is the lattice dynamics of the crystal [14]. The physics of lattice vibrations is one of the best
established branches of modern solid-state physics. There is a remarkable agreement between theoretical
calculations and phonon dispersion curves measured by inelastic neutron scattering. Like electrons,
phonons can also be represented as Bloch waves with energy (i.e., frequency) dispersion relations which
give the values of the allowed energies versus Bloch wavevector. We will restrict the discussion to lattice
vibrations in indefinitely extended crystals as perfect lattice periodicity will greatly simplify the analysis.
In the non-relativistic limit, the Schrödinger equation to be solved for the systems of the interacting
electrons and nuclei is (in SI units)

Ĥ({ri},{R j})Y({ri},{R j}) = E Y({ri},{R j}) (2.1)

with

Ĥ({ri},{R j}) = Â
i

p2
i

2m
+

1
2

0

Â
ii0

e2

4pe0|ri � ri0 || {z }
Ĥe

+Â
j

P2
j

2Mj
+

1
2

0

Â
j j0

Z jZ j0e2

4pe0|R j �R j0 |
| {z }

Ĥnuclei

�Â
i j

Z je2

4pe0|ri �R j|
| {z }

Ĥe�nuclei

,

(2.2)

where {ri}, {R j} are the collections of electron and nuclear coordinates, respectively, and the total
Hamiltonian includes the kinetic energy of electrons, the kinetic energy of the nuclei, and all possible
electron-electron, electron-nucleus and nucleus-nucleus interactions. The factor 1/2 in front of double
sums is needed to avoid counting each pair twice. Z j is the atomic number of the nucleus, pi and P j
are the momentum operators of electrons and nuclei, respectively, and Â0 means summation over pair of
indices that are not identical. The eigenvalues E and the eigenfunctions Y({ri},{R j}) of the combined
electronic-nuclear system are called the vibronic energies and vibronic wavefunctions, respectively. Ob-
viously, the many-particle Hamiltonian (2.2) cannot be solved without simplifications, since electronic
motion is coupled to ionic motion.

We therefore invoke two approximations

1. First, we separate electrons into two groups: valence electrons and core electrons. The core elec-
trons are those in the filled orbitals. These core electrons are mostly localized around the nuclei,
so they can be lumped together with the nuclei to form the so-called ion cores. As a result of this
approximation the indices j and j0 will, from now on, denote the ions while the electron indices i
and i0 will label only the valence electrons.

2. The second approximation we invoke relies on the observation that, as the ions are much heav-
ier than the electrons, their motion can be treated separately. Even if the ions move away from
their equilibrium (lowest-energy) positions, the electrons adjust instantaneously to the new nu-
clear positions, in other words, the electrons follow the nuclear motion adiabatically. On the other
hand, the ions cannot follow the electronic motion, what they see is only a time-average adiabatic
electronic potential. Therefore, it is appropriate to disentangle the ionic and electronic motion
(Born-Oppenheimer or adiabatic approximation).
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The original Hamiltonian (2.2)

Ĥ({ri},{R j}) = Â
i

p2
i

2m
+

1
2

0

Â
ii0

e2

4pe0|ri � ri0 || {z }
Ĥe

+Â
j

P2
j

2Mj
+

1
2

0

Â
j j0

Z jZ j0e2

4pe0|R j �R j0 |
| {z }

Ĥions

�Â
i j

Z je2

4pe0|ri �R j|
| {z }

Ĥe�ions

,

(2.3)

can be written as

Ĥ = Ĥeff
e + Ĥions + Ĥ 0 (2.4)

where

Ĥeff
e = Â

i

p2
i

2m
+

1
2

0

Â
ii0

e2

4pe0|ri � ri0 || {z }
Ĥe

�Â
i j

Z je2

4pe0|ri �R j0|
, (2.5)

is the electronic adiabatic Hamiltonian with the ions frozen at their equilibrium positions {R j0}, and Ĥ 0

is the perturbation due to the displacement of the ions

Ĥ 0 = �Â
i j

Z je2

4pe0|ri �R j|
+Â

i j

Z je2

4pe0|ri �R j0|
. (2.6)

Neglecting the interaction Ĥ 0, we can decouple the full vibronic wavefunction into vibrational and elec-
tronic contributions

Y({ri},{R j}) = Ye({ri};{R j})Yions({R j}), (2.7)

where

Ĥeff
e ({ri};{R j0})Ye({ri};{R j0}) = Ee({R j0})Ye({ri};{R j0}) (2.8)

Ĥeff
ions({R j})Yions({R j}) = Eions Yions({R j}) (2.9)

in which have defined the effective ionic Hamiltonian

Ĥeff
ions({R j}) = Â

j

P2
j

2Mj
| {z }

kinetic energy of the ions

+
1
2

0

Â
j j0

Z jZ j0e2

4pe0|R j �R j0 |
+Ee({R j})

| {z }
potential energy for the ionic motion

. (2.10)

Eq. (2.7) means that the ionic wavefunction Yions({R j}) is not quantum mechanically correlated to the
electronic coordinates (each ion carries its own electronic cloud with itself, as the electrons follow the
nuclear motion instantaneously). The electronic wavefunction Ye({ri};{R j}) depends on the ion coor-
dinates parametrically, but not on the ions’ wavefunctions, meaning that the electrons adjusting instanta-
neously to the positions of the ions. The variables {R j0} appearing in Ĥeff

e are simply parameters (instead
of quantum dynamic variables); thus the effective Hamiltonian Ĥeff

e belongs to the class of parameter-
dependent operators (the semicolon is used to denote this parametric dependence).
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In conclusion, the main ingredients of a very general first-principles approach to carrier transport are
the following:

1. The system of light particles (the electrons) is preliminarily studied with the heavy particles (the
ions) fixed in a given spatial configuration; then the total ground state energy of the electronic
system Ee({R j}) is obtained as a function of the (parametric) coordinates {R j} by solving the
Schrödinger equation (2.8)

Ĥeff
e ({ri};{R j})Ye({ri};{R j}) = Ee({R j})Ye({ri};{R j}). (2.11)

2. The equilibrium positions of the ions {R j0} are obtained by minimizing the potential energy for
the ionic motion

V ({R j}) =
1
2

0

Â
j j0

Z jZ j0e2

4pe0|R j �R j0 |
+Ee({R j}). (2.12)

3. The adiabatic Schrödinger equation for electrons (2.8)

Ĥeff
e ({ri};{R j0})Ye({ri};{R j0}) = Ee({R j0})Ye({ri};{R j0}), (2.13)

gives the band structure of the crystal, see Lab. 1 with Prof. Michele Goano.

4. The phonon dispersion relation we are looking for is obtained by solving (2.9)

Ĥeff
ions({R j})Yions({R j}) = Eions Yions({R j}). (2.14)

5. The perturbation term Ĥ 0, expressing the interaction between the electron cloud and the lattice vi-
brations, has been ignored so far. We can include it at the scattering level by means of perturbation
theory, see Section 3.1.

6. Include all this information, band structure, lattice dynamics and scattering mechanisms, in a bulk
(Section 4.2) or device (Section 4.3) Monte Carlo carrier transport code.

Let’s now turn our attention to ingredient 4 of the above list, i.e., the lattice dynamics. Consider, for
the time being, a linear chain of atoms with masses Mn. Define un as the (longitudinal) displacement of
the nth-ion from its equilibrium position Rn0 at a particular time (for simplicity we assume that the atoms
can vibrate only along the direction of the chain),

un = Rn �Rn0 (2.15)

and

pn = Mnu̇n (2.16)

as the corresponding conjugate momentum. Assuming that the forces acting on the ions depend instan-
taneously on the nuclear positions, i.e., taking the so called electrostatic limit (c ! •, see footnote 5), in
which retardation effects due to the finite propagation of light are neglected, the Hamiltonian of the ions
can be written as

Heff
ions({un, pn}) =

1
2 Â

n

p2
n

Mn
+V ({Rn0 +un}). (2.17)

The first term in (2.17) represents the kinetic energy of the ions, and the second term is the potential
energy of the ions interacting via the inter-ionic potential V (mediated by the electronic cloud). Assume
that, at equilibrium, V has a minimum value V ({Rn0}) for some particular set of values {Rn0}. Assume
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also that the displacements un of the ions away from their equilibrium positions are small enough to be
considered a small perturbation. So, having made the approximation that the ions are close to equilib-
rium, we can expand the ionic potential around equilibrium

V ({Rn0 +un}) = V ({Rn0})| {z }
a constant

+ Â
n

un
∂V
∂un

����
0| {z }

zero at equilibrium

+
1
2! Â

nn0

∂ 2V
∂un∂un0

����
0

unun0

| {z }
harmonic term

+
1
3! Â

nn0n00

∂ 3V
∂un∂un0∂un00

����
0

unun0un00 + . . .

| {z }
anharmonic terms

(2.18)

where the subscript 0 indicates that the derivatives have been evaluated at the equilibrium positions
{Rn0}. The first term is constant and is not important for dynamical calculations,1 and the second term
must vanish in the equilibrium configuration. Therefore the first term in the above expansion relevant to
the vibration of the crystal is the quadratic term in the displacements. Keeping only this quadratic term
(harmonic approximation) gives the classical ionic Hamiltonian2 [4, Chapter 9]

Heff
ions({un, pn}) =

1
2

 

Â
n

p2
n

Mn
+Â

nn0
Dnn0unun0

!
, (2.19)

where

Dnn0 =
∂ 2V

∂un∂un0

����
0

(2.20)

is the matrix of the interatomic forces constants describing the interaction between the ions, i.e., the
proportionality coefficients connecting the forces acting on the ions with the displacements suffered by
the ions.3 Combining Hamilton’s dynamical equations

ṗn = �
∂Heff

ions
∂un

(2.21a)

u̇n =
∂Heff

ions
∂ pn

=
pn

Mn
, (2.21b)

we obtain the classical equation of motion of the nth-ion of mass Mn at position Rn +un

Mnün = Fn({un}), (2.22)

under the force

Fn({un}) = � ∂V
∂un

= �Â
n0

Dnn0un0 . (2.23)

1Setting V ({Rn0}) = 0 is just a rescaling of the zero-reference for energies.
2We will restrict our treatment of the lattice dynamics of semiconductors to the harmonic approximation only. The cubic

and higher-order terms, containing products of three or more displacements, describe the weak interaction between the
vibrational modes. The anharmonic terms are important to describe, for example, phonon-phonon scattering and phonon
lifetime. The phonon-phonon interaction is responsible for relaxation of non-equilibrium LO phonons generated by hot
electrons in semiconductors. The relaxation of non-equilibrium optical phonons occurs through their decay into a pair of
longitudinal acoustic phonons: LO ! LA1 + LA2. If the phonon lifetime is not short enough to maintain the phonon
population at equilibrium, the distribution of phonons becomes an unknown of the problem, in the same way as the electron
distribution. Since the emission and absorption of phonons by the electrons depend upon the phonons present in the sample,
it is necessary to obtain electron and phonon distributions self consistently. The phenomenon is known as hot-phonons.

3The inter-ionic forces contain two contributions: the direct ionion interaction due to their Coulomb repulsion, and an indirect
interaction mediated by the valence electrons. In fact, the motion of one ion causes the electron distribution to change and
in turn this rearrangement produces a force on the neighboring ions.
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The set of coupled equations (2.22) can be solved looking for solutions periodic in time of the form

un(t) = x e�iwt . (2.24)

Despite the powerful simplifications and approximations that we have made so far, namely the decou-
pling of electrons and ions (the adiabatic approximation) and the description of the ionic motion lin-
earized around their equilibrium position (harmonic approximation), the large number of degrees of
freedom still makes the problem intractable. The idea, already adopted in the calculation of the elec-
tronic structure, is to invoke the periodicity of the crystal.

2.0.1. Monoatomic linear lattice

Let’s consider a chain of equal atoms with mass M, whose equilibrium separation is the lattice constant
a, i.e., Rn = na. Considering the translational invariance of the system, which requires the force constants
Dnn0 to depend on n and n0 only through their difference (n�n0)

Dn+m,n0+m = Dnn0 , (2.25)

we look for solutions that are periodic both in time and in space, of the form

un(t) = xq ei(qna�wqt). (2.26)

Substitution into (2.22) gives

�xq Mw2
q = �xq Â

n0
Dnn0 e�iq(na�n0a), (2.27)

which can be written more compactly as

Mw2
q = D(q), (2.28)

where

D(q) = Â
n0

Dnn0 e�iq(na�n0a) (2.29)

is the lattice Fourier trasform of the force constant matrix Dnn0 , also known as the dynamical matrix. In
order to proceed further, we need to make assumptions concerning the structure of Dnn0 . Assuming that
the atoms are connected by elastic springs with constant K and that the interactions are limited to nearest
neighbors, i.e., only the nearest particles interact through the spring between them,

(n-2)a						(n-1)a									na (n+1)a						(n+2)a

un-2														un-1 un un+1 un+2

the effective ionic potential is

V ({un}) =
K
2 Â

n
(un �un+1)

2 = ...+
K
2

(un�1 �un)
2 +

K
2

(un �un+1)
2 + ..., (2.30)

with the corresponding equation of motion

Mün = �K[(un �un�1)+(un �un+1)]. (2.31)

Looking for solutions of the type (2.26) we have

�Mw2
q eiqna = �K[2eiqna � eiq(n�1)a � eiq(n+1)a], (2.32)
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or

�Mw2
q = �K[2� e�iqa � eiqa] = �4K sin

⇣qa
2

⌘
, (2.33)

which gives the dispersion relation

wq = 2
r

K
M

���sin
⇣qa

2

⌘��� , (2.34)

see Fig. 2.1. Since (2.34) is periodic with period 2p/a, it is sufficient to consider wavevectors between

wq

4"/$�

LO

LA

- p/a       - p/(2a) 0 p/(2a) p/a q

Figure 2.1.: Phonon dispersion curve (blue line) of a monoatomic linear lattice with nearest neighbor
interactions and interatomic distance a. The Brillouin zone is the segment between �p/a
and +p/a. If we assume that the minimum translation vector is 2a, the first Brillouin zone
would be between �p/(2a) and p/(2a), and the acoustic branch outside of this region would
be translated (or folded back) to |q|  p/(2a). In other words, a new phonon branch (dashed
red line) would appear, see the following discussion.

�p/a and +p/a. This interval is the first unidimensional Brillouin zone (BZ). It is interesting to consider
the normal modes in the long wavelength limit (qa ⌧ 1), when the wavelength is much longer than the
interatomic distance, wq is approximately given by the linear relation, the phonon dispersion takes the
form

wq ⇡ vl|q| (2.35)

where

vl = a
p

K/M (2.36)

is the velocity of the longitudinal wave.

Notice that we have reduced the infinite set of equations of motion (2.22) to the homogenous problem
(2.28) in the unknown amplitude x . This simplification is the direct consequence of the periodicity of the
lattice expressed by (2.25).
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2.0.2. Diatomic linear lattice

Since most semiconductors have more than one atom per primitive unit cell, we consider a linear chain
composed of two types of atoms, with alternate masses M1 and M2 (diatomic linear chain). We assume
that in the equilibrium configuration, the atoms with mass M1 take the sublattice positions Rn = na, and
the atoms of mass M2 take the sublattice positions Rn+1/2 = (n + 1/2)a. We also consider the simple
case of interactions between only nearest particles by means of elastic forces of spring constant K.

(n-1)a				(n-1/2)a									na (n+1/2)a						(n+1)a			(n+1/2)a									

un-1														vn-1 un vn un+1																	vn+1

The results would not be essentially different for the more general case of different interatomic distances
and spring constants. If un is the displacement of the atom with mass M1 and vn is the displacement of
the atom with mass M2, the classical equations of motion are4

M1ün = �K(2un � vn�1 � vn) (2.37a)
M2v̈n = �K(2vn �un �un+1) (2.37b)

for any integer number n. Considering the translational invariance of the lattice, we look for Bloch waves
of the form

un(t) =x1ei(qna�wt) (2.38a)

vn(t) =x2ei(qna+qa/2�wt) (2.38b)

Replacing these expressions in (2.37b) we obtain homogeneous equations in the unknown amplitudes
x1 and x2

�M1w2x1 =�K(2x1 �x2e�iqa/2 �x2eiqa/2) (2.39)

�M2w2x2 =�K(2x2 �x1e�iqa/2 �x1eiqa/2), (2.40)

or

(2K �M1w2)x1 �2K cos(qa/2)x2 = 0 (2.41)

�2K cos(qa/2)x1 +(2K �M1w2)x2 = 0. (2.42)

A nontrivial solution is obtained if the determinant is zero, namely
����

2K �M1w2 �2K cos(qa/2)
�2K cos(qa/2) 2K �M1w2

����= 0, (2.43)

which gives the following eigenvalues (dispersion relation) [2, Ch. 5]

w2
q = K

✓
1

M1
+

1
M2

◆"
1⌥

s

1� 4M1M2

(M1 +M2)2 sin2 (qa/2)

#
. (2.44)

and the corresponding amplitudes satisfy the relation

x1

x2
=

2K cos(qa/2)

2K �M1w2
q

. (2.45)
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Figure 2.2.: Acoustic branch (blue line) and optical branch (red line) of the phonon dispersion relation for
a diatomic linear lattice with nearest neighbor interactions. The Brillouin zone is the segment
between �p/a and +p/a. M1 and M2 are the atomic masses (in this case M1 = 2M2), M⇤ is
the reduced mass. The longitudinal acoustic and optical modes and are labeled LA and LO,
respectively.

Equation (2.44) shows that the dispersion relation of a a diatomic lattice has two branches, as shown
in Fig. 2.2, the lower one called acoustic and the upper one called optical, with a frequency gap be-
tween them. If M1 = M2, the gap between the two branches disappears and we recover the result of the
monoatomic linear lattice (the optical branch should be interpreted as the continuation of the acoustic
branch in the doubled Brillouin zone). In the long wavelength limit (qa ⌧ 1), the dispersion relation of
the acoustic branch and the corresponding amplitude can be approximated as

wq ⇡ vl|q| (2.46)
x1 ⇡ x2, (2.47)

where vl is the longitudinal sound velocity

vl =
a
2

s
K

(M1 +M2)/2
. (2.48)

Notice that (2.46) is the obvious counterpart of (2.35), with the average mass (M1 +M2)/2 replacing M,
while (2.47) means that the atoms vibrate in phase and with the same amplitude. As q approaches zero,
the frequency of the optical branch tends to a constant value, and the amplitudes x1 and x2 have opposite
signs and absolute values inversely proportional to the atomic masses

wq ⇡
p

2K/M⇤ (2.49)

x1 ⇡ �M2

M1
x2, (2.50)

4Here we discuss in detail only the longitudinal modes, but it is obvious that both for the monatomic and the diatomic chain,
for every wave vector and every branch, two (degenerate) transverse oscillations also exist. In this case, the displacements
of the atoms are not along the chain but perpendicular to it.

18



in other words, the two atoms in the unit cell move in opposite directions, while the center of mass of
the unit cell remains fixed (M⇤ is the reduced mass given by 1/M⇤ = 1/M1 +1/M2). If the two different
atoms carry opposite charges, as a result of the redistribution of the charge associated with polar bonding,
i.e., if the binding is at least partly ionic, then the oscillation is connected with an oscillating electric
dipole. This allows it to couple to the electromagnetic light field, and this is why these oscillations are
called optical modes.

The results so far show that for each atom in the basis (unit cell), one branch appears in the spectrum.
We can extend this to three-dimensional crystals, where we find three branches for each atom in the unit
cell. The number of acoustic branches is limited to three, as there can be only three ways in which the
atoms vibrate in phase. So if we have more than one atom per unit cell, all but three of the modes must
be optical, see next paragraph.

2.0.3. Dynamics of three-dimensional crystals

The lattice dynamics of real three-dimensional crystals is much more complicated, but the procedure that
we will be using is the same. Labeling atoms with the compound index n = (gl), g being the atom type
and l the unit cell, the classical equations for the ions in the instantaneous positions Rlg + ulg under the
forces F = �∂V/∂ulg are

Mg ülga = � Â
l0g 0a 0

Dlga,l0g 0a 0 ul0g 0a 0 (2.51)

where a,a 0 = x,y,z. The force constants are still defined as the second derivatives of V ({ulg}) evaluated
at the equilibrium configuration

Dlga,l0g 0a 0 =

✓
∂ 2V

∂ulga∂ul0g 0a 0

◆

0
. (2.52)

Translational invariance implies

Dlga,l0g 0a 0 = Dmga,m0g 0a 0 (2.53)

if l � l0 = m�m0, which suggests to look for solutions of the form

ulg(t) = x
qgei(q·Rlg�wqt). (2.54)

Here, the polarization vector x
qg gives the the amplitude and the direction of the displacement of atom g

associated with wavevector q. Replacing (2.54) in (2.51) gives the secular equation

Â
g 0a 0

[Dga,g 0a 0 �Mgw2
q daa 0dgg 0 ]xqg 0a 0 = 0 (2.55)

where we have defined the dynamical matrix of the crystal in reciprocal space

Dga,g 0a 0(q) = Â
l0

Dlga,l0g 0a 0 e�iq·(Rlg�Rl0g 0 ). (2.56)

The condition that the homogenous system of equation (2.56) has a nontrivial solution requires the de-
terminant to vanish

|Dga,g 0a 0(q)�Mgw2
q daa 0dgg 0 | = 0, (2.57)

which gives the vibrational frequencies wq. The dynamical matrix at a given q has size 3Ng , Ng being
the number of ions in the primitive cell. Taking the long wavelength limit, it is possible to show that of
the total 3Ng phonon modes, three are acoustic, and 3(Ng �1) are optical modes. A mode is called lon-
gitudinal (transverse) if the polarization vector x

qh is parallel (perpendicular) to q. Modes that involve
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Figure 2.3.: Phonon dispersion curves and density of states in Si and GaAs calculated by Giannozzi
et al [2, Ch. 5] (lines). The points are experimental results. Letters indicate the points of
high symmetry in the Brillouin zone. Longitudinal and transeverse acoustic (optical) modes
are denoted by LA, TA (LO, TO). Si and GaAs have two atoms per unit cell and there-
fore have three acoustic branches (two transverse and one longitudinal) and three optical
branches. Transerve modes are degnerate along the high symmetry directions GL, GX. Non
polar crystals, such as Si, can be described as consisting of netral atoms interacting with
short range forces, which extend only to nearest neighbors, or just few nearest neighbors,
and become negligible further away. In polar crystals, the crystal lattice can be described
in terms of charged ions interacting with both short range forces and long-range Coulomb
forces. The inclusion of long-range interactions in the interatomic forces causes a singularity
(non-analyticity) in the dynamical matrix, which is responsible of the transverse-longitudinal
splitting of the optical modes at q ⇡ 0. This splitting is the signature of the long-range nature
of the interatomic forces. The density of states of the phonons (right panels) is defined in ex-
actly the same way as the electronic densities of states, i.e., as the number of phonon modes
per unit frequency per unit volume of real space. The phonon DOS shows peaks where
the dispersion relation is flat. In Monte Carlo carrier transport simulations, the LO branch
contributing to polar optical scattering is usually approximated as dispersionless (dashed red
line), and the LA branch contributing to deformation potential scattering is approximated
with a linear curve (dashed blue line).
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Figure 2.4.: Calculated phonon dispersion curves for wurtzite GaN obtained using the linear-response
method within density-functional perturbation theory. Letters indicate the points of high
symmetry in the Brillouin zone. Wurzite semiconductors with 4 atoms per unit cell support
12 mixed longitudinal and transverse phonon modes (nine optical and three acoustic modes)
[15]. The ground state properties were obtained by self-consistent numerical minimization
of the total energy with respect to the unit cell structural parameters, thus obtaining the
dynamical matrix whose diagonalization leads to the phonon spectra.

Figure 2.5.: Zone-center optical phonon modes in wurtzite crystals (acoustic modes are just translations
in the long-wavelength limit). Reproduced from [16].
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oscillating electric dipoles are called optically active as they may couple with electromagnetic fields
(with appropriate frequencies). 5

The dynamical matrix is the basic quantity for the calculations of the dispersion relations of the vibra-
tional modes of any crystal. It yields the potential energy of the crystal for any configuration of the atomic
displacements, and its eigenvalues are strictly related to the frequency of each mode. Force constants can
be computed from first principles by means of density functional theory, or by empirical models (e.g., the
shell model and the valence force field method [17]). As an example, the lattice dynamics of Si, GaAs,
and wurtzite GaN computed by linear response density functional theory are reported in Figs. 2.3, 2.4.

2.0.4. Quantum theory of lattice vibrations

Until now, we have discussed lattice vibrations by means of classical mechanics. Here, we reconsider
the problem from a quantum mechanical point of view, by replacing the familiar conjugate variables of
position and momentum by creation and annihilation operators. Were we just concerned with the lattice
dynamics, we could stop here since the quantum and classical formulations are completely equivalent
as far as dispersion curves are concerned. As we will see soon, the motivation to move to a quantum
mechanical treatment lies in the analysis of carrier-phonon interactions: in scattering theory, the cre-
ation operator corresponds to the emission of a phonon by the scattered electron; correspondingly, the
absorption of a phonon by the electron corresponds to the annihilation of a phonon.

The translational invariance of the system allows us to write a special solution of the equation of
motion (2.51) for the displacement of ion lg as (Bloch theorem)

u
qh
lg (t) =

1p
NcMg

x (h)
qg eiq·Rlg e�iwqh t , (2.58)

where Nc is the number of cells in the crystal volume, and h is the phonon branch. The general solution
can be expressed by a superposition of Bloch waves where the summation extends over all modes qh

ulg(t) =
1p

NcMg
Â
qh

x (h)
qg eiq·Rlg e�iwqh t . (2.59)

More formally, normalizing the polarization vectors x gq
to obtain the unit vectors e(h)

gq , the general solu-

tion can be written in terms of complex normal coordinates6 Uqh(t) = Uqh(0)e�iwqh t

ulg(t) =
1p

NcMg
Â
qh

Uqh(t)eiq·Rlg e(h)
qg . (2.60)

We can now define a conjugate momentum Pqh = U̇qh

plg(t) = Mg u̇lg(t) =

r
Mg
Nc

Â
qh

Pqh(t)eiq·Rlg e(h)
qg . (2.61)

For real displacement fields (uqg = u⇤
qg ), we have

ulg(t) =
1p

NcMg
Â
qh

Uqh(t)eiq·Rlg e(h)
qg =

1p
NcMg

Â
qh

U⇤
qh(t)e�iq·Rlg e(h)⇤

qg = u⇤
qg . (2.62)

5In polar crystals, the coupling of optical vibrational branches with the electromagnetic field leads to the concept of mixed
phonon-photon quasiparticles, known as polaritons. Photons and transverse phonons strongly interact in a small range
of the Brillouin zone from q = 0 to approximately the wavenumber that corresponds to the crossing of the (uncoupled)
dispersion curves (wq = cq/

p
e• for photons), and determine the polariton dispersion curves.

6One may express the normal coordinates Uqh as a function of the atomic displacement coordinates ulg by inverting (2.60),
which shows that the normal coordinates are actually collective coordinates, because they are superpositions of all local
atomic displacement coordinates ulg .
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In the second sum, q can be replaced with �q, and the sum runs over the same values because for each q
there is a �q, so

ulg(t) =
1p

NcMg
Â
qh

Uqh(t)eiq·Rlg e(h)
qg =

1p
NcMg

Â
qh

U⇤
�qh(t)eiq·Rlg e(h)⇤

�qg = u⇤
qg . (2.63)

Translational invariance implies e(h)⇤
�qg = e(h)

qg [14, Chapter 2], so

U⇤
qh = U�qh , P⇤

qh = P�qh . (2.64)

Then, the ion Hamiltonian

Heff
ions =

1
2

 

Â
lg

|plg |
2

Mg
+ Â

lgl0g 0
ulg ·Dlgl0g 0 ·ul0g 0

!
(2.65)

can be written in terms of normal coordinates [14, Appendix I]

Heff
ions =

1
2 Â

qh

✓���Pqh

���
2
+w2

qh

���Uqh

���
2
◆

(2.66)

where we have used the lattice sum rule [14, Appendix B], [3, Appendix A.2]

Â
l

ei(q�q0)·Rl = Ncdq,q0 (2.67)

and the orthonormality of the polarization vectors

Â
g

e(h)
gq · e(h 0)⇤

gq = dhh 0 . (2.68)

The main achievement of introducing normal coordinates is that the ionic Hamiltonian is now the sum of
independent harmonic oscillators with frequency wqh , a form much simpler than (2.65). We now define
the variable aqh as a linear combination of Uqh and Pqh

aqh =
1q

2h̄wqh

⇣
wqhUqh + iPqh

⌘
(2.69a)

a⇤
qh =

1q
2h̄wqh

⇣
wqhU⇤

qh � iP⇤
qh

⌘
. (2.69b)

The normal coordinates may be expressed in terms of these new variables as

Uqh =

s
h̄

2wqh
(aqh +a⇤

�qh) (2.70a)

Pqh = �i

r
h̄wqh

2
(aqh �a⇤

�qh). (2.70b)

Inserting these expressions in (2.66) gives

Heff
ions =

1
2 Â

qh

"
h̄wqh

2
(aqh �a⇤

�qh)(a⇤
qh �a�qh)+w2

qh
h̄

2wqh
(aqh +a⇤

�qh)(a⇤
qh +a�qh)

#

=
1
2 Â

qh
h̄wqh

h
aqha⇤

qh +a⇤
qhaqh

i
, (2.71)
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which is already in the desired symmetrized form. At this point, we move to the realm of quantum me-
chanics by promoting the variables aqh and a⇤

qh to the corresponding annihilation and creation operators
âqh , â†

qh . Since the transformation is canonical, the commutation rules are preserved

[âqh , â†
q0h 0 ] = dq,q0dh ,h 0 (2.72a)

[âqh , âq0h 0 ] = [â†
qh , â†

q0h 0 ] = 0. (2.72b)

Insertion of the commutation relation (2.72a) in (2.71) gives the ionic Hamiltonian as a collection of
independent harmonic oscillators

Ĥeff
ions = Â

qh
h̄wqh

✓
â†

qh âqh +
1
2

◆
. (2.73)

For further reference, we obtain two equivalent forms of the displacement ûlg(r) replacing (2.70a) in
(2.60)

ûlg =Â
qh

s
h̄

2NcMgwqh

⇣
âqh + â†

�qh

⌘
eiq·Rlg e(h)

qg (2.74a)

=Â
qh

s
h̄

2NcMgwqh

⇣
âqheiq·Rlg + â†

qhe�iq·Rlg
⌘

e(h)
qg . (2.74b)

By definition, âq and â†
q are not Hermitian, i.e., they do not correspond to observables, but the number

operator n̂q = â†
qâq is Hermitian: it can be shown that the eigenvalues nq of n̂q are positive integers for

bosons [2, Appendix C]

n̂q|nqi = nq|nqi, nq = 0,1,2, . . . (2.75)

The energy of the quantum state |nqi is given by nq multiples of h̄wq

Ĥeff
ions|nqi = Â

q
h̄wq

✓
nq +

1
2

◆
|nqi, (2.76)

which means that there are nq phonons in the state. The following properties can be obtained directly
from the commutation relations (2.72) [11]

â†
q|nqi =

q
nq +1|nq +1i (2.77a)

âq|nq +1i =
q

nq +1|nqi. (2.77b)

The previous analysis suggests to describe the vibrational properties of a semiconductor bulk crystal
in terms of elementary excitations or quasiparticles called phonons, characterized by a three-dimensional
wavevector q, a corresponding energy dispersion h̄wqh , and branch index h .
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3. Scattering theory

Transitions between Bloch states (1.5) may occur due to several scattering mechanisms. If a full-band
(analytical) description of the band structure is adopted, they may be classified as intraband (intravalley)
or interband (intervalley) depending if initial and final states lie in the same bands (valleys). A more
detailed classification is reported here depending on the interaction process.

1. Lattice scattering

acoustic

deformation
potential

piezoelectric

optical

nonpolar polar

It consists in the absorption or emission of a phonon, which may be either acoustic or optical. For
both phonon branches, there are two types of interactions: electrostatic in ionic (polar) semicon-
ductors, or assisted by deformation potential active in all crystals. The latter is due to the variation
of the band edge produced by the deformation of the lattice and is called deformation potential
scattering when it is assisted by acoustic phonons, nonpolar optical scattering when it is assisted
by optical phonons. The electrostatic interaction is due to the partially ionic nature of the bonding
in zincblende crystals. For example, in GaAs, the reference material for this laboratory, the As
atoms contribute more electrons to the bond than the Ga atoms. In other words, the electrons in the
covalent bonds spend, on average, somewhat more time near the As atoms than the Ga atoms, so
the As atoms are slightly negatively charged, while the Ga atoms are slightly positively charged.
When the atoms move against each other, they create microscopic dipole fields that add up to a
macroscopic electric field. This electric field can in turn scatter carriers. The electrostatic inter-
action may involve optical phonons (polar optical scattering) or acoustic phonons (piezoelectric
scattering). From the point of view of the energy exchange, we shall see that when an optical
phonon is involved, the scattering process is inelastic, while acoustic phonons carry a very small
amount of energy, which allows to consider the process elastic at room temperature, see Fig. 2.3.

2. Defects

compositional
fluctuations

crystal
defects

impurities

ionized neutral

Defects may arise owing to dislocations of different types and geometries, to impurities, or to the
random distribution of atoms among available lattice sites in alloys. The impurities can be ionized
impurities, interacting with electrons through a long-range Coulomb field, or neutral impurities
with a short-range interaction. Owing to the large mass of the impurities, this kind of scattering is
always considered elastic. The effect of the impurities becomes more important at lower tempera-
tures, when phonons become less effective. Impurities are always present in semiconductors, even
when not introduced on purpose as dopants. Within the virtual crystal approximation (VCA), the
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alloy is described as a uniform crystal, made of virtual atoms with (pseudo)potentials given by a
concentration-weighted average of the (pseudo)potentials of the real atoms. What is not included
in the VCA is the fluctuation of the crystal potential due to the random positions of the atoms. The
microscopic variations with respect to the average crystal potential defined by the VCA produces
a perturbation (alloy scattering) that generates transitions between the Bloch states of the virtual
crystal.

3. Coulomb interactions among free carriers

long-range (plasmon) short-range (binary)

ee, hh impact/Auger

electron/hole-initiated

Electron-electron collisions originate from fluctuations of the (Hartree or Hartree-Fock) mean
field. Depending on the magnitude of the momentum transfer q, two different scenarios are pos-
sible: for small values of q, the interaction may involve collective excitations of carriers known
as plasmons (long-range Coulomb interaction); for large values of q, plasmons decay into single-
particle excitations, and the scattering process becomes a binary process between two electrons
(short-range Coulomb interaction). Impact ionization belongs to the latter category and it can be
classified as an interband process, since the energies exchange between the two interacting par-
ticles exceeds the energy of the band gap, so that an electron can be excited from the valence
band to the conduction band, creating an electron-hole pair. The multiplication of carriers by im-
pact ionization is of central importance in the theory of semiconductor devices both as a limiting
mechanism and as a basis of device functionality.
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3.1. Lattice scattering

A Bloch electron, conceived as an eigenstate propagating in the periodic potential defined by the periodic
arrangement of the ions constituting the crystal, may be scattered to another Bloch state by lattice vibra-
tions, which displace the position of neighboring atoms in the same direction (acoustic phonons) or in
opposite directions (optical phonons). The interaction of phonons with the carriers may be due either to
the deformation of the otherwise perfect crystal (deformation potential scattering) or to the electrostatic
forces produced by the polarization waves that accompany the phonons (polar optical scattering). In the
following we will be considering scattering by bulk phonons. 1

To study the transitions of an electron between different Bloch states in a crystal, due to a perturbation,
one starts with the assumption that the system can be separated into the electron of interest and the rest
of the crystal. The Hamiltonian may be written as

Ĥ = Ĥeff
e + Ĥions| {z }

Ĥ0

+Ĥ 0 (3.1)

where Ĥeff
e represents the Hamiltonian of the electron in the perfect crystal (with the ions frozen in their

equilibrium positions R j0), Ĥions is the Hamiltonian of the rest of the crystal, and Ĥ 0 is the perturbation
Hamiltonian (2.6) that describes the interaction between the two subsystems. The Hamiltonian Ĥ0 of the
unperturbed system is given by the first two terms in (3.1). Its eigenstates can be written as the direct
product (2.7)

|kn,{nq}i = |kni|{nq}i, (3.2)

where |kni and |{nq}i represent the unperturbed states of the electron and of the crystal, respectively.
|{nq}i = |nq1

,nq2
, · · ·i is a compact notation to indicate a collection of phonons. The transition probabil-

ity per unit time from a state |kn,{nq}i to a state |k0n0,{n0
q}i induced by the perturbation Hamiltonian Ĥ 0

is given, to the lowest order, by Fermi’s Golden rule (see Appendix B)

S(kn,{nq};k0n0,{n0
q}) =

2p
h̄

|hk0n0,{n0
q}|Ĥ 0|kn,{nq}i|2d [E(k0n0,{n0

q})�E(kn,{nq})]. (3.3)

In general, Ĥ 0 can be written in Fourier series

Ĥ 0 = Â
q

⇥
Â(q)eiqr + Â†(q)e�iqr⇤ , (3.4)

where the sum of the two terms is needed to ensure the Hermeticity of Ĥ 0. In the particular case of
acoustic deformation potential (Section 3.1.1) and polar optical scattering (Section 3.1.3)

Ĥ 0 = iÂ
q

gq

⇣
âqeiq·r � â†

qe�iq·r
⌘

(3.5)

with

gq = Â
i j

Xi j

s
h̄

2Wrwq
q j[eq]i (3.6)

1 Phonon waves in a nanotructure can be reflected back and forth by mechanical barriers, setting up standing phonon waves,
thus leading to phonon confinement, exactly in the same way as electrons are confined by potential barriers. Just as electron
confinement quantizes the electron’s energy spectrum and therefore alters the electronic structure, phonon confinement can
alter the dispersion relation. (This will have an effect on the electron-phonon scattering rates since they usually depend on
the joint electron-phonon density of states and the phonon density of states will be altered if the phonon dispersion relation
changes.) For example, in a superlattice consisting of two alternating semiconductors, acoustic phonon branches backfold
in the Brillouin zone, exactly as discussed in Fig. 2.1, while optical branches of the two materials that do not overlap
energetically may become localized in the respective layers. In quaternary systems of alternating layers, new modes, which
do not exist in neither of the parent compounds, may appear at the interface, with amplitudes decaying away from the
interface.
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for the deformation potential interaction, and

gq =

s
e2h̄wLO

2W

✓
q

q2 +q2
0

◆2✓ 1
e•

� 1
es

◆
. (3.7)

for the electrostatic interaction. Keeping only the first term in (3.4), the matrix element becomes

hk0n0,{n0
q}|Ĥ 0|kn,{nq}i = Â

q
h{n0

q}|Â(q)|{nq}i
Z

dr
h
y(n0)

k0 (r)
i⇤

eiqry(n)
k (r) (3.8)

where yk(r) are the Bloch wavefunctions (the eigenfunctions of Ĥeff
e ). Let us split the integral above as

a sum of integrals over the crystal cells labeled by the direct-lattice vectors Rl . Then, remembering the
form (1.5) of the Bloch functions

y(n)
k (r) =

1p
W

eik·r u(n)
k (r) =

1p
W

eik·r Â
G

u(n)
G,k eiG·r (3.9)

we have

hk0n0,{n0
q}|Ĥ 0|kn,{nq}i =

1
W Â

q
h{n0

q}|Â(q)|{n0
q}i
Z

W
dr Â

GG0
u(n0)⇤

G0k0 u(n)
Gk ei(k�k0+G�G0+q)·r. (3.10)

Replacing r with the sum of a lattice vector Rl and a coordinate r spanning a single cell Wc (where Nc is
the number of the unit cells in the crystal, and W = NcWc)

r ! r +Rl (3.11)
Z

W
dr ! Â

l

Z

Wc

dr (3.12)

we obtain

hk0n0,{n0
q}|Ĥ 0|kn,{nq}i =

1
W Â

q
h{n0

q}|Â(q)|{nq}iÂ
l

ei(k�k0+q+G�G0)·Rl

Z

Wc

dr Â
GG0

u(n0)⇤
G0k0 u(n)

Gk ei(k�k0+G�G0+q)·r . (3.13)

The sum over lattice sites is

Â
l

ei(k�k0+q+G�G0)·Rl = Nc Â
G00

d (k � k0 �G00 +q), (3.14)

i.e., the argument of the complex exponential must be some reciprocal-lattice vector G00 = G � G0 in
order to obtain a non-vanishing contribution. The Kronecker function in this equation describes the
conservation of crystal momentum in electronic scattering in crystals, verified up to a reciprocal lattice
vector. Thus, with some renaming of the dummy G-vectors, we can write

hk0n0,{n0
q}|Ĥ 0|kn,{nq}i = Â

q
h{n0

q}|Â(q)|{nq}iÂ
G

d (k � k0 +q�G)

"
Nc

W

Z

Wc

dr Â
G0G00

u(n0)⇤
G00k0 u(n)

G0k ei(G+G0�G00)·r

#

| {z }
overlap factor

.

(3.15)

The last term in the square bracket is the overlap factor

Gk,k0,n,n0;G =
1

Wc

Z

Wc

dr Â
G0G00

u(n0)⇤
G00k0 u(n)

G0k ei(G+G0�G00)·r = Â
G0

u(n0)⇤
G0�G,k0 u

(n)
G0k (3.16)
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since
Z

Wc

dreiG·r = WcdG,0. (3.17)

The Kronecker function d (k � k0 +q�G) eliminates the sum over q in (3.15), selecting q = k � k0 +G.
Collecting the above results, the matrix element is

hk0n0,{n0
q}|Ĥ 0|kn,{nq}i = Â

G
h{n0

q}|Â(k � k0 +G)|{nq}iGk,k0,n,n0;G. (3.18)

Application of Fermi’s Golden rule gives the transition rate

S
⇣

kn,{nq};k0n0,{n0
q}
⌘

=
2p
h̄

�����ÂG
h{n0

q}|Â(k � k0 +G)|{nq}i Gk,k0,n,n0;G

�����

2

d [E(k0n0,{n0
q})�E(kn,{nq})].

(3.19)

The scattering processes in which G is different from zero are called umklapp, or U-processes; if G = 0
the process is called non-umklapp or N-process (Normal process).2 Notice that contributions to the sum
over G decrease quickly as the magnitude of the G-vectors increases. This is due to the fact that the
exponential inside the overlap factor (3.16) oscillates fast as G grows beyond the spectral range of the
Bloch functions. Moreover, the magnitude of the matrix element usually decreases quickly at large q.
In these circumstances it is acceptable to consider only the smallest G i.e., G = 0, corresponding to
N-processes

S
⇣

kn,{nq};k0n0,{n0
q}
⌘

=
2p
h̄

���h{n0
q}|Â(k � k0)|{nq}i

���
2
|Gk,k0,n,n0 |2d [E(k0n0,{n0

q})�E(kn,{nq})],

(3.20)

with the understanding that k � k0 must be mapped in the first Brillouin zone. The transition rates given
by the Fermi Golden rule in (3.20) contain the matrix elements of the interaction Hamiltonian between
the final and initial states of the total system. In some cases, the symmetry properties of the electron
wavefunctions and of the interaction Hamiltonian are such that the matrix elements are zero, and the
corresponding transitions are said to be forbidden by a selection rule.3

To proceed further, we need explicit forms for Ĥ 0, which depend on the particular scattering mecha-
nism considered. To simplify the discussion we assume a simple model of the electronic structure, see
Fig. 3.2.

2Intravalley transitions are usually N-processes because the distance between k and k0 is small compared to the dimensions of
the Brillouin zone. Intervalley transitions may be U-processes, because of the large values associated to k and k0.

3The effects of symmetry can be formally analyzed using algebra and more specifically “group theory” [18]. A nonlethal
introduction to this topic may be found in [17, A Pedestrian’s Guide to Group Theory].
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Figure 3.1.: Intravalley transition assisted by (elastic) acoustic scattering.

Lattice scattering

acoustic

DEFORMATION
POTENTIAL

INTRAVELLEY intervalley

piezoelectric

optical

nonpolar polar

3.1.1. Deformation potential scattering by acoustic phonons (intravalley)

The deformation-potential interaction is due to the effect that an ionic displacement, associated with
a phonon, has on the ionic potential and consequently on the electron energy. It is called a nonpolar
interaction, because the electrons do not feel any long-range electric (dipole) field, but feel simply the
perturbation caused by the fact that the ions in the electronic Hamiltonian are not frozen in their equi-
librium positions. In principle both acoustic and optical phonons contribute to this interaction, but here
we consider only deformation potential scattering by longitudinal (eq = q/q) acoustic waves (LA), drop-
ping from now on the index h labeling the phonon branches. In the macroscopic limit (Nc ! •), we may
replace (l ! lattice site, g ! atom type)

Rlg ! r, (3.21)

with the understanding that û(r) in (2.74b) becomes now the displacement of the unit cell

ûlg = Â
qh

s
h̄

2NcMgwqh

⇣
âqheiq·Rlg + â†

qhe�iq·Rlg
⌘

e(h)
qg (3.22)

+

û(r) = Â
q

s
h̄

2Wrwq

⇣
âqeiq·r + â†

qe�iq·r
⌘

eq, (3.23)

where r = NcM/W is the density of the crystal, and M = Âg Mg is the mass of the unit cell. The pertur-
bation due to the motion of the ions, seen by an electron, may be written as a Taylor expansion about
the equilibrium position of the ions. Assuming that the displacements of the ions from their equilibrium
positions are small enough so that the use of linear response theory is justified, we may keep only the
first-order term, ignoring higher-order terms that give rise to many-phonon processes

Ĥ 0 = Â
i j

Xi j
∂ ûi

∂ r j
, (3.24)
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where Xi j is the deformation potential tensor (i, j ! x,y,z), and

∂ ûi

∂ r j
= iÂ

q

s
h̄

2Wrwq

⇣
âqeiq·r � â†

qe�iq·r
⌘

q j[eq]i. (3.25)

By using the above expressions, we obtain the interaction Hamiltonian

Ĥ 0 = iÂ
i j

Xi j Â
q

s
h̄

2Wrwq

⇣
âqeiq·r � â†

qe�iq·r
⌘

q j[eq]i, (3.26)

which may be conveniently written as (3.5)

Ĥ 0 = iÂ
q

gq

⇣
âqeiq·r � â†

qe�iq·r
⌘

, (3.27)

with

gq = Â
i j

Xi j

s
h̄

2Wrwq
q j[eq]i. (3.28)

If the electron-phonon interaction is weak, we may assume that the state of the combined system is the
direct product |k,{nq}i = |ki |{nq}i, where |ki is a single-electron Bloch state (the band index is omitted
as we are considering intra-valley processes) and |{nq}i describes a configurations of phonons, nqi

of
them in a single-phonon state |qii. Keeping in mind (3.8) and (3.18), the matrix element associated to
the Hamiltonian (3.27) is

hk0,{n0
q}|Ĥ 0|k,{nq}i = iÂ

q
gqh{n0

q}|âq|{nq}ihk0|eiq·r|ki� iÂ
q

gqh{n0
q}|â†

q|{nq}ihk0|e�iq·r|ki. (3.29)

For a spherical parabolic valley, the overlap factor defined in (3.16) is equal to one, and we are left with
(we consider only the normal term)

hk0,{n0
q}|Ĥ 0|k,{nq}i = iÂ

q
gqh{n0

q}|âq|{nq}idk�k0+q � iÂ
q

gqh{n0
q}|â†

q|{nq}idk�k0�q. (3.30)

Using the properties of the phonon creation and annihilation operators (2.77), it is easy to show that

h{n0
q}|âq|{nq}i =

p
nq dn0

q+1,nq (3.31a)

h{n0
q}|â†

q|{nq}i =
q

nq +1 dn0
q,nq+1, (3.31b)

which means that the occupation of mode q can change by one unit only. Let’s prove the first identity:

âq|nqi =
p

nq |nq �1i

hn0
q|âq|nqi =

p
nq hn0

q|nq �1i =
p

nq dn0
q,nq�1.

With the previous results (3.30) becomes

hk0,{n0
q}|Ĥ 0|k,{nq}i = iÂ

q
gq

hp
nq dn0

q+1,nqdk�k0+q �
q

nq +1dn0
q,nq+1dk�k0�q

i
. (3.32)

So the squared matrix element

|hk0,{n0
q}|Ĥ 0|k,{nq}i|2 =hk0,{n0

q}|Ĥ 0|k,{nq}i
⇣
hk0,{n0

q}|Ĥ 0|k,{nq}i
⌘⇤

=hk0,{n0
q}|Ĥ 0|k,{nq}i hk,{nq}|Ĥ 0|k0,{n0

q}i (3.33)
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Figure 3.2.: Electronic structure of GaAs computed by the empirical pseudopotential method (solid
lines), and its effective mass approximation near the G and L minima of the first conduc-
tion band (parabolic approximation, red dashed curves). The green curve is the G valley in
the nonparabolic approximation.

reads

|hk0,{n0
q}|Ĥ 0|k,{nq}i|2 =+Â

qq0
gq
p

nq dn0
q+1,nqdk�k0+q gq0

p
nq0 dn0

q0+1,nq0 dk�k0+q0 (3.34a)

+Â
qq0

gq

q
nq +1dn0

q,nq+1dk�k0�q gq0

q
nq0 +1dn0

q0 ,nq0+1dk�k0�q0 (3.34b)

�Â
qq0

gq
p

nq dn0
q+1,nqdk�k0+q gq0

q
nq0 +1dn0

q0 ,nq0+1dk�k0�q0 (3.34c)

�Â
qq0

gq

q
nq +1dn0

q,nq+1dk�k0�q gq0
p

nq0 dn0
q0+1,nq0 dk�k0+q0 . (3.34d)

The last two terms are always zero (q = �q0). Consider for example the third term:

dk�k0+q dk�k0�q0 ! q = �q0

dn0
q+1,nq dn0

q0 ,nq0+1 = dn0
q+1,nq dn0

�q,n�q+1 = 0,

since Âq = Â�q. A simular argument applies to the last term. So we are left with the first two terms that
have q = q0

|hk0,{n0
q}|Ĥ 0|k,{nq}i|2 = Â

q
g2

q

2

664nq dn0
q+1,nqdk�k0+q

| {z }
absorption

+(nq +1)dn0
q,nq+1dk�k0�q

| {z }
emission

3

775 . (3.35)

Applying the momentum conservation condition, we have

|hk0,{n0
q}|Ĥ 0|k,{nq}i|2 = g2

q�
nq�

dn0
q�

+1,nq�| {z }
absorption

+g2
q

+
(nq

+
+1)dn0

q+
,nq+

+1
| {z }

emission

, (3.36)
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with where q⌥ = ⌥(k�k0) is wavevector of the phonon absorbed (upper sign) or emitted (lower sign) by
the electron. (3.36) is usually written more compactly as

|hk0,{n0
q}|Ĥ 0|k,{nq}i|2 = Â

⌥
g2

q⌥

✓
nq⌥

+
1
2

⌥ 1
2

◆
dn0

q⌥
,nq⌥⌥1. (3.37)

Substituting in Fermi’s Golden rule

Saco

⇣
k,{nq};k0,{n0

q}
⌘

=
2p
h̄

|hk0,{n0
q}|Ĥ 0|k,{nq}i|2d

⇣
E(k0,{n0

q})�E(k,{nq})
⌘

. (3.38)

Remembering that

E(k,{nq}) = E(k)+Â
q

h̄wq

✓
nq +

1
2

◆
, (3.39)

we have

Saco

⇣
k,{nq};k0,{n0

q}
⌘

=
2p
h̄

g2
q⌥

✓
nq⌥

+
1
2

⌥ 1
2

◆
dn0

q⌥
,nq⌥⌥1 d

⇣
E(k0)�E(k)⌥ h̄wq⌥

⌘
. (3.40)

The transition probability for the electron system only is obtained by taking the average over the state of
the crystal

Saco(k,k0) = hS(k,{nq};k0,{n0
q})ic =

2p
h̄

g2
q⌥

✓
Nq +

1
2

⌥ 1
2

◆
d
⇣

E(k0)�E(k)⌥ h̄wq⌥

⌘
, (3.41)

where

Nq = hnq⌥
ic =

1
e(h̄wq)/(kBT ) �1

(3.42)

is the average number of phonons in mode q (or �q, the symmetry of all crystal we consider makes this
sign irrelevant) at thermal equilibrium, i.e., we assume that the crystal is not perturbed significantly by
the few electrons moving around, which means that its temperature will not change too much (deviations
from this condition lead to the problem of “hot phonons”, see footnote 2). The physical interpretation
of (3.41) is intuitively clear. The probability per unit time of absorbing a phonon is proportional to the
number of phonons available to be absorbed, while the probability of emitting a phonon of wavevector
q is proportional to Nq + 1. The term (+1) added to Nq in the emission case is due to the so-called
spontaneous emission, a quantum phenomenon not present in classical physics, which describes the
possibility of electron interaction with the phonon field (as well as with the electromagnetic field) even
when phonons are not present. The term proportional to Nq gives the transition probability induced by
the phonons already present in the crystal and is called stimulated emission.

The total rate W (k) out of the Bloch state yk can be evaluated numerically by integrating over the final
states in the Brillouin zone, see the collision term defined in (1.3)

Waco(k) = Â
k0

p
Wrwq

�����Âi j
Xi jq j[eq]i

�����

2

| {z }
D2

aq2

✓
Nq +

1
2

⌥ 1
2

◆
d
⇣

E(k0)�E(k)⌥ h̄wq

⌘
(3.43)

The numerical evaluation of the scattering rates when the electron band structure is known numerically
from, say, DFT or empirical pseudopotential calculations is a complex task. Interested readers may find
numerical details in [4, Chapter 12]. For a parabolic band at the center of the Brillouin zone of a cubic
semiconductor, the deformation-potential constant Xi j in (3.28) is a second-rank diagonal tensor with
equal diagonal elements and therefore can be treated as a scalar quantity. The squared factor that appears
in (3.43) reduces to D2

aq2 for longitudinal acoustic phonons (eq = q/q), while it vanishes for transverse
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acoustic modes. If we approximate the longitudinal acoustic (LA) phonon dispersion as wq = qvl , where
vl is the longitudinal sound velocity, see (2.35) and Fig. 2.3, the integral over the Brillouin zone in (3.43)
can be carried out analytically. Taking the continuum limit

Â
k0

! W
(2p)3

Z
dk0, (3.44)

and assuming the overlap integral equal to one or included in the phenomenological coupling constant
Da

Waco(k) =
W

(2p)3

Z

BZ
dk0 pD2

aq
Wrvl

✓
Nq +

1
2

⌥ 1
2

◆
d
⇣

E(k0)�E(k)⌥ h̄wq

⌘
. (3.45)

Since the energy of the acoustic phonons involved in the transition is much smaller than the thermal
energy at room temperature (h̄qvl ⌧ kBT ), the phonon population Nq is usually approximated by the
equipartition expression (obtained with the Laurent expansion of the Bose distribution)

Nq =
1

e(h̄wq)/(kBT ) �1
⇡ kBT

h̄qvl
. (3.46)

For spherical parabolic bands, the conservation of energy reads (N-process)

h̄2k02

2m⇤ � h̄2k2

2m⇤ ⌥ h̄wq = 0, (3.47)

where m⇤ is the effective mass. We may combine the two d -functions expressing the conservation of
momentum and energy into a single one

d (k0 � k ⌥q)d (E(k0)�E(k)⌥ h̄wq) =

d (k0 � k ⌥q)d (
h̄2k02

2m⇤ � h̄2k2

2m⇤ ⌥ h̄wq) = (3.48)

d
✓

h̄2q2

2m⇤ ± h̄2kqcosq 0

m⇤ ⌥ h̄wq

◆
, (3.49)

where q 0 is the polar angle between k and q, see Fig. 3.3. Neglecting the energy of the phonon (elastic
approximation), we have (Nq ⇡ Nq +1)

Waco(k) =
D2

akBT
8p2h̄v2

l r
k

Ek

Z
dq

1
q

d
⇣ q

2k
± cosq 0

⌘

=
D2

akBT
8p2h̄v2

l r
k

Ek

Z 2p

0
df
Z •

0
qdq

Z 1

�1
d(cosq 0)d

⇣ q
2k

± cosq 0
⌘

, (3.50)

where we have used the identity

d (ax) =
1
|a|d (x). (3.51)

Summing up absorption and emission processes (the two rates are equal in the elastic approximation),
we have

Waco(k) =
D2

akBT
8p2h̄v2

l r
k

Ek
2p
Z 2k

0
qdq. (3.52)

Notice that the integral over q has been restricted to the interval [02k] since

d
⇣ q

2k
± cosq 0

⌘
! q = ⌥2k cosq 0. (3.53)
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Absorption            Emission
Figure 3.3.: Definition of angles q and q 0. Absorption: k0 = k + q. Emission: k0 = k � q. Reproduced

from [1].

The integral in (3.50) can be solved analytically, which results in the scattering rate [1, Eq. (2.73)]

Waco(k) =
2pD2

akBT
h̄v2

l r
N(Ek), (3.54)

where

N(Ek) =
(2m⇤)3/2pEk

4p2h̄3 (3.55)

is the density of states (without the spin factor) of a spherical parabolic valley. Eq. (3.54) is quite general,
since it holds also for more realsitic band structure models, provided that the appropriate expression of
the density of states is used. For values of k far from the minimum of the valley, the energy dispersion
deviates from the simple parabolic expression Ek = h̄2k2/(2m⇤), see Fig. 3.2; a better fit to the electronic
structure can be obtained with the simple analytical expression

g(Ek) = Ek(1+aEk) =
h̄2k2

2m⇤ (3.56)

which can be solved for Ek

Ek =
2g(Ek)

1+
p

1+4ag(Ek)
, (3.57)

where a is the nonparabolicity coefficient. The corresponding density of states is

N(Ek) =
(2m⇤)3/2pg(Ek)

4p2h̄3
dg(Ek)

dEk
. (3.58)

The inelastic acoustic scattering rate (upper and lower expressions correspond to absorption and emission
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processes, respectively) for a nonparabolic valley is [7, Eq. (2.4.30)]

Waco(Ei) =
(m⇤)

1
2 (kBT )3D2

a

2
5
2 p h̄4v4

l r
p

g(Ei)

⇥

8
<

:

(1+2aEi)[F1(x2,a)�F1(x1,a)]+2akBT [F2(x2,a)�F2(x1,a)]

(1+2aEi)[G1(x2,e)�G1(x1,e)]�2akBT [G2(x2,e)�G2(x1,e)]

9
=

; (3.59)

where we have defined the functions

F1(x) =
Z x

0
Nq(z)z2dz (3.60a)

F2(x) =
Z x

0
Nq(z)z3dz (3.60b)

G1(x) =
Z x

0
[Nq(z)+1]z2dz (3.60c)

G2(x) =
Z x

0
[Nq(z)+1]z3dz (3.60d)

and

Nq(z) =
1

ez �1
(3.61)

is the Boson distribution function in terms of the dimensionless variable z. The integration limits in
(3.60) are [7, Table 2.2]

(
x1,a = C(a){

p
Es(1+2aEi)�

p
g(Ei)}

x2,a = C(a){
p

Es(1+2aEi)+
p

g(Ei)}
g(Ei) <

Es

1�4aEs

8
>>>><

>>>>:

x1,a = 0

x2,a = C(a){
p

g(Ei)+
p

Es(1+2aEi)}
x1,e = 0

x2,e = C(a){
p

g(Ei)�
p

Es(1+2aEi)}

g(Ei) >
Es

1�4aEs

with Es = m⇤v2
l /2, and C(a) = 4

p
Es

kBT (1�4aEs)
.

Here are few Matlab lines necessary to define the relevant constants and material parameters that will
be needed for the calculation of the scattering mechanisms in GaAs, see Table 3.4

c_light = 2.99792458e+8; % light velocity, m/s

H = 6.626070040e-34; % Planck constant, J*s

HBAR = 1.054D-34; % reduced Planck constant, J*s

kB = 1.3806488e-23; % Boltzmann constant, J/K

Q = 1.6021766208e-19; % elementary charge, C

T = 300; % temperature, K

eps0 = 8.854D-12; % vacuum permittivity constant, F/m

M0 = 9.1095D-31; % electron mass, kg

%

rho = 5320; % mass density, kg/mˆ3

eps_s = 12.9*eps0; % static dielectric constant, F/m

eps_infty = 10.9*eps0; % high-frequency dielectric constant, F/m

v_l = 5240; % longitudinal sound velocity, m/s

meff = 0.067*M0; % effective mass, kg
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Figure 3.4.: Material parameters for GaAs [1, Appendix A].

alpha = 0.64/Q; % nonparabolicity factor, 1/J

hwpop = 0.0354*Q; % longitudinal optical phonon energy, J

Daco = 7*Q; % acoustic deformation potential, J

egap = 1.424*Q; % energy gap, J

You can copy and paste these lines in your Matlab script. We strongly recommend the consistent use
of units complying with the International System for all quantities. In all plots, energies should be con-
veniently expressed in eV. The integrals in (3.60) can be approximated by expanding the Bose-Einstein
distribution function Nq(z) = 1/[exp(z) � 1] in terms of the dimensionless variable z = (h̄qvl)/(kBT ),
see Fig. 3.5

Nq(z) =
1
z

� 1
2

+
•

Â
m=1

B2m z2m�1

(2m)!
, (3.62)

where B2m are the Bernoulli numbers. Use the asymptotic limit

Nq(z) = e�z, (3.63)

for z > z̄. Since there are some errors in [7, Appendix A], use Matlab’s Symbolic Math Toolbox to derive
the integrals in (3.60). Example:

B = [-1/2 1/6 0 -1/30 0 1/42 0 -1/30 0 5/66]; % Bernoulli numbers

% generated by bernoulli(sym(1:10))
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Appendix A 
Numerical Evaluation of 
Some Integrals of Interest 

In this Appendix we present an analytical approximation of integrals that 

involve the Bose-Einstein distribution function Nix) = 1/[exp(x) - 1J in 

terms of the dimensionless variable x. 

With a good approximation Nq can be taken as 

---2+ L.. 2m X m., x:(x, 
{ 

1 1 B 2m-1/(2)' 

Nix) = X m=l (A. I) 

exp( -x), x> x, 
where B2m are the Bernoulli numbers, and x < 2n in order to ensure the 

validity of the series expansion [1]. The best value of x depends slightly 

upon the number of terms considered in the power series, and can be taken 

as about 3.5. 

For the case of electrons, by considering in Eq. (A.l) terms up to the ninth 

power, for the integrals in Eqs. (2.4.24)-(2.4.26) we obtain 

x2 x3 X4 x6 x8 x lO Xl2 

2 - 6 + 48 - 4320 + 241920 - 12096000 + 622702080' x,,; xa, 

FI(X) = X2 X3 X4 X6 X8 xlO Xl2 

f - f + 4; - 43;0 + 241 - 120;6000 + 

Gdx) = 

+ exp( -xa)(x; + 2xa + 2) - exp( -x)(x2 + 2x + 2), 

Xl x3 x6 x8 x lO Xl2 

X3 

+ exp( -xe)(x; + 2xe + 2) - t 

x3 

- exp( -x)(x2 + 2x + 2) + 3' 

X> Xa , 

(A.2) 

(A.3) 

where Fl (x) refers to absorption (xa = 3.5), and G1 (x) refers to emission 

(xe = 4), respectively. 

As regards the integrals entering Eqs. (2.4.30)-(2.4.32), we find by analogous 

Appendix A. Numerical Evaluation of Some Integrals ofInterest 

calculations 

x3 X4 x 5 x7 x9 xl! Xl3 
"3 - "8 + 60 - 5040 + 272 160 - 143 305 600 + 622720080' x Xu, 

X; x: X; xZ X; X;l X;3 
F2 (x) = "3 - 8 + 60 - 5040 + 272160 - 143305600 + 622702080 

+ exp( - xu)(x; + 3xu + 6xu + 6) 

- exp( -x)(x3 + 3x2 + 6x + 6), x >xu , 

x3 X4 x 5 x 7 x 9 XlI Xl3 
"3 +"8 + 60 - 5040 + 272160 - 143305600 + 622702080' x X., 

X4 
+ exp( - x.)(x; + 3x; + 6x. + 6) - t 

x> x., 

337 

(A.4) 

X4 
- exp( - x)(x3 + 3x2 + 6x + 6) + "4 ' 

(A.S) 

For the case of holes, by considering only the first terms ofthe series in Eq. 
(A.1), we can give, for the integrals in Eqs. (2.4.40)-(2.4.44), the expressions: 

2X2 (1 - fix + 

1017 ( 2358 41931) -+ 68--+-- exp(-3) 
280 x2 X4 

- 8 exp( - fix) (X2 + 4fix + 28 

(A.6) 

+ 72fi + 252 + 270fi + 270), 
x x2 x3 X4 

3 (136 fi 44fix2) 
x ----ws - x + 315 ' 

801 (13 248 300078) 
140+exp(-3) 

-exp(fix) (8 fix 3 + 72x2 + 288fix 

(A. 7) 

4320fi 14400 15120fi 15120) 
+1824+ +--2-+ 3 +--4-' 

x x x X 

{
2X2 (1 + x + 

G3 (x) = 
5913 136fix3_9(4_162 729) 3 
280 + 105 5x2 +7x4 ' x> fi' 

3 

fi (A.8) 

Figure 3.5.: Numerical evaluation of some integrals of interest (x̄a = 3.5, x̄e = 4). Reproduced from [7,
Appendix A].

z = sym(’z’,’real’);

x = sym(’x’,’real’);

nphon = 1/z - 1/2;

m=1; nphon = nphon + B(2*m)*zˆ(2*m-1)/factorial(2*m);

m=2; nphon = nphon + B(2*m)*zˆ(2*m-1)/factorial(2*m);

m=3; nphon = nphon + B(2*m)*zˆ(2*m-1)/factorial(2*m);

m=4; nphon = nphon + B(2*m)*zˆ(2*m-1)/factorial(2*m);

m=5; nphon = nphon + B(2*m)*zˆ(2*m-1)/factorial(2*m);

%

F1 = int(nphon*zˆ2,0,x);

F2 = int(nphon*zˆ3,0,x);

A Matlab function may be written in a separate file whose name defines the name of the function, with
a filename extension of “.m”. At the top of the file must be a line that contains the syntax definition for
the new function, for example:

function [Waco_emi,Waco_abs] = aco_scat(E,T)

Having defined the function, the absorption and emission scattering rates may be plotted with the com-
mands

38



Figure 3.6.: Intravalley acoustic scattering in GaAs for electrons in the G-valley at different temperatures.
[1, Fig. 2.10]

nE = 200; % number of energy points

vE = linspace(0,1,nE)*Q; % energy axis, J

Waco_abs = zeros(1,nE);

Waco_emi = zeros(1,nE);

for ie = 1:nE, E = vE(ie);

[Waco_emi(ie), Waco_abs(ie)] = aco_scat(E,T); end

%

figure(1), hold on

plot(vE/Q,Waco_emi,’r.-’,’linewidth’,2)

plot(vE/Q,Waco_abs,’b.-’,’linewidth’,2)

plot(vE/Q,Waco_emi+Waco_abs,’k.-’,’linewidth’,2)

set(gca,’FontSize’,14,’FontName’,’Arial’,’box’,’on’)

ylabel(’Acoustic scattering rate, 1/s), xlabel(’Energy, eV’)

legend(’emission’,’absorption’,’total’)

N.B.: functions for the calculation of the scattering rates are to be included in the single-particle Monte
Carlo code described in the second part of this laboratory. As these functions are going to be called many
times in a typical Monte Carlo run, they have to be efficient: please do not include any symbolic code
here! Use the Symbolic Matlab Toolbox only to derive mathematical expressions.

Write a Matlab program to compute the acoustic deformation potential scattering rate in GaAs accord-
ing to the inelastic expression (3.59); plot the absorption and emission scattering rates as a function of
energy, for different values of the temperature (e.g., T = 300K and T = 77K). Compare the results with
the elastic approximation (3.54), see Fig. 3.6.

39



L                                            G X

k’

3/15/19, 4)36 PM

Quantum processes

Page 1 of 5

http://hyperphysics.phy-astr.gsu.edu/hbase/mod5.html

Quantum Processes

Quantum properties dominate the fields of atomic and molecular physics. Radiation is

quantized such that for a given frequency of radiation, there can be only one value of quantum

energy for the photons of that radiation. The energy levels of atoms and molecules can have

only certain quantized values. Transitions between these quantized states occur by the photon

processes absorption, emission, and stimulated emission. All of these processes require that

the photon energy given by the Planck relationship is equal to the energy separation of the

participating pair of quantum energy states.

Interaction of radiation with matter

Electromagnetic spectrum

Index

 
HyperPhysics***** Quantum Physics

R Nave

Go
Back

Absorption and Emission

Taking the electron transitions associated with visible and ultraviolet interactions with matter

as an example, absorption of a photon will occur only when the quantum energy of the photon

precisely matches the energy gap between the initial and final states. In the interaction of

radiation with matter, if there is no pair of energy states such that the photon energy can

elevate the system from the lower to the upper state, then the matter will be transparent to that

radiation.

intervalley phonon
ħwij

k

Figure 3.7.: Intervalley transition from the G-valley to the L-valley in GaAs. As opposed to the intravalley
process in Fig. 3.1, the intervalley process cannot be approximated as elastic, because the
wavevectors involved are large, see Fig. 3.3.
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3.1.2. Deformation potential scattering by acoustic phonons (intervalley)

If the transition involves two different valleys, see Fig. 3.7, the phonon wavevector q is typically very
close to the minima of the initial and final valleys (Fig. 3.7 could not be drawn in scale). Consequently,
q is almost constant, and so is the intervalley phonon energy h̄wi j involved in the scattering process
connecting the initial valley i to the final valley j. The resulting intervalley scattering rate is similar to
(3.54) [1, Eq. (2.86)]

Wij(Ek) =
pD2

i jZ j

rwi j

✓
Ni j +

1
2

⌥ 1
2

◆
N(Ek ± h̄wi j �DE ji| {z }

Ek0

), (3.64)

where Z j is the number of equivalent final valleys (see Fig. 3.9) for the considered intervalley process,
Ni j is the number of intervalley phonons

Ni j =
1

e(h̄wi j)/(kBT ) �1
, (3.65)

and DE ji is the energy difference between the minima of the final and initial valleys connected by the
coupling constant Di j, see [1, Appendix 1]. For valleys with ellipsoidal equienergetic surfaces, i.e., with
different longitudinal and transverse components of the effective-mass tensor (e.g., the L valleys), the
dispersion relation reads

Ek =
h̄2k2

l
2ml

+
h̄2k2

t
2mt

, (3.66)

while the density of states can be evaluated with the parabolic expression (3.55) with the DOS effective
mass defined as

m⇤ =
�
mlm2

t
�1/3

. (3.67)
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Figure 3.8.: An intervalley phonon emission process scattering an electron from the G valley to the L
valley. In the calculation of the scattering rates, the initial and final energies Ek and Ek0

appearing in the expression of the scattering rate (3.64) are the kinetic energy measured
from the bottom of the corresponding valleys. N.B.: the density of states appearing in (3.64)
is the density of states of the final valley.

Figure 3.9.: The eight half-ellipsoids represent the constant energy surface associated to the L-valleys in
GaAs. There are four equivalent L valleys in the Brillouin zone (each L-valley is equally
shared by two Brillouin zones).
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Figure 3.10.: Intervalley acoustic scattering in GaAs for electrons from the G-valley to the L- and X-
valleys. The energy is measured from the bottom of the G valley [7, Fig. 2.15].

Compute the intervalley scattering rate (3.64) for the transition G ! L in GaAs, see Fig. 3.10. See
Fig. 3.4 for a list of the material parameters in GaAs. Assume an intervalley phonon energy h̄wi j =
28meV for G-L transitions [19, Table 7.2].
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3.1.3. Polar scattering by optical phonons

In addition to deformation potential scattering, the vibrations of opposite charged atoms in polar ma-
terials generate long-range dipole fields giving rise to a macroscopic electric field that can scatter the
carriers. The polar interaction may be due to either acoustic or optical phonons, leading to piezoelectric
and polar optical scattering, respectively. The latter is the dominant scattering process in III-V and II-
VI compound semiconductors. Scattering with polar optical phonons can be described by the Fröhlich
formulation. Let’s first recall that only longitudinal optical (LO) modes give rise to a dipole field. As-
suming a dispersionless LO phonons, the dipole field is proportional to the relative displacement of the
two atoms in the unit cell [2, Chapter 3]

P̂(r) =

s
h̄wLO

2W

✓
1

e•
� 1

es

◆
Â
q

⇣
âqeiq·r + â†

qe�iq·r
⌘

eq, (3.68)

where e•, es are the optical and static dielectric functions (the values for GaAs are reported in Fig. 3.4).
The difference es � e• represents the contribution of the ions to the dielectric response4 and it is also
known as the oscillator strength or f-strength. The polarization charge of the lattice is nonzero only for
longitudinal fields (eq = q/q)

r̂p(r) = �— · P̂(r) = �i

s
h̄wLO

2W

✓
1

e•
� 1

es

◆
Â
q

q
⇣

âqeiq·r � â†
qe�iq·r

⌘
. (3.69)

4Any external perturbation causes not only the single-particle scattering process we are interested in, but also a many-body
rearrangement of all electrons, valence and conduction, as well as of the ions (especially if the crystal is ionic) [4, Chap-
ter 17]. Thus, we must consider both the electronic and the ionic dielectric properties. This rearrangement modifies the
scattering potential, so that the scattering event depends on these many-body effects as well. In introductory textbooks
of electromagnetic theory, the effect is lumped into a dielectric constant of the medium. That would be too much of a
simplification in our case, as in general the response of the system depends on both the wavevector q and the frequency w
of the external perturbation, which, without loss of generality, we can assume to be of the harmonic form eiwt eiq·r. In the
literature, e• represents the dielectric constant in absence of the ionic response, i.e., at frequencies large enough so that the
ions cannot respond. As the frequency decreases, the ions begin to respond and their response results in a larger dielectric
constant es. The response of the conduction electrons is called free carrier screening, and is usually described by means of
the Debye-Hückel approximation (3.71).
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Therefore, the expression for the perturbation Hamiltonian associated with the electrostatic interaction is
(3.5)

Ĥ 0 = �e
Z

dr0 e�q0|r�r0|

4p|r � r0|| {z }
G(r,r0)

r̂p(r0) = iÂ
q

gq

⇣
âqeiq·r � â†

qe�iq·r
⌘

(3.70)

where G(r,r0) is the Green’s function of the Poisson equation (the screened Coulomb potential due to an
impusilve charge at r0), and

q0 =
q

e2n/(eskBT ) (3.71)

is the reciprocal screening length (Debye-Hückel screening in the static long-wavelength limit for non-
degenerate statistics [20, Chapter 8]), n is the electron density, and

gq =

s
e2h̄wLO

2W

✓
q

q2 +q2
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◆2✓ 1
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� 1
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◆
. (3.72)

Application of Fermi’s Golden rules gives the scattering probability

Spop(k,k0) =
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e2h̄wLO

2Wep
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�✓
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d [E(k0)�E(k)⌥ h̄wLO], (3.73)

with ep = 1/(1/e• � 1/es). The dependence of the matrix element on the inverse square of the phonon
wavevector, and the angular dependence of the overlap integral makes this scattering mechanism anisotropic.
Integration over the final states gives for a parabolic valley with E(k) = h̄2k2/(2m⇤)
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Neglecting screening (q0 = 0)
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which gives the energy-dependent scattering rate [1, Eq. (2.100)]

Wpop(Ek) =
e2wLO

8pep

k
Ek

⇢
Nq +

1
2

⌥ 1
2

�
ln
✓

qmax

qmin

◆
, (3.76)

with qmin = k
���1�

q
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which gives the integration limits since cosq 0 is limited in the interval [�1,1].

For a nonparabolic band with g(Ek) = Ek(1+aEk), see (3.56), the scattering rate is [7, Eq. (2.4.57)]
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(3.77)
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Figure 3.12.: Polar optical scattering rate for the G valley in bulk GaAs at T = 300 K. Reproduced from
[7, Fig. 2.17]. N.B. that the emission scattering rate is zero when E < h̄wLO, because no
final states are available below the conduction band edge, see inset.

with

A = {2(1+aEi)(1+aEf)+a[g(Ei)+ g(Ef)]}2 (3.78a)

B = �2ag
1
2 (Ei)g

1
2 (Ef){4(1+aEi)(1+aEf)+a[g(Ei)+ g(Ef)]} (3.78b)

C = 4(1+2aEi)(1+2aEf)(1+aEi)(1+aEf) (3.78c)

where Ei and Ef = Ei ± h̄wLO are the initial and final energies before and after the collision.

Compute the polar optical scattering rate in GaAs according to the inelastic expression (3.77). Plot
emission and absorption rates as a function of energy, see Fig. 3.12. Compare the results with the
parabolic approximation (3.76).
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3

in GaAs at 300 K. Each contribution is computed and
converged separately, with important advantages for
the choice of the integration grids. For the long-range
part, we treat the 1/q2 singularity of |gL|2 by using
Monte Carlo integration with importance sampling near
the BZ center, using q points randomly sampled from
a Cauchy distribution [32]. For the remainder part,
convergence requires �103�105 q points as in nonpolar
materials, and is achieved incrementally using Monte
Carlo integration over multiple random q-point grids
[11, 12].

Overall, the approach enables calculations of e-ph
RTs in polar materials at roughly the same cost as in
nonpolar materials, with a small overhead to compute
the long-range contribution. For comparison, converging
�e�ph

nk in Eq. (1) directly with g = gS + gL is dramat-
ically more expensive, by a factor equal to the ratio
NL/NR ⇡ 10�1,000 between the number of q points
needed to converge the long-range (NL ⇡ 106�107)
and the remainder (NR ⇡ 103�105) parts. Our idea of
dividing and conquering the long-range part thus enables
fast computations of the e-ph RTs in polar materials.

The approximation employed for the � function in
Eq. (1) is also crucial to converge the scattering rate,
especially near the conduction band minimum (CBM).
We use �(x) = lim��0 f(x, �), where � is a small broad-
ening parameter, and test both Lorentzian and Gaussian
broadenings, with distributions f(x, �) = 1

�
�

x2+�2 and

f(x, �) = 1�
�

1
� e�( x

� )2 , respectively. Convergence of

�e�ph
nk in Eq. (1) is achieved by choosing a small value

of � (e.g., 10 meV) and using a number of q points
Nq(�) large enough to converge the sum over q for the
given value of �. Existence of the limit guarantees that
upon decreasing � to a new value, and increasing Nq(�)
accordingly, the scattering rate no longer varies as �
is decreased further. We employ both Lorentzian and
Gaussian broadenings, with parameters � of 2, 5, and
10 meV, and for each case we converge the scattering
rate with respect to the number of q points.

The results of this convergence study are shown in
Fig. 1(b) for energies up to �0.1 eV above the CBM
(from now on, we reference the electron energy to the
CBM). We find that the scattering rate for low energy
electrons in the � valley is highly sensitive to the broad-
ening. In particular, Lorentzian broadening tends to
overestimate the scattering rate even for a small value of
� = 2 meV. Gaussian broadening is easier to converge: A
small parameter � ⇡ 5 meV is su�cient to converge the
scattering rate in the � and L valleys. As shown below,
electronic states in this energy range play a crucial role
in transport. Note that even a relatively small 10 meV
Lorentzian broadening, as typically employed, would
lead to enormous errors in the mobility. On the other
hand, a 10 meV Lorentzian broadening is acceptable at
energy above �0.3 eV, as electronic states with higher
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FIG. 2. (Color online) (a) e-ph scattering rate and (b) RT
for electrons in GaAs with energies within �0.4 eV of the
CBM, which is the origin of the energy axis. Data points in
blue (red) are for electronic states in the � (L) valley. The
scattering rate associated with LO phonon scattering alone is
also shown in (a). The inset in (b) shows a schematic of the �
valley, and of the L and X valleys in GaAs, with energies of
EL �0.25 eV and EX �0.45 eV above the CBM, respectively.

energy are less sensitive to broadening. In what follows,
we employ a 5 meV Gaussian broadening.

The conduction band of GaAs has a multi-valley
character, as sketched in the inset of Fig. 2(b). The
minima of the L and X valleys are at energies EL ⇡0.25
eV and EX ⇡ 0.45 eV above the CBM at �, respec-
tively [33]. We first focus on e-ph scattering in the �
and L valleys, which is of crucial importance to compute
charge transport in GaAs. Figure 2(a) shows the e-ph
scattering rate at 300 K within �0.4 eV of the CBM,
separately for electronic states in the � and L valleys.
For electrons in the � valley, only intravalley scattering
is possible for energies up to EL. Small-q LO phonon
scattering dominates in this energy range, as shown
in Fig. 2(a) by comparing the total e-ph scattering
rate with the one due to LO phonons alone. The
scattering rate is nearly constant over the 0.05�0.25
eV energy range, with an associated RT [see Fig. 2(b)]
of �168 fs. Our RT at 300 K is excellent agreement
with room temperature experiments, e.g., �165 fs in
Ref. [34]. At energies below �0.05 eV the scattering
rate drops sharply, and approaches the CBM with a
constant trend. Within ��LO ⇡ 35 meV of the CBM,
the phase space for LO phonon emission vanishes, and
the scattering process is dominated by LO phonon
absorption. The scattering rate in this energy range
is roughly proportional to the LO phonon occupation,
and is strongly temperature dependent. Our computed
RT for LO phonon absorption at 300 K is �600 fs
[Fig. 2(b)]. At energy higher than EL, ��L intervalley
scattering becomes possible, and the scattering rate
increases rapidly as a result. Intravalley scattering in
the L valley, also possible above EL, is dominated by

Figure 3.13.: (a) Electron-phonon (e-ph) scattering rates and (b) the corresponding relaxation times (the
inverse of the scattering rates) computed at T = 300K for electrons in GaAs with energies
within 0.4 eV of the conduction band minimum, which is the origin of the energy axis.
Data points in blue (red) are for electronic states in the G (L) valley. The scattering rate
associated with LO phonon scattering alone is also shown in (a). Reproduced from [21].

3.1.4. Comparison with first-principles calculations and experiments

We are now ready to draw some conclusions concerning carrier-phonon (e-ph) scattering. Absent in
covalent materials like Si and Ge (for which the absence of ionic polarization implies es = e•), Fröhlich
scattering is the dominant intravalley scattering process affecting the low-field mobility of III-V com-
pound semiconductors, while acoustic deformation potential interaction dominates intervalley scattering
and hot carrier dynamics.5 It is interesting to compare our results with first-principles calculations.
Fig.3.13 shows e-ph scattering rate (deformation potential plus polar interaction) and the corresponding
relaxation times in GaAs computed with density functional theory (DFT) [21]. For electrons in the G
valley, only intravalley scattering is possible for energies up to EL. Small-q LO phonon scattering (blue
dots) dominates in this energy range. The scattering rate is nearly constant over the 0.05-0.25 eV energy
range, with an associated relaxation time of ⇡ 168 fs. At energies below ⇡ 0.05 eV the scattering rate
drops sharply because the phase space for LO phonon emission vanishes, and the scattering process is
dominated by LO phonon absorption. In this energy range the relaxation time is found to be close to
600 fs. At energy higher than EL, G-L intervalley scattering becomes possible, and the scattering rate
increases rapidly as a result. Intravalley scattering in the L valley, also possible above EL, is dominated
by polar phonons. It exhibits a scattering rate with multiple branches, and thus a strong k-dependence,
due to the anisotropy of the L valley. For energies above EL, the G�L intervalley scattering is dominated
by large-q LA and TA acoustic phonon scattering.

5As long as the electric field is low enough, polar optical scattering keeps the electrons at relatively low kinetic energies. In
this low-energy range the scattering rates Wpop(E) increases with increasing E. If the electric field increases above some
critical value, electrons are accelerated to the range of higher kinetic energies in which Wpop(E) decreases with increasing E,
and so they scatter less frequently, thus losing a smaller fraction of their kinetic energy to LO-phonons, and, in the absence
of other inelastic scattering mechanisms, gaining from the field even more kinetic energy, etc. This diverging process is
called electron “run-away”.
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Therefore, the expression for the perturbation Hamiltonian associated with the electrostatic interaction is
(3.5)

Ĥ 0 = �e
Z

dr0 e�q0|r�r0|
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⇣
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qe�iq·r
⌘

(3.70)

where G(r,r0) is the Green’s function of the Poisson equation (the screened Coulomb potential due to an
impusilve charge at r0), and

q0 =
q

e2n/(eskBT ) (3.71)

is the reciprocal screening length (Debye-Hückel screening in the static long-wavelength limit for non-
degenerate statistics [20, Chapter 8]), n is the electron density, and
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Application of Fermi’s Golden rules gives the scattering probability
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with ep = 1/(1/e• � 1/es). The dependence of the matrix element on the inverse square of the phonon
wavevector, and the angular dependence of the overlap integral makes this scattering mechanism anisotropic.
Integration over the final states gives for a parabolic valley with E(k) = h̄2k2/(2m⇤)
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Neglecting screening (q0 = 0)
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which gives the energy-dependent scattering rate [18, Eq. (2.100)]
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with qmin = k
���1�

q
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which gives the integration limits since cosq 0 is limited in the interval [�1,1].

For a nonparabolic band with g(Ek) = Ek(1+aEk), see (3.56), the scattering rate is [4, Eq. (2.4.57)]
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Figure 3.14.: Band structure excitation and relaxation scheme in GaAs for the ultrafast pump-probe ex-
periments on quantum kinetic electron-phonon scattering: Electrons are generated in the
conduction band by an ultrashort laser pulse, leaving holes in the valence band. The pho-
togenerated electrons relax via emission of longitudinal optical (LO) phonons of energy
h̄wLO.

The scattering rates are not directly accessible to experiments. However, information about the relax-
ation times can be obtained from time-resolved experiments of carrier relaxation times, which describe
how optically excited carriers relax from a monoenergetic distribution to a quasi-equilibrium distribution
at the band edges, see Fig. 3.14. In general, electron-electron scattering may play an important role in
the initial momentum relaxation process, in which the quasi monoenergetic distribution relaxes to a hot
Fermi distribution with a temperature higher than the lattice temperature. It is only after this ultrafast
thermalization process is completed (few femptoseconds after photoexcitation), that this hot carrier dis-
tribution loses energy by interacting with the lattice. It is generally understood that the hot electrons lose
their energy mainly to polar optical phonons, but recent studies indicate that intervalley scattering plays
an important role if the electrons are photogerenated at sufficiently high energies, see Fig. 3.15 and 3.16.
A similar argument applies also to silicon according to recent full-band Monte Carlo simulations by Max
Fischetti, see excerpt below [22]

most of the electron energy, but no disagreement seems to arise on the
fact that emission of optical phonons is indeed the major cause of
energy loss.

This is such a well-known fact that seldom, if ever, is its validity
questioned and seldom, if ever, are references provided. The history of
this “truth” is indeed quite old, but calculations we have performed in
the past seem to indicate that this statement may be more myth than
truth. Clearly, if electrons were to lose energy mostly to acoustic pho-
nons, the power-dissipation issue should be revisited. Since phonons
would be generated over a rather large distribution of wavelengths,
two competing effects would contribute to increasing or decreasing
heat conduction, depending on the group velocity of the excited pho-
nons: On the one hand, long-wavelength acoustic phonons would dif-
fuse quickly and heat conduction would occur without having to wait
for the decay of optical phonons into acoustic excitations with a higher
group velocity. This would result in faster heat conduction. On the
other hand, since short-wavelength (zone-edge) acoustic phonons also
move at a small group velocity, similar to optical modes, one may be
tempted to lump all zone-edge modes under the single label of “optical
phonons,” as indeed was done in the past.15 However, this would be
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FIG. 1. (a) The photoemission map for hot electrons injected
into the conduction band with s-polarized 2.30-eV light pulses, at
33 fs after excitation. (b) The photoemission map for hot electrons
injected into the conduction band with s-polarized 2.30-eV light
pulses, at 113 fs after excitation. (c) The photoemission map for hot
electrons injected into the conduction band with s-polarized 2.07-eV
light pulses, at 80 fs after excitation. In panels (a), (b), and (c),
measurements were made at 90 K. The solid and broken curves show
the dispersion along !-L and !-X directions. The color scale indicates
the photoemission intensity.

energies than those in Fig. 1(a). Thus, the results in Fig. 1
show that ultrafast momentum scattering, with typical time τM

of the order of a few tens of fs, is induced at 90 K, similar to
the case of 293 K reported previously [7]. However, both the
momentum relaxation time τM and the slower time τE of the
energy relaxation following the momentum relaxation depend
strongly on temperature, as shown below.

In Fig. 2, we compare the temporal changes in hot-electron
population with ε = 0.55 eV in the ! valley at 90 and 293 K;
Fig. 2(a) shows the changes on a linear scale, while in Fig. 2(b)
they are plotted on a semilogarithmic scale. We clearly see
a bimodal decay of the population at both temperatures. As
shown in the previous paper [7], the fast decay corresponds to
the momentum relaxation to form HEEs, while the slow decay
represents the energy relaxation of HEEs. However, features
of temporal changes are different at lower temperature: The
fast decay becomes slower than at ambient temperature, while
the slow decay becomes faster. At this excess energy (ε =
0.55 eV), the rate of the fast decay is slow enough to enable
us to determine the decay times precisely by a simple analysis
in the semilogarithmic plot of Fig. 2(b). At 293 K, τM = 31
fs and τE = 300 fs, as reported previously [7], while at 90 K
τM = 57 fs and τE = 220 fs.

We measured temperature-dependent changes in both τM

and τE for the range of ε between 0.3 and 0.8 eV. Based on the
angle-resolved measurements, the quantities were determined
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FIG. 2. Temporal changes in hot-electron populations with excess
energy of 0.55 eV in the ! valley, measured at 90 and 293 K. The
photoemission intensities which represent the populations are plotted
on a linear scale in panel (a) and on a semilogarithmic scale in panel
(b). The red (dark gray) broken curve shows the cross correlation trace
between pump and probe pulses, showing the temporal width of 65 fs.
The broken lines in panel (b) show the decay of slow components with
time constant of 230 and 310 fs at 90 and 293 K. Thin solid curves
in panel (a) represent the calculated results of analysis using optical
Bloch equation combined with a rate equation (Ref. [5]).

for hot electrons not only in the ! valley, but also in the L
valley. The results for τM are plotted in Fig. 3. As already
mentioned, the momentum relaxation time becomes slower at
lower temperatures. The results for τE are plotted in Fig. 4.
It is clear that at a given temperature, τE is the same for hot
electrons with a given ε in both valleys, substantiating our
previous conclusion that hot electrons are quasiequilibrated
in momentum space via ultrafast momentum relaxation in the
whole BZ [7]. It is also clear that the rate of energy relaxation,
given by the inverse of τE , is accelerated at low temperatures.
We further discuss this result in the next section.

FIG. 3. Momentum relaxation time of hot electrons in GaAs, as a
function of the excess energy with respect to the CBM, at 293 K and
90 K. Empty circles: expt. at 293 K. Full circles: expt. at 90 K. Red
solid (green dash-dotted) line: theory at 293 K (90 K).
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FIG. 1. (a) The photoemission map for hot electrons injected
into the conduction band with s-polarized 2.30-eV light pulses, at
33 fs after excitation. (b) The photoemission map for hot electrons
injected into the conduction band with s-polarized 2.30-eV light
pulses, at 113 fs after excitation. (c) The photoemission map for hot
electrons injected into the conduction band with s-polarized 2.07-eV
light pulses, at 80 fs after excitation. In panels (a), (b), and (c),
measurements were made at 90 K. The solid and broken curves show
the dispersion along !-L and !-X directions. The color scale indicates
the photoemission intensity.

energies than those in Fig. 1(a). Thus, the results in Fig. 1
show that ultrafast momentum scattering, with typical time τM

of the order of a few tens of fs, is induced at 90 K, similar to
the case of 293 K reported previously [7]. However, both the
momentum relaxation time τM and the slower time τE of the
energy relaxation following the momentum relaxation depend
strongly on temperature, as shown below.

In Fig. 2, we compare the temporal changes in hot-electron
population with ε = 0.55 eV in the ! valley at 90 and 293 K;
Fig. 2(a) shows the changes on a linear scale, while in Fig. 2(b)
they are plotted on a semilogarithmic scale. We clearly see
a bimodal decay of the population at both temperatures. As
shown in the previous paper [7], the fast decay corresponds to
the momentum relaxation to form HEEs, while the slow decay
represents the energy relaxation of HEEs. However, features
of temporal changes are different at lower temperature: The
fast decay becomes slower than at ambient temperature, while
the slow decay becomes faster. At this excess energy (ε =
0.55 eV), the rate of the fast decay is slow enough to enable
us to determine the decay times precisely by a simple analysis
in the semilogarithmic plot of Fig. 2(b). At 293 K, τM = 31
fs and τE = 300 fs, as reported previously [7], while at 90 K
τM = 57 fs and τE = 220 fs.

We measured temperature-dependent changes in both τM

and τE for the range of ε between 0.3 and 0.8 eV. Based on the
angle-resolved measurements, the quantities were determined
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FIG. 2. Temporal changes in hot-electron populations with excess
energy of 0.55 eV in the ! valley, measured at 90 and 293 K. The
photoemission intensities which represent the populations are plotted
on a linear scale in panel (a) and on a semilogarithmic scale in panel
(b). The red (dark gray) broken curve shows the cross correlation trace
between pump and probe pulses, showing the temporal width of 65 fs.
The broken lines in panel (b) show the decay of slow components with
time constant of 230 and 310 fs at 90 and 293 K. Thin solid curves
in panel (a) represent the calculated results of analysis using optical
Bloch equation combined with a rate equation (Ref. [5]).

for hot electrons not only in the ! valley, but also in the L
valley. The results for τM are plotted in Fig. 3. As already
mentioned, the momentum relaxation time becomes slower at
lower temperatures. The results for τE are plotted in Fig. 4.
It is clear that at a given temperature, τE is the same for hot
electrons with a given ε in both valleys, substantiating our
previous conclusion that hot electrons are quasiequilibrated
in momentum space via ultrafast momentum relaxation in the
whole BZ [7]. It is also clear that the rate of energy relaxation,
given by the inverse of τE , is accelerated at low temperatures.
We further discuss this result in the next section.

FIG. 3. Momentum relaxation time of hot electrons in GaAs, as a
function of the excess energy with respect to the CBM, at 293 K and
90 K. Empty circles: expt. at 293 K. Full circles: expt. at 90 K. Red
solid (green dash-dotted) line: theory at 293 K (90 K).
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Figure 3.15.: The photoemission map for hot electrons injected into the conduction band with hnpump =
2.30 eV light pulses, at 33 (a) and 113 (b) fs after excitation. One can see that at Dt = 113fs,
a significant part of electronic packet is already transferred to the eight L valleys (of which
only one is shown), and also, that the hot electrons have lost energy with respect to the
distribution shown in (a). For a lower pump hnpump = 2.07eV (c), the photoemission map
at 80 fs after excitation shows that the transfer to the L valley is slower and the electrons
transferred to the L valley are located at lower energy than those in (a). Measurements
were made at 90 K. The solid and broken curves show the dispersion along L and X di-
rections. The color scale indicates the photoemission intensity. At low concentrations, the
role of electron-electron scattering can be minimized, and the hot electron relaxation can
be entirely ascribed to carrier-phonon scattering. Reproduced from [23].
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FIG. 1. (a) The photoemission map for hot electrons injected
into the conduction band with s-polarized 2.30-eV light pulses, at
33 fs after excitation. (b) The photoemission map for hot electrons
injected into the conduction band with s-polarized 2.30-eV light
pulses, at 113 fs after excitation. (c) The photoemission map for hot
electrons injected into the conduction band with s-polarized 2.07-eV
light pulses, at 80 fs after excitation. In panels (a), (b), and (c),
measurements were made at 90 K. The solid and broken curves show
the dispersion along !-L and !-X directions. The color scale indicates
the photoemission intensity.

energies than those in Fig. 1(a). Thus, the results in Fig. 1
show that ultrafast momentum scattering, with typical time τM

of the order of a few tens of fs, is induced at 90 K, similar to
the case of 293 K reported previously [7]. However, both the
momentum relaxation time τM and the slower time τE of the
energy relaxation following the momentum relaxation depend
strongly on temperature, as shown below.

In Fig. 2, we compare the temporal changes in hot-electron
population with ε = 0.55 eV in the ! valley at 90 and 293 K;
Fig. 2(a) shows the changes on a linear scale, while in Fig. 2(b)
they are plotted on a semilogarithmic scale. We clearly see
a bimodal decay of the population at both temperatures. As
shown in the previous paper [7], the fast decay corresponds to
the momentum relaxation to form HEEs, while the slow decay
represents the energy relaxation of HEEs. However, features
of temporal changes are different at lower temperature: The
fast decay becomes slower than at ambient temperature, while
the slow decay becomes faster. At this excess energy (ε =
0.55 eV), the rate of the fast decay is slow enough to enable
us to determine the decay times precisely by a simple analysis
in the semilogarithmic plot of Fig. 2(b). At 293 K, τM = 31
fs and τE = 300 fs, as reported previously [7], while at 90 K
τM = 57 fs and τE = 220 fs.

We measured temperature-dependent changes in both τM

and τE for the range of ε between 0.3 and 0.8 eV. Based on the
angle-resolved measurements, the quantities were determined
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FIG. 2. Temporal changes in hot-electron populations with excess
energy of 0.55 eV in the ! valley, measured at 90 and 293 K. The
photoemission intensities which represent the populations are plotted
on a linear scale in panel (a) and on a semilogarithmic scale in panel
(b). The red (dark gray) broken curve shows the cross correlation trace
between pump and probe pulses, showing the temporal width of 65 fs.
The broken lines in panel (b) show the decay of slow components with
time constant of 230 and 310 fs at 90 and 293 K. Thin solid curves
in panel (a) represent the calculated results of analysis using optical
Bloch equation combined with a rate equation (Ref. [5]).

for hot electrons not only in the ! valley, but also in the L
valley. The results for τM are plotted in Fig. 3. As already
mentioned, the momentum relaxation time becomes slower at
lower temperatures. The results for τE are plotted in Fig. 4.
It is clear that at a given temperature, τE is the same for hot
electrons with a given ε in both valleys, substantiating our
previous conclusion that hot electrons are quasiequilibrated
in momentum space via ultrafast momentum relaxation in the
whole BZ [7]. It is also clear that the rate of energy relaxation,
given by the inverse of τE , is accelerated at low temperatures.
We further discuss this result in the next section.

FIG. 3. Momentum relaxation time of hot electrons in GaAs, as a
function of the excess energy with respect to the CBM, at 293 K and
90 K. Empty circles: expt. at 293 K. Full circles: expt. at 90 K. Red
solid (green dash-dotted) line: theory at 293 K (90 K).
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FIG. 1. (a) The photoemission map for hot electrons injected
into the conduction band with s-polarized 2.30-eV light pulses, at
33 fs after excitation. (b) The photoemission map for hot electrons
injected into the conduction band with s-polarized 2.30-eV light
pulses, at 113 fs after excitation. (c) The photoemission map for hot
electrons injected into the conduction band with s-polarized 2.07-eV
light pulses, at 80 fs after excitation. In panels (a), (b), and (c),
measurements were made at 90 K. The solid and broken curves show
the dispersion along !-L and !-X directions. The color scale indicates
the photoemission intensity.

energies than those in Fig. 1(a). Thus, the results in Fig. 1
show that ultrafast momentum scattering, with typical time τM

of the order of a few tens of fs, is induced at 90 K, similar to
the case of 293 K reported previously [7]. However, both the
momentum relaxation time τM and the slower time τE of the
energy relaxation following the momentum relaxation depend
strongly on temperature, as shown below.

In Fig. 2, we compare the temporal changes in hot-electron
population with ε = 0.55 eV in the ! valley at 90 and 293 K;
Fig. 2(a) shows the changes on a linear scale, while in Fig. 2(b)
they are plotted on a semilogarithmic scale. We clearly see
a bimodal decay of the population at both temperatures. As
shown in the previous paper [7], the fast decay corresponds to
the momentum relaxation to form HEEs, while the slow decay
represents the energy relaxation of HEEs. However, features
of temporal changes are different at lower temperature: The
fast decay becomes slower than at ambient temperature, while
the slow decay becomes faster. At this excess energy (ε =
0.55 eV), the rate of the fast decay is slow enough to enable
us to determine the decay times precisely by a simple analysis
in the semilogarithmic plot of Fig. 2(b). At 293 K, τM = 31
fs and τE = 300 fs, as reported previously [7], while at 90 K
τM = 57 fs and τE = 220 fs.

We measured temperature-dependent changes in both τM

and τE for the range of ε between 0.3 and 0.8 eV. Based on the
angle-resolved measurements, the quantities were determined
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FIG. 2. Temporal changes in hot-electron populations with excess
energy of 0.55 eV in the ! valley, measured at 90 and 293 K. The
photoemission intensities which represent the populations are plotted
on a linear scale in panel (a) and on a semilogarithmic scale in panel
(b). The red (dark gray) broken curve shows the cross correlation trace
between pump and probe pulses, showing the temporal width of 65 fs.
The broken lines in panel (b) show the decay of slow components with
time constant of 230 and 310 fs at 90 and 293 K. Thin solid curves
in panel (a) represent the calculated results of analysis using optical
Bloch equation combined with a rate equation (Ref. [5]).

for hot electrons not only in the ! valley, but also in the L
valley. The results for τM are plotted in Fig. 3. As already
mentioned, the momentum relaxation time becomes slower at
lower temperatures. The results for τE are plotted in Fig. 4.
It is clear that at a given temperature, τE is the same for hot
electrons with a given ε in both valleys, substantiating our
previous conclusion that hot electrons are quasiequilibrated
in momentum space via ultrafast momentum relaxation in the
whole BZ [7]. It is also clear that the rate of energy relaxation,
given by the inverse of τE , is accelerated at low temperatures.
We further discuss this result in the next section.

FIG. 3. Momentum relaxation time of hot electrons in GaAs, as a
function of the excess energy with respect to the CBM, at 293 K and
90 K. Empty circles: expt. at 293 K. Full circles: expt. at 90 K. Red
solid (green dash-dotted) line: theory at 293 K (90 K).
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Figure 3.16.: Temporal changes in hot-electron populations with excess energy of 0.55 eV in the G valley,
measured at 90 and 293 K. The photoemission intensities which represent the populations
are plotted on a linear scale in panel (a) and on a semilogarithmic scale in panel (b). The
broken lines in panel (b) show the decay of slow components with time constants of 230
and 310 fs at 90 and 293 K, respectively. There is clearly a bimodal decay of the population
at both temperatures; an initial fast decay due to momentum relaxation is followed by a
slower energy relaxation. Reproduced from [23].
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3.2. Ionized impurity scattering (Brooks and Herring)

Phonon scattering is an intrinsic process, since it is present in a perfect crystal. Carriers in semiconductor
devices are usually supplied/removed through heavily doped regions, which may be regarded as carrier
reservoirs. In such doped regions, carrier transport is substantially affected by scattering due to randomly
distributed impurities, which are ionized by design, so that the carriers resulting from ionization can con-
tribute to carrier transport. Each impurity is strongly bonded to the whole lattice, so that the momentum
transferred to the lattice is negligible. If V (r � ri) is the potential of the impurity at ri, the Hamiltonian
describing the electron-impurity interaction is

H 0(r) =
NI

Â
i=1

V (r � ri), (3.79)

where NI is the total number of impurities. Assuming Normal processes and ignoring the overlap factor,
the matrix element is (H 0 does not act on the crystal variables)

hk0|H 0|ki =
1
W

Z

W
dr H 0(r)ei(k0�k)·r =

1
W

Z

W
dr

NI

Â
i=1

V (r � ri)e
i(k0�k)·r =

Vk�k0 Â
i

e�i(k�k0)·ri , (3.80)

where Vk is the Furier transform of the potential due to the single impurity in the orign

Vk = F{V (r)} =
1
W

Z

W
drV (r)e�ik·r, (3.81)

and we have used the property of the Fourier transform

F{V (r � ri)} = Vk e�ik·ri . (3.82)

In principle, we could solve the exact Schrödinger equation in the presence of the impurities, by including
the Hamiltonian (3.79) in the unperturbed Hamiltonian and stop talking about impurity scattering alto-
gether. The effect of the impurities on carrier transport would be that of modifying the wavefunctions,
and so the transmission amplitude across the sample, via the coherent interaction between the electron
wavefunction and the impurity potential. However, in writing (3.79), we have implicitly assumed that
the positions of all the impurities are precisely known. In experimental situations this is obviously not
the case. One must regard simulations of charge transport in a given sample as an ensemble average over
many configurations, each of them corresponding to a different set of random (but still yielding the same
average impurity density) impurity positions ri. In doing this average, all interference among partial
waves scattered from different impurities is lost (or averaged out), as in the usual random phase approx-
imation (RPA). Assuming a spatially uniform distribution of impurities, we find the average expression:

��hk0|H 0|ki
��2 =

��Vk�k0
��2 Â

ii0
e�i(k�k0)·(ri�ri0 )| {z }

⇡dii0

⇡
��Vk�k0

��2 NI. (3.83)
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Figure 3.17.: Impurity scattering computed for different values of the doping concentration (impurities
are considered fully ionized). [1, Fig. 2.5].

The scattering potential V (r), cannot be taken as the bare Coulomb potential of the ionized impurity, as
both valence and conduction electrons, when present in significant concentrations, will screen the poten-
tial. This actually helps, since the cross section for scattering with a bare Coulomb potential diverges as a
result of the infinite range of the potential. Moreover, when the impurities are sufficiently diluted, we can
consider them as isolated and screen them one at a time with the static free-carrier dielectric function,
which causes the potential to drop off more rapidly with r than a purely Coulombic potential inversely
proportional to r 6

V (r) =
Ze2

4pesr
e�q0r (3.84)

where Z is the number of charge units of the impurity (typically Z = 1), and q0 is the reciprocal screening
length. The Fourier transform of (3.84) is

Vk�k0 =
Ze2

esW(|k � k0|2 +q2
0)

, (3.85)

6At large impurity densities, when the average distance between impurities is smaller than the electron wavelength, the elec-
trons are not able to screen the potentail, and the BH approach fails. At higher impurity concentrations additional problems
arise. Impurities may cluster as the solid-solubility limit is reached, which is the case in Si for impurity concentrations well
above 1020/cm3. The dopant atoms are also close enough for the bound states in the impurity potential to delocalize, and
electrons can tunnel among donor impurities, thus forming impurity bands that distort the band structure near the edge of
the conduction band (or the valence band, for acceptors). When a high degree of compensation is present, very few free
carriers are available to screen a much larger number of ionized (positive and negative) impurities. The latter, however,
effectively screen each other, so that the Conwell and Weisskopf (CW) approach, which assumes a bare potential for r  b,
and a cut-off of the potential is assumed at the mean distance b between the impurities, seems to be more appropriate for
this condition. An attempt to reconcile BH and CW approaches is presented in [24, Chapter 4].
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band 
tail

Impurity band 
(donors)

Figure 3.18.: As the impurity density becomes large, the interaction between adjacent impurity atoms
leads to the splitting of the impurity levels into an impurity band. The interaction between
free carriers and impurities results in the formation of band tails (band gap narrowing).
Electrons can propagate within the impurity band, a trasport process known as impurity
band conduction. [25, Fig. 3.7].

and we are now ready to compute the scattering rate. Considering that the Hamiltonian does not involve
the crystal coordinates, we find the scattering probability

S(BH)
imp (k,k0) =

2p
h̄

NI
��Vk�k0

��2 d (Ek0 �Ek) (3.86a)

=
2p
h̄

NI
Z2e4

e2
s W2(|k � k0|2 +q2

0)
2 d (Ek0 �Ek) (3.86b)

=
2p
h̄

nI
Z2e4

e2
s W[2k2(1� cosq)+q2

0]
2 d (Ek0 �Ek) (3.86c)

where we have introduced the impurity density nI = NI/W, and q is the angle between k and k0. Integra-
tion over final states gives [1, Eq. (2.49)]

W (BH)
imp (k) =

2p
h̄

nI
Z2e4

e2
s W

W
(2p)3

Z

BZ
dk0 d (Ek0 �Ek)

[2k2(1� cosq)+q2
0]

2 (3.87a)

=
2p
h̄

nI
Z2e4

e2
s W

W
(2p)3

Z 2p

0
df
Z p

0
dq
Z •

0
dk0 k02 sinq d (Ek0 �Ek)

[2k2(1� cosq)+q2
0]

2 (3.87b)

=
pnIZ2e4N(Ek)

h̄e2
s

Z 1

�1

d(cosq)

[2k2(1� cosq)+q2
0]

2 , (3.87c)

which gives

W (BH)
imp (k) =

pnIZ2e4N(Ek)

h̄e2
s

2
q2

0(4k2 +q2
0)

, (3.88)

where N(Ek) is the density of states, as defined in (3.55) for parabolic bands, and in (3.58) for non-
parabolic bands.
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Compute the impurity scattering rate in GaAs according to expression (3.88), for different values of
the doping density, see [1, Fig. 2.5].
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Figure 3.19.: Schematic view of an electron-initiated impact ionization process in GaAs. The initial
electrons in the conduction and valence bands are in states 1 and 2 respectively; the final
electrons in the conduction band after the transition are in states 10 and 20. Electrons are
represented by closed circles, holes by open circles. Arrows indicate electron transitions.
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3.3. Impact ionization (Auger generation)

In high-field conditions, electrons and holes gather enough energy from the electric field between two
successive scattering events (e.g., collisions with phonons or impurities) to be able to interact with an-
other electron (hole) and promote it to the conduction (valence) band. Each electron or hole is therefore
able to generate, over a certain length, a number of electron-hole pairs, which undergo in turn the same
process. The resulting chain can lead to a divergent current, i.e., to avalanche breakdown in the semicon-
ductor. Avalanche breakdown occurs for electric fields of the order of the breakdown field (⇡ 500kV/cm
for GaAs), and is usually an undesirable effect, with a notable exception for avalanche photodetectors
(APDs). A threshold is clearly involved in this process since the initiating particle must have an energy
higher than the band gap to provide enough energy for the valence electron to cross the gap. Moreover,
this threshold may be further increased by the momentum conservation condition or by the unavailability
of energy conserving particle states. For these reasons it is expected that the impact ionization rates,
particularly at threshold, are highly dependent on the band structure.

In the impact-ionization process, an electron in the conduction band interacts with an electron in the
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Figure 3.20.: Feynman’s diagrams of the direct and exchange processes.

valence band via the screened Coulomb potential

V (r1 � r2) =
e2

4pe(q,w)

1
|r1 � r2|

(3.89)

If states 1 (a Bloch state y(n1)
k1

(r1) with band index n1 and wavevector k1) and 2 (a Bloch state y(n2)
k2

(r2)
with band index n2 and wavevector k2) are the initial states of the electrons in the conduction and valence
band before the transition, respectively, and states 10 and 20 are those of the electrons in the conduction
band after the transition, the total ionization rate is given by [4, Chapter 15]

Sii(k1n1,k2n2;k10n10 ,k20n20) =
2p
h̄

|M(k10n10k20n20 ;k1n1k2n2)|2

⇥d [En1(k1)+En2(k2)�En10 (k10)�En20 (k20)]. (3.90)

Summing over all spin configurations, it can be shown that the matrix element M includes a direct term
MD and an exchange term ME obtained by simply exchanging the wavevectors and the band indices of
the final states [26, Chapter 3]

|M|2 =
1
2

0

B@|MD|2 + |ME |2| {z }
unlike spin

+ |MD �ME |2| {z }
like spin

1

CA , (3.91)

with

MD =
ZZ

dr1dr2 y⇤
10(r1)y⇤

20(r2)V (r1 � r2)y1(r1)y2(r2) (3.92a)

ME =
ZZ

dr1dr2 y⇤
20(r1)y⇤

10(r2)V (r1 � r2)y1(r1)y2(r2). (3.92b)

Electrons 1 and 2 have different spin in the terms |MD|2 and | |ME |2, while they have the same spin in
|MD �ME |2. Expressing the interacting potential in Fourier series

V (r1 � r2) =
e2

4pe(q,w)

1
W Â

q

4p
q2 eiq·(r1�r2), (3.93)

and remembering the expression of the Bloch states

y(n)
k (r) =

1p
W

eik·r Â
G

u(n)
Gk eiG·r, (3.94)
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the direct matrix element MD becomes

MD = Â
G1G2G10 G20

u(n10 )⇤
G10 k10 u(n20 )⇤

G20 k20 u(n1)
G1k1

u(n2)
G2k2

1
W Â

q

e2

e(q,w)q2 (3.95)

⇥ 1
W2

ZZ
dr1dr2 ei(k1+G1�k10�G10+q)·r1ei(k2+G2�k20�G20�q)·r2

| {z }
d (k1+G1�k10�G10+q)d (k2+G2�k20�G20�q)

. (3.96)

Integration over r1 and r2 gives

MD =
1
W Â

G1G2G10 G20

u(n10 )⇤
G10 k10 u(n20 )⇤

G20 k20 u(n1)
G1k1

u(n2)
G2k2

e2

e(qD,wD)q2
D

(3.97)

⇥ d (�k10 �G10 + k1 +G1 � k20 �G20 + k2 +G2) (3.98)

where

h̄wD = En1(k1)�En10 (k10) (3.99)
qD = k10 +G10 � k1 �G1 = k20 +G20 � k2 �G2 (3.100)

are the direct energy and momentum transfer, respectively. Simular expressions hold for the exchange
matrix element ME . Integrating over the final states of the initiating particle and over the initial and final
states of the partner particle we obtain the scattering rate

Wii(k1n1) =
2p
h̄ Â

k10 n10 k20 n20 k2n2

|M(k10n10k20n20 ;k1n1k2n2)|2

⇥d [En1(k1)+En2(k2)�En10 (k10)�En20 (k20)]. (3.101)

The major difficulty in the evaluation of impact ionization matrix elements MD and ME lies in choosing
an accurate yet manageable expression for the dielectric function. In general, any external perturbation
causes not only the scattering process we are interested in, but also a many-body rearrangement of all
electrons, valence and conduction, as well as of the ions (especially if the crystal is ionic). This rear-
rangement modifies the scattering potential, so that the scattering event depends on these many-body
effects as well. Since the energy exchanged in impact ionization processes are typically much larger than
phonon energies, we consider here only the dielectric response of the valence electrons. Within the ran-
dom phase approximation (RPA), the valence band contribution to the wavevector-dependent dielectric
function takes the usual Lindhard expression [27, Chapter 4]

e(q,w) = e0 +
e2

Wq2 Â
k,c,v

|hk,c|k +q,vi|2

⇥{[Ec(k)�Ev(k +q)� h̄w � ih ]�1 +[Ec(k)�Ev(k +q)+ h̄w + ih ]�1}, (3.102)

where e0 is the permittivity of vacuum, k is summed over the first Brillouin zone, v labels the topmost
(occupied) valence bands, c labels the lowest-lying (empty) conduction bands, and h is a positive and
infinitesimally small value, which is eliminated at the end of the calculations by taking the limit h ! 0
(i.e, we are computing the principal value of the integral).

The multidimensional integration in (3.101) is performed by a Monte Carlo technique. The integral
is typically slow to converge due to the fact that only a very small fraction of randomly sampled final
state pairs satisfy the approximate energy and momentum conservation condition, especially when the
impacting vector k1 lies near the impact threshold. Fig. 3.21 presents the electron-initiated impact ion-
ization transition rate for wurtzite GaN in 3402 k-points of the irreducible wedge. A significant spread in
the value of the scattering rate at a fixed energy is evident, indicating that an energy-dependent averaging
of the scattering rate (solid line) would not properly reflect the strong k-dependence of the scattering
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Figure 3.21.: Calculated impact ionization transition rate for electrons in wurtzite GaN. Each symbol
represents the rate for a k-point corresponding to a given energy and band. Different colors
are associated to different conduction bands. The solid line is the energy averaged rate.

to the inverse recombination process. The inverse process of impact ionization si direct (i.e., phonon-
less) Auger recombination7. The matrix element is therefore exactly the same.8 Auger recombination
involves either two electrons and a hole (electron-electron-hole, eeh) or two holes and an electron (hole-
hole-electron, hhe). The eeh (hhe) recombination energy excites a second electron (hole) to a higher
state, which can be either in the same or in a higher band. The Auger rate can be computed as [31]

R = 2
2p
h̄ Â

k1n1k10 n10 k2n2k20 n20

|M(k10n10k20n20 ;k1n1k2n2)|2d [En1(k1)+En2(k2)�En10 (k10)�En20 (k20)]

⇥ f (En1(k1)) f (En2(k2))[1� f (En10 (k10))][1� f (En20 (k20))], (3.102)

where f (E) is the probability that an electron is occupying the state with energy E. (For hhe processes
f (E) is the occupation probability for a hole.) The integrals over k1, k2, k3, k4 span 12 dimensions;
the momentum-conserving d function included in the matrix element M can be used to eliminate the
integration over k2, leaving a nine-dimensional integral. For non-degenerate semiconductors, for which
Boltzmann statistics applies, the eeh Auger rate is proportional to n2 p, as the occupation probability for

7When, in 1922, Lise Meitner described radiationless transitions to explain the emission of electrons with signature energies
as a corollary of an article on nuclear physics [29], a remarkable discovery went unnoticed. The effect is known after
Pierre Auger, who independently discovered it in 1923 [30]. Auger recombination, which should have been named at least
Meitner-Auger recombination, is now at the heart of the debate concerning “droop”, the decline of the internal quantum
efficiency in GaN-based LEDs at high injection currents.

8Since impact ionization (II) and Auger (AR) are inverse microscopic processes related by the detailed balance principle, the
Auger coefficient provides qualitative information about the overall strength of the II process. A direct connection between
II and Auger coefficients (the average number of electron-hole pairs generated per unit length) cannot be made, because
both quantities depend on the carriers distribution: Auger coefficients, or equivalently the Auger lifetimes, are usually
computed assuming that the electron and hole populations are described by quasi-Fermi levels, while II coefficients are
usually evaluated in high field conditions.
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just above it are the minima at the !3
c and K points. For AlN

the lowest secondary valley is at K, followed by the valley
along the M –L segment and by the !3

c point. Table VIII
presents the values of the electron effective masses for the
second conduction band at ! , the first conduction band at L
and K, and the minimum along the M –L direction, whose
position and energy value are given in Table VII. In order to
avoid possible confusion due to different normalizations, the
position of the minimum along the M –L segment is ex-
pressed as the ratio between the distance of the minimum
from the M point and the total length of the M –L segment.
The effective mass at !3

c for all the compounds is isotropic in
the basal plane, as the electron and hole masses at !1

c , but is
one order of magnitude larger in the perpendicular direction.
Significant differences among the components of the effec-
tive mass tensor are also present at the M –L valley. Even-
tually, the nonparabolicity coefficients " have been com-
puted by fitting the conduction bands along the principal
directions up to an energy of 0.2 eV from the bottom of each
valley. The values of " corresponding to all the components
of the electron effective masses are reported in Tables IX and
VIII.

The calculated band structures for the three binary com-
pounds are presented in Figs. 5–7. The magnitude of the gap
and the correct ordering of the valence bands at ! can be
immediately noticed. The similarity of the valence bands in
all the three binaries is also evident. Although the shape is
very similar, the total width and the degeneracy at ! change.
For the first conduction band we can find similarities as well;
substantial differences become more and more evident as we
move to higher bands.

IV. CONCLUSIONS

This work presents a band structure study of GaN, AlN,
and InN based on a nonlocal pseudopotential calculation us-
ing realistic atomic effective potentials. An analytical param-
etrization for the local part of the potentials has been intro-
duced. A nonlocal correction has been included to simulate
the effect of the d electrons and the deep potential of nitro-
gen.

The key step in our procedure is the determination of the
atomic effective potentials for the constitutive elements in
the three binary compounds, GaN, AlN, and InN. The form
of these potentials is optimized through an iterative scheme
in which we recursively calculate the band structures com-
paring the calculated values of the energy gaps, bandwidths,
crystal-field splitting, effective masses, and the correct band
degeneracies to experimental and/or ab initio results. In this
way, optimized forms of the nonlocal atomic potentials can
be found that provide an excellent description of the band
structures of the binary compounds, i.e., all of the selected
quantities agree to within 3%–5% to experimental and ab
initio results. The atomic effective potentials determined in

TABLE IX. Nonparabolicity coefficients, expressed in eV!1, corresponding
to the electron effective masses at !1

c .

AlN GaN InN

!!M (m!) 0.2891 0.3772 0.5625
!!K (m!) 0.2865 0.3761 0.5617
!!A (m !) 0.2373 0.3630 0.6066

FIG. 5. Band structure of wurtzite phase AlN.

FIG. 6. Band structure of wurtzite phase GaN.

FIG. 7. Band structure of wurtzite phase InN.
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high-field path

low-field path

proaches, the overlap test57 and the velocity continuity
method10 have been used for 4H-SiC and GaN. As pointed
out by Nilsson et al.57 the overlap test approach has two
major drawbacks: it does not depend on the electric field,
i.e., it is a local formulation of the tunneling process, and it
does depend on the mesh size used to compute the overlap
itself. In order to overcame these problems, Nilsson et al.58

have employed a rigorous approach developed by Krieger
and Iafrate59 to describe the time evolution of Bloch elec-
trons. Our transport model follows the same footsteps and
treats carrier transport in the GaN full band structure by in-
cluding the Krieger–Iafrate !KI" approach within the frame-
work of ensemble FBMC.

According to the KI model, a particle moving in a sys-
tem described by a given number of bands has a finite prob-
ability of being found in each one of them. Specifically, the
time dependent amplitude probability #Cn!t"#2 of finding the
particle in band n at time t is given by the solution of a set of
coupled differential equations,60

i!
!Cn!t"

!t
= "n$k!t"%Cn!t" + eE # &

m
Xn,m$k!t"%Cn!t" ,

!10"

where "$k!t"% is the energy of the particle in band n at time t,
E is the applied electric field, and Xn,m is the band-to-band
coupling coefficient. The latter is given by the expression

Xn,m$k!t"% = − i'
$

un,k!t"
* !r""kum,k!t"!r"dr , !11"

where um,k!r" is the periodic part of the Bloch wavefunction.
As clearly indicated by Lindefelt et al.60 the evaluation of the
band-to-band coupling coefficient, and, in particular, the
choice of the wavefunction phases, is critical to obtain the
correct solution of the KI equations !10". In this work we
compute the Xn,m using the approach outlined in Ref. 60.

To illustrate the impact of the band-to-band tunneling
processes on the carrier dynamics, the time dependent prob-
ability amplitudes (#Cn,k#2) have been computed along a di-
rection in the BZ parallel to the c-axis $dashed line inside the
IW shown in the inset of Fig. 8!a"%. Figure 8!a" presents the
six uppermost valence bands calculated along the considered
direction. Because of the eigenvalue ordering resulting from
the electronic structure solver, a ballistic particle in band 4
will propagate following the path indicated by the arrow a!if
no band-to-band transitions are allowed. Although a band-to-
band transition is possible as a result of a phonon absorption,
this event has a low probability of occurring when compared
to other scattering processes. As a result, the carrier will be
mainly confined to the three uppermost valence bands !bands
4–6", with few chances to reach higher energies and impact
ionize.

The carrier dynamics picture predicted by the KI model
!10" is drastically different. Figure 8!b" presents the ampli-
tude probabilities (#Cn,k#2) as a function of the hole wave
vector, calculated for an applied electric field Ez=4MV /cm
in the aforementioned direction. As expected, a ballistic hole
propagating in band 4 will most likely follow the path indi-
cated by the arrow labeled b!as shown in Fig. 8!a". The fact

that a particle can arrive in band 2 makes it possible for it to
reach states with high enough energy to permit impact ion-
ization events to occur. This outcome has also been described
by Nilsson et al.58 for GaN and 2H-SiC. This simple ex-
ample clearly indicates that when studying high field trans-
port and impact ionization in noncubic semiconductor mate-
rial systems, the band-to-band tunneling has to be properly
taken into consideration. If this is not included, as a conse-
quence of the inability of carriers to reach high energy states
in the band structure, the impact ionization coefficients are
significantly underestimated, and the FBMC model fails to
predict the measured multiplication gain and breakdown
voltage of GaN APDs as discussed in Part II of this work.33

During the FBMC simulation, it is necessary to integrate
the KI equations !10" over each drift interval %tdrift with a
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FIG. 8. !Color online" !a" Calculated band structure for the six uppermost
valence bands in wurtzite GaN for a direction parallel to the c-axis, starting
from the point ki= !0.1,0.0289,0.1" to the point k f = !0.1,0.0289,0.523" lo-
cated at the top of the BZ. The wave vectors are in units of 2& / !a*3", where
a is the lattice constant in the xy-plane orthogonal to the c-axis. The strength
of the electric field Ez in the c-axis direction is 4.0 MV /cm. !b" Tunneling
probability for the same drift trajectory.
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(a)                    (b)

Figure 1.6.: Top panel: band structure of wurtzite phase GaN. Bottom panel: the local band structure
approximation in the case of a GaN-based solar cell (a forward-biased p-i-n junction). The
red lines represent confined levels; carrier confinement may be included in semiclassical
approaches by means of quantum corrections.

8

Figure 3.21.: Calculated impact ionization transition rate for electrons in wurtzite GaN. Each symbol
represents the rate for a k-point corresponding to a given energy and band. Different colors
are associated to different conduction bands. The solid line is the energy averaged rate.

mechanism. The anisotropy of the ionization probability may be traced back to the strong restrictions
imposed by energy and momentum conservation in the evaluation of the matrix element for a realistic
band structure.

According to the principle of detailed balance, at equilibrium, the number of carriers that appear
per unit time due to a generation process must be equal to the number of carriers that disappear due
to the inverse recombination process. The inverse process of impact ionization si direct (i.e., phonon-
less) Auger recombination7. The matrix element is therefore exactly the same.8 Auger recombination
involves either two electrons and a hole (electron-electron-hole, eeh) or two holes and an electron (hole-
hole-electron, hhe). The eeh (hhe) recombination energy excites a second electron (hole) to a higher
state, which can be either in the same or in a higher band. The Auger rate can be computed as [33]

R = 2
2p
h̄ Â

k1n1k10 n10 k2n2k20 n20

|M(k10n10k20n20 ;k1n1k2n2)|2d [En1(k1)+En2(k2)�En10 (k10)�En20 (k20)]

⇥ f (En1(k1)) f (En2(k2))[1� f (En10 (k10))][1� f (En20 (k20))], (3.103)

7When, in 1922, Lise Meitner described radiationless transitions to explain the emission of electrons with signature energies
as a corollary of an article on nuclear physics [31], a remarkable discovery went unnoticed. The effect is known after
Pierre Auger, who independently discovered it in 1923 [32]. Auger recombination, which should have been named at least
Meitner-Auger recombination, is now at the heart of the debate concerning “droop”, the decline of the internal quantum
efficiency in GaN-based LEDs at high injection currents.

8Since impact ionization (II) and Auger (AR) are inverse microscopic processes related by the detailed balance principle, the
Auger coefficient provides qualitative information about the overall strength of the II process. A direct connection between
II and Auger coefficients (the average number of electron-hole pairs generated per unit length) cannot be made, because
both quantities depend on the carriers distribution: Auger coefficients, or equivalently the Auger lifetimes, are usually
computed assuming that the electron and hole populations are described by quasi-Fermi levels, while II coefficients are
usually evaluated in high field conditions.
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FIG. 1. (Color online) Schematic diagram of (a) direct and
(b) indirect electron-electron-hole Auger recombination processes.
(a) In the direct case, an electron in the conduction band (1)
recombines with a hole in the valence band (3) while the excess
energy and momentum is transferred to a second electron (2)
that gets excited to a higher conduction-band state (4). (b) The
indirect process is assisted by a carrier-scattering mechanism, such
as electron-phonon coupling, alloy disorder, or defect scattering,
which provides additional momentum and enables Auger transitions
to a wider range of final conduction-band states throughout the first
Brillouin zone.

II. AUGER RECOMBINATION FORMALISM

A. Direct Auger recombination

The formalism for the calculation of the direct Auger re-
combination rate has been reported previously [18,19,22,45];
for completeness we provide a brief review here. The
Auger recombination rate is calculated starting from Fermi’s
golden rule, which gives the transition probability per unit
time in terms of matrix elements of the perturbation and
the quasiparticle energies. For the case of electrons and
holes in a solid, the Auger recombination rate is given
by

R = 2
2π

�
∑

1234

P |M1234|2δ(ε1 + ε2 − ε3 − ε4), (1)

where the bold indices are composite band and k-point
indices [1 ≡ (n1,k1)], the factor of 2 accounts for spin, P is a
statistics factor that accounts for the occupation numbers and
ensures that transitions occur only from occupied to empty
fermion states,

P = f1f2(1 − f3)(1 − f4),

and f are free-carrier occupation numbers according to
Fermi-Dirac statistics. The δ function ensures energy
conservation, while momentum conservation is imposed by
the matrix elements.

The perturbing Hamiltonian is the screened Coulomb
interaction between the carriers and involves two terms, the
direct and the exchange one, that account for the antisymmetry
of the many-body wave function under fermion exchange [45]:
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where the direct (Md ) and exchange (Mx) terms are given by
matrix elements of the screened Coulomb interaction
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FIG. 2. Feyman diagrams for the (a) direct and (b) exchange
terms of the Auger recombination process of Eq. (2). Diagram (a)
corresponds to the direct process shown in Fig. 1(a).

(W ) between electron and hole wave functions
(ψ):

Md
1234 ≡ 〈ψ1ψ2|W |ψ3ψ4〉, (3)

Mx
1234 ≡ 〈ψ1ψ2|W |ψ4ψ3〉, (4)

and are shown in Figs. 2(a) and 2(b), respectively. The matrix
elements of the screened Coulomb interaction are given by

〈ψ1ψ2|W |ψ3ψ4〉

=
∫∫

d r1d r2ψ
∗
1 (r1)ψ∗
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= 1
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×I1,3(G)I2,4(G′ − G), (5)

where G′ is the umklapp vector that brings k4 = k1 + k2 −
k3 + G′ back into the first Brillouin zone. Ignoring local-field
effects [46], the Fourier-transformed Coulomb interaction (W̃ )
is given by

W (r1,r2) = W (r1 − r2) ≡ 1
V

∑
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W̃ (q)eiq·(r1−r2)

= 1
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where ε(q) is the static dielectric function of the material and
λ is the inverse screening length due to the free carriers. The
overlap integrals I are given by

Iα,β(G) ≡
∑

G1

c∗
α(G1)cβ(G1 − G)

=
∫
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u∗

α(r)uβ(r)eiG·rd r, (7)

where c are the plane-wave components of the lattice-periodic
part of the Bloch functions u.

The Auger rate is then calculated using
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where 4 ≡ (n4,k1 + k2 − k3 + G′). In the remainder of this
paper, we assume an equal density of free electrons and holes
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Figure 3.22.: Band to band Auger transitions in GaAs. (a) eeh process; (b) hhe process. Electrons are
represented by closed circles, holes by open circles. Arrows indicate electron transitions.
Process (a) is the reverse of the process in Fig. 3.19. In thermal equilibrium the recombi-
nation and generation rates balance, while, away from equilibrium, the net recombination
rate is their difference. (c) Phonon-assisted eeh Auger process. The phonon relaxes energy
and momentum conservation rules and enables Auger transitions to a wider range of final
states in the Brillouin zone.

where f (E) is the probability that an electron is occupying the state with energy E. (For hhe processes
f (E) is the occupation probability for a hole.) The integrals over k1, k2, k3, k4 span 12 dimensions;
the momentum-conserving d function included in the matrix element M can be used to eliminate the
integration over k2, leaving a nine-dimensional integral. For non-degenerate semiconductors, for which
Boltzmann statistics applies, the eeh Auger rate is proportional to n2 p, as the occupation probability for
electrons (holes) is proportional to their concentration n (p). Likewise the hhe process is proportional to
p2n. Accordingly, we can define the Auger coefficients Cn, Cp

Reeh = Cnn2 p (3.104)

Rhhe = Cp p2n. (3.105)

The strong temperature dependence of direct Auger process arises from carrier distribution statistics and
momentum conservation, which leads to the well known Auger threshold condition. For the same reason,
the direct Auger rate decreases rapidly with increasing band gap. Phonon-assisted processes are similar
to the corresponding direct transitions, but one of the involved carriers also scatters with a phonon, see
Fig. 3.22c. Phonon-dressed recombination exhibits a weaker temperature dependence, since momentum
conservation is lifted at the expense of a large momentum transferred to the phonon. In wide band gap
semiconductors, due to the large threshold of Auger transitions and to the exponential behavior of the
statistical factors accounting for the occupation probability of initial and final states, indirect recombina-
tion processes dominate over direct ones. They also remain effective at low temperatures, since a thermal
phonon population is not required by phonon-emission-assisted transitions. At energies lower than the
threshold, Auger recombination is not possible without the contribution of other scattering mechanisms.
In addition to phonon-assisted Auger processes, different transitions have been considered: alloy-, trap-
assisted Auger processes, combinations of Auger and SRH processes, and more, see Fig. 3.23.

As already mentioned in footnote 7, Auger recombination is one of the most debated mechanisms in-
voked as a possible origin of the efficiency droop affecting nitride-based light-emitting diodes (LEDs) at
high injection currents, see Fig. 3.24. A great deal of effort has been put in the analysis of the efficiency
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with ψe,h the wavefunctions and ce,h the capture cross-sections for
electrons/holes. As shown in Ref. 54, this formula effectively leads
to a power-law dependence of A with the wavefunction overlap, and
hence with B (with an exponent which depends on the properties of
the SRH defect and can take values close to unity, consistent with the
experimental observations of Fig. 7a).

The overlap-dependence of SRH recombinations has important im-
plications. In particular, the value of A cannot simply be taken as a
proxy for defect density, since overlap can affect it by orders of mag-
nitude for a given defect density. This also means that it is difficult
to compare values of A across samples with different QW designs. In
addition, it follows from Eq. 6 that the SRH rate is dominated by the
contribution at a position where the product ψeψh is maximal, which
occurs close to the middle of the QW – in contrast to the common be-
lief that SRH recombinations may take place at defective QW/barrier
interfaces. Note that, in addition, SRH transitions between adjacent
QWs may occur in structures with thin QW barriers.

Besides the overlap-dependence of SRH recombinations, the na-
ture of the defects causing such recombinations is of utmost interest.
The effect of threading dislocations has often been discussed, with
studies concluding that they should not dominate the SRH rate once
their density is below ∼108 cm−2 (a condition which is met in high-
quality GaN LEDs),57 because the lateral diffusion length of carriers
in InGaN QWs (on the order of 100 nm) makes capture by dislocations
unlikely. Other extended defects (e.g. misfit dislocations) are strongly
deleterious for IQE, but are not usually found in high-quality LEDs.

In addition to extended defects, there is clear indication that the IQE
remains limited by point defects, whose signature can be observed in
deep-level optical spectroscopy.58 It has long been known empirically
that the introduction of an InGaN underlayer (UL) beneath the active
region has a strong beneficial effect on IQE – ULs are commonplace
in commercial LEDs, either as a continuous InGaN layer or as an In-
GaN/GaN superlattice. The physics behind this beneficial effect were
only investigated more recently. Ref. 59 showed that the UL reduces
the non-radiative carrier lifetime, and Refs. 60,61 proved that the UL
acts by burying point defects. The specific identification of the point
defects causing SRH recombinations remains an open question. A few
studies have pointed to the deleterious role of specific extrinsic defects
(e.g. calcium in low-IQE MBE samples);62 however, there is no simi-
lar evidence that a specific species dominates SRH recombination in
high-quality MOCVD samples. It has also been argued that SRH re-
combinations may chiefly be caused by intrinsic defects, in particular
vacancies and vacancy complexes; this line of thinking has received
suggestive evidence recently.60,61

Work is also ongoing on the theoretical front to identify possible
candidates for SRH centers – especially from ab-initio modeling.63,64

Importantly, the expected mechanism for dissipating energy is multi-
phonon emission; for large-bandgap III-nitride emitters, this requires
the emission of ten phonons or more, making such a process generally
unlikely. Therefore, for any defect to cause significant SRH recom-
bination, it must display a strong carrier-phonon coupling constant.
A value of S�ω of ∼1 eV (with S the Huang-Rhys factor and ω the
phonon frequency) fits the data of Fig. 7 – however, it is as-yet unclear
what specific defects could provide such coupling.

Finally, it has been proposed that low-current recombinations,
rather than consisting of two successive multiphonon-emission steps,
might in fact be caused by a multiphonon step and an Auger scattering
event to the defect level (with the former step being rate-limiting, to re-
tain a linear carrier dependence), as sketched in Fig. 8e. Investigations
of this hypothesis are ongoing.65

Droop and Auger recombination.—Efficiency droop refers to the
non-thermal reduction in IQE at high current density. The mechanism
underlying droop was a topic of particular contention for many years.
It is now generally accepted that Auger scattering plays a large role
in causing droop. As previously discussed, this is compatible with
basic experimental data, since an ABC fit (with C identified as an
Auger coefficient) can match LED IQE curves reasonably well. This
observation alone, however, is inconclusive, as IQE curves can also

Figure 8. Simplified diagrams for non-radiative scattering processes. (a) SRH
recombination consisting of two multiphonon-recombination events. (b) Direct
eeh Auger scattering. (c) Alloy-assisted Auger scattering in InGaN, where com-
position fluctuations create multiple sub-bands. (d) Two trap-assisted Auger
processes, where both an electron and a hole are captured by a trap. (e) Combi-
nation of a trap-assisted process and an SRH process. (f) Virtual trap-assisted
Auger process, where the defect acts as a virtual state. For each process, the
corresponding rate is indicated, as well as its simplified behavior (if any) when
n = p. Here cn,p are the SRH capture coefficients (in cm3s−1), Cn,p are the
Auger coefficients (in cm6s−1) and Nt is the trap density.

be fitted with other models.66,67 A convincing argument for Auger
scattering was built over time, upon consistent evidence from various
investigations, including:

• Proof that droop is a phenomenon intrinsic to the active region,
present even under PL excitation and thus not caused primarily by
carrier leakage.68 From this work, there is compelling evidence that
the majority of droop comes from an intrinsic effect in high-quality
LEDs; however, an additional contribution from transport effect can-
not be excluded in some structures (e.g. tunneling leakage due to de-
fects) or at high temperature (as discussed in the section on radiative
recombinations).

• Lifetime measurements confirming the roughly-n3 carrier depen-
dence of droop.17,40 This observation, which requires a proper estimate
of n, is an important test: in contrast to a simple phenomenological fit
by the ABC model, it explicitly shows that the carrier-dependence is
that of an Auger process.

• The observation of ‘hot’ Auger carriers by electron
spectroscopy.69 These measurements are a crucial observation;
although they are not fully quantitative, they provide explicit evidence
of the existence of an Auger process.

• Theoretical predictions with good match to experimental data.70

Various models have been investigated; to date, the most compelling
work points to indirect Auger scattering (enhanced by phonon emis-
sion and alloy disorder) as the likeliest underlying process.

In recent years, the cumulative evidence from these various argu-
ments has led many in the III-nitride community to consider interband
Auger scattering as a primary explanation for efficiency droop. De-
spite this relative consensus, some aspects have remained unclear –
such as the large scatter in reported C coefficients across literature.

Recently however, we reported a surprising result: droop consists of
two distinct contributions, which were previously not distinguished.71

One is an intrinsic process, whose magnitude is determined by the ac-
tive region structure, and is most likely caused by an interband Auger
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Figure 3.23.: Simplified diagrams for non-radiative scattering processes. (a) SRH recombination con-
sisting of two multiphonon-recombination events. (b) Direct eeh Auger scattering. (c)
Alloy-assisted Auger scattering, where composition fluctuations create multiple subbands.
(d) Two trap-assisted Auger processes, where both an electron and a hole are captured by
a trap. (e) Combination of a trap-assisted process and an SRH process. (f) Virtual trap-
assisted Auger process, where the dfect acts as a virtual state. For each process, the corre-
sponding rate is indicated, as well as its simplified behavior (if any) when n = p. Here cn,p
are the SRH capture coefficients (in cm3s�1), Cn,p are the Auger coefficients (in cm6s�1)
and Nt is the trap density. Reproduced from: Review – The Physics of Recombinations in
III-Nitride Emitters, ECS Journal of Solid State Science and Technology, 2020 9 016021.
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with ψe,h the wavefunctions and ce,h the capture cross-sections for
electrons/holes. As shown in Ref. 54, this formula effectively leads
to a power-law dependence of A with the wavefunction overlap, and
hence with B (with an exponent which depends on the properties of
the SRH defect and can take values close to unity, consistent with the
experimental observations of Fig. 7a).

The overlap-dependence of SRH recombinations has important im-
plications. In particular, the value of A cannot simply be taken as a
proxy for defect density, since overlap can affect it by orders of mag-
nitude for a given defect density. This also means that it is difficult
to compare values of A across samples with different QW designs. In
addition, it follows from Eq. 6 that the SRH rate is dominated by the
contribution at a position where the product ψeψh is maximal, which
occurs close to the middle of the QW – in contrast to the common be-
lief that SRH recombinations may take place at defective QW/barrier
interfaces. Note that, in addition, SRH transitions between adjacent
QWs may occur in structures with thin QW barriers.

Besides the overlap-dependence of SRH recombinations, the na-
ture of the defects causing such recombinations is of utmost interest.
The effect of threading dislocations has often been discussed, with
studies concluding that they should not dominate the SRH rate once
their density is below ∼108 cm−2 (a condition which is met in high-
quality GaN LEDs),57 because the lateral diffusion length of carriers
in InGaN QWs (on the order of 100 nm) makes capture by dislocations
unlikely. Other extended defects (e.g. misfit dislocations) are strongly
deleterious for IQE, but are not usually found in high-quality LEDs.

In addition to extended defects, there is clear indication that the IQE
remains limited by point defects, whose signature can be observed in
deep-level optical spectroscopy.58 It has long been known empirically
that the introduction of an InGaN underlayer (UL) beneath the active
region has a strong beneficial effect on IQE – ULs are commonplace
in commercial LEDs, either as a continuous InGaN layer or as an In-
GaN/GaN superlattice. The physics behind this beneficial effect were
only investigated more recently. Ref. 59 showed that the UL reduces
the non-radiative carrier lifetime, and Refs. 60,61 proved that the UL
acts by burying point defects. The specific identification of the point
defects causing SRH recombinations remains an open question. A few
studies have pointed to the deleterious role of specific extrinsic defects
(e.g. calcium in low-IQE MBE samples);62 however, there is no simi-
lar evidence that a specific species dominates SRH recombination in
high-quality MOCVD samples. It has also been argued that SRH re-
combinations may chiefly be caused by intrinsic defects, in particular
vacancies and vacancy complexes; this line of thinking has received
suggestive evidence recently.60,61

Work is also ongoing on the theoretical front to identify possible
candidates for SRH centers – especially from ab-initio modeling.63,64

Importantly, the expected mechanism for dissipating energy is multi-
phonon emission; for large-bandgap III-nitride emitters, this requires
the emission of ten phonons or more, making such a process generally
unlikely. Therefore, for any defect to cause significant SRH recom-
bination, it must display a strong carrier-phonon coupling constant.
A value of S�ω of ∼1 eV (with S the Huang-Rhys factor and ω the
phonon frequency) fits the data of Fig. 7 – however, it is as-yet unclear
what specific defects could provide such coupling.

Finally, it has been proposed that low-current recombinations,
rather than consisting of two successive multiphonon-emission steps,
might in fact be caused by a multiphonon step and an Auger scattering
event to the defect level (with the former step being rate-limiting, to re-
tain a linear carrier dependence), as sketched in Fig. 8e. Investigations
of this hypothesis are ongoing.65

Droop and Auger recombination.—Efficiency droop refers to the
non-thermal reduction in IQE at high current density. The mechanism
underlying droop was a topic of particular contention for many years.
It is now generally accepted that Auger scattering plays a large role
in causing droop. As previously discussed, this is compatible with
basic experimental data, since an ABC fit (with C identified as an
Auger coefficient) can match LED IQE curves reasonably well. This
observation alone, however, is inconclusive, as IQE curves can also

Figure 8. Simplified diagrams for non-radiative scattering processes. (a) SRH
recombination consisting of two multiphonon-recombination events. (b) Direct
eeh Auger scattering. (c) Alloy-assisted Auger scattering in InGaN, where com-
position fluctuations create multiple sub-bands. (d) Two trap-assisted Auger
processes, where both an electron and a hole are captured by a trap. (e) Combi-
nation of a trap-assisted process and an SRH process. (f) Virtual trap-assisted
Auger process, where the defect acts as a virtual state. For each process, the
corresponding rate is indicated, as well as its simplified behavior (if any) when
n = p. Here cn,p are the SRH capture coefficients (in cm3s−1), Cn,p are the
Auger coefficients (in cm6s−1) and Nt is the trap density.

be fitted with other models.66,67 A convincing argument for Auger
scattering was built over time, upon consistent evidence from various
investigations, including:

• Proof that droop is a phenomenon intrinsic to the active region,
present even under PL excitation and thus not caused primarily by
carrier leakage.68 From this work, there is compelling evidence that
the majority of droop comes from an intrinsic effect in high-quality
LEDs; however, an additional contribution from transport effect can-
not be excluded in some structures (e.g. tunneling leakage due to de-
fects) or at high temperature (as discussed in the section on radiative
recombinations).

• Lifetime measurements confirming the roughly-n3 carrier depen-
dence of droop.17,40 This observation, which requires a proper estimate
of n, is an important test: in contrast to a simple phenomenological fit
by the ABC model, it explicitly shows that the carrier-dependence is
that of an Auger process.

• The observation of ‘hot’ Auger carriers by electron
spectroscopy.69 These measurements are a crucial observation;
although they are not fully quantitative, they provide explicit evidence
of the existence of an Auger process.

• Theoretical predictions with good match to experimental data.70

Various models have been investigated; to date, the most compelling
work points to indirect Auger scattering (enhanced by phonon emis-
sion and alloy disorder) as the likeliest underlying process.

In recent years, the cumulative evidence from these various argu-
ments has led many in the III-nitride community to consider interband
Auger scattering as a primary explanation for efficiency droop. De-
spite this relative consensus, some aspects have remained unclear –
such as the large scatter in reported C coefficients across literature.

Recently however, we reported a surprising result: droop consists of
two distinct contributions, which were previously not distinguished.71

One is an intrinsic process, whose magnitude is determined by the ac-
tive region structure, and is most likely caused by an interband Auger
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Figure 3.23.: Simplified diagrams for non-radiative scattering processes. (a) SRH recombination con-
sisting of two multiphonon-recombination events. (b) Direct eeh Auger scattering. (c)
Alloy-assisted Auger scattering, where composition fluctuations create multiple subbands.
(d) Two trap-assisted Auger processes, where both an electron and a hole are captured by
a trap. (e) Combination of a trap-assisted process and an SRH process. (f) Virtual trap-
assisted Auger process, where the dfect acts as a virtual state. For each process, the corre-
sponding rate is indicated, as well as its simplified behavior (if any) when n = p. Here cn,p
are the SRH capture coefficients (in cm3s�1), Cn,p are the Auger coefficients (in cm6s�1)
and Nt is the trap density. Reproduced from: Review – The Physics of Recombinations in
III-Nitride Emitters, ECS Journal of Solid State Science and Technology, 2020 9 016021.
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Figure 3.23.: Simplified diagrams for non-radiative scattering processes. (a) SRH recombination con-
sisting of two multiphonon-recombination events. (b) Direct eeh Auger scattering. (c)
Alloy-assisted Auger scattering, where composition fluctuations create multiple subbands.
(d) Two trap-assisted Auger processes, where both an electron and a hole are captured by
a trap. (e) Combination of a trap-assisted process and an SRH process. Reproduced from
[28].

droop, the decrease in LED internal quantum efficiency (IQE) induced by high current density. Only
a fraction of the electrons crossing the junction are effectively captured by the quantum well. The re-
maining part can transfer to the p-side either via leakage through/over the EBL or through defect-related
paths, depending on the current level and on device structure. At low current densities, Shockley-Read-
Hall recombination plays the strongest role: the presence of defects within the active region can promote
defect-assisted non-radiative recombination, thus leading to a decrease in the internal quantum efficiency.
In the quantum well, the energy levels are quantized, and electrons mostly reside in the ground state, but
a part of the carriers may have enough energy to escape from the active region. The parameter that
controls the escape is the conduction/valence band discontinuity DEC and DEV , see Fig. 3.25. Auger re-
combination may also contribute to carrier overflow. In fact, Auger-generated electrons have a significant
probability of leaking above the EBL, and reaching the extra quantum well located on the p-side. An IQE
decrease is observed also for increasing temperature, a phenomenon usually referred to as thermal droop.
For commercial LEDs, the IQE decrease related to thermal droop can be comparable to that of efficiency
droop. The analysis of the underlying processes is not straightforward, since both recombination-related
processes (e.g. changes in the recombination coefficients) and transport-related phenomena (including
carrier delocalization and escape) can contribute. In the Quixotic search for experimental evidence of
Auger losses, two notable experiments should be mentioned, see Figs. 3.26 and 3.27.
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Figure 3.24.: Schematic band diagram of a single quantum well GaN LED, indicating the dominant loss
mechanisms that limit the internal quantum efficiency: SRH recombination, Auger recom-
bination, carrier leakage.
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Figure 3.25.: Schematic band diagram of a single quantum well GaN LED, focusing on the carrier injec-
tion and escape processes.
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the same as that of electrons at the LED-vacuum interface. Measuring the energy of these electrons should then give 
evidence of the Auger process, provided that some Auger electrons reaching the surface sustain a significant fraction of 
their high initial kinetic energy. The knowledge of the absolute electron energies in the semiconductor are essential to the 
interpretation of the observations. In our experiment, energies are measured against the work function of the Faraday cup 
of the energy analyzer.  The energy calibration has been verified by measurements in the same setup of the well-known 
photoemission spectra of Au and GaAs. 
 

    
Figure 3.  Schematics of the experimental setup: electrons are ejected into vacuum from a forward-biased LED. The kinetic 
energy of the electrons is analyzed in a cylindrical electrostatic deflector. On the right, photograph of the biased LED, 
emitting blue photons and electrons (not seen!) in the UHV chamber (Photo credit: P. Lavialle, Ecole Polytechnique). 

 

 
Figure 4.  Schematics of the emission of electrons from a LED in vacuum: electrons originate from the active region, the 
quantum  well  (marked  QW),  with  some  high  energy  (“hot”)  electrons  generated  by  the  Auger  effect.  They  give  rise to high 
energy peaks in the energy distribution of electrons emitted in vacuum. Thanks to negative electron affinity (NEA) of the 
surface due to Cesium deposition, electrons with energy below the bulk CB minimum can be observed, for example due to 
energy relaxation in the band-bending region (BBR), as long as their energy is above the vacuum level. 

 
When injecting a current above 1 mA (J = 0.5 A/cm2) in the LED, we could observe the appearance of high-energy peaks 
in the electron distributions emitted in vacuum (Fig. 5). Let us summarize these EE spectroscopy results, deferring for 
more details to the original paper10. The electron emission spectra exhibit two distinct contributions. At current below 1 
mA, corresponding to a current density of  0.5 A/cm2, a single low-energy emission peak was observed and corresponds 
to photoemission due to the LED emitted blue light. We make this assignment for three reasons: (i) This low-energy 
peak lies significantly below the CB minimum in the bulk. If it were originating from electrons injected from the           
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The undoped PL samples were grown in c-direction on
sapphire substrates by metal-organic vapour phase epitaxy.
The deposition started with a low-temperature GaN nuclea-
tion layer followed by a 4 lm thick GaN buffer. Next, the
active region, differing in design for 3 different samples, was
grown (see Fig. 1). Sample G þ UV consists of five green
and five UV QWs in alternating order. The two reference
samples composed solely of green (sample G) and UV (sam-
ple UV) quantum wells, respectively. 006-reflex XRD meas-
urements were carried out on all samples, yielding distinct
peaks suggesting good material quality. By comparing these
measurements with XRD-simulations, the indium content of
the green and UV ðInxGa1#xÞN based QW-layers was deter-
mined to be 22% and 10%, respectively. To suppress the
escape of carriers from the (GaIn)N QWs by tunnel proc-
esses or carrier spill-over, all QW layers were spatially sepa-
rated by 7 nm thick ðAl0:2Ga0:8ÞN barriers. Epitaxial growth
was concluded with a 5 nm GaN cap.

Optical characterization was performed in a helium
closed cycle cryostat. To ensure low thermal resistance, all
samples were glued on a copper cooling finger using conduc-
tive silver paste. Photoluminescence measurements were car-
ried out on all samples at 12 K using two different excitation
sources. First, the emission spectra of all samples were meas-
ured using a HeCd-laser emitting at 325 nm with an excita-
tion density of %50 W=mm2 (see Fig. 2). As expected from
the epitaxial designs, two (GaIn)N-related peaks are present
in the emission spectrum of sample G þ UV, while only sin-
gle peaks are observed in sample G and sample UV.
Whereas the peak intensity of the emission originating from
the UV wells is at 390 nm, the green quantum wells exhibit a
broader emission centered at 540 nm. Considering the similar
luminescence of the respective QWs, samples G and UV are
suitable references.

In order to demonstrate the existence of hot electrons
and holes originating from Auger recombination via ultra-
violet luminescence, we excited only the green QWs using a
high power blue diode laser. With an output power of
P450 nm ¼ 1:2 W and emission wavelength of 450 nm at a
driving current of 1 A, charge carrier densities similar to
those generated in electrically driven LEDs are achieved.19

To prevent resonant excitation of UV QWs, a long pass filter
was mounted in front of the laser diode, blocking the short-

wavelength spontaneous emission of the excitation source.
Furthermore, the whole setup was optimized to minimize
stray light. A notch filter in front of the spectrometer was uti-
lized to block the main emission of the excitation laser. The
resulting residual spectrum, depicted as “laser”, is shown in
Fig. 3 along with measured PL spectra of the different sam-
ples. While the luminescence in the regions marked with
NPh

UV and NPh
green can be ascribed to the respective QWs, the

spectral range from 420 nm to 500 nm is dominated by rem-
nant spontaneous and stimulated emission of the laser diode.
In accordance to the mechanism described in Fig. 1 for sam-
ple G þ UV, besides luminescence of the green QWs, a
strong UV signal similar to the emission spectrum upon
325 nm excitation of the UV QWs can be observed, indicat-
ing the generation of hot charge carriers due to Auger
recombination.

However, one might argue that UV emission can be
caused by other effects, such as V-Pits in the green QWs,
thermal or surface potential effects as well as direct two-
photon absorption. Another possible mechanism generating
hot charge carriers, hence another possible origin for the UV
luminescence, may be free carrier absorption20 of the

FIG. 1. Schematic drawing of the band structure of sample G þ UV. Ultra-
violet quantum wells are used to capture hot charge carriers generated by
Auger processes in the green wells. Luminescence originating from the UV
wells therefore visualizes Auger recombination in the green wells.

FIG. 2. Photoluminescence spectra of samples G þ UV, G, and UV at 12 K
under excitation with a wavelength of 325 nm.

FIG. 3. Photoluminescence spectra of samples G þ UV, G, and UV at 12 K
under excitation with a wavelength of 450 nm.
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Figure 3.26.: A spectroscopic study of the electrons emitted from the p-cap of a forward-biased GaN-
based LED, revealed a high-energy peak, attributed to hot electrons generated by Auger
recombination in the active region and supposedly thermalized at the bottom of a satellite
valley in GaN [29].
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the same as that of electrons at the LED-vacuum interface. Measuring the energy of these electrons should then give 
evidence of the Auger process, provided that some Auger electrons reaching the surface sustain a significant fraction of 
their high initial kinetic energy. The knowledge of the absolute electron energies in the semiconductor are essential to the 
interpretation of the observations. In our experiment, energies are measured against the work function of the Faraday cup 
of the energy analyzer.  The energy calibration has been verified by measurements in the same setup of the well-known 
photoemission spectra of Au and GaAs. 
 

    
Figure 3.  Schematics of the experimental setup: electrons are ejected into vacuum from a forward-biased LED. The kinetic 
energy of the electrons is analyzed in a cylindrical electrostatic deflector. On the right, photograph of the biased LED, 
emitting blue photons and electrons (not seen!) in the UHV chamber (Photo credit: P. Lavialle, Ecole Polytechnique). 

 

 
Figure 4.  Schematics of the emission of electrons from a LED in vacuum: electrons originate from the active region, the 
quantum  well  (marked  QW),  with  some  high  energy  (“hot”)  electrons  generated  by  the  Auger  effect.  They  give  rise to high 
energy peaks in the energy distribution of electrons emitted in vacuum. Thanks to negative electron affinity (NEA) of the 
surface due to Cesium deposition, electrons with energy below the bulk CB minimum can be observed, for example due to 
energy relaxation in the band-bending region (BBR), as long as their energy is above the vacuum level. 

 
When injecting a current above 1 mA (J = 0.5 A/cm2) in the LED, we could observe the appearance of high-energy peaks 
in the electron distributions emitted in vacuum (Fig. 5). Let us summarize these EE spectroscopy results, deferring for 
more details to the original paper10. The electron emission spectra exhibit two distinct contributions. At current below 1 
mA, corresponding to a current density of  0.5 A/cm2, a single low-energy emission peak was observed and corresponds 
to photoemission due to the LED emitted blue light. We make this assignment for three reasons: (i) This low-energy 
peak lies significantly below the CB minimum in the bulk. If it were originating from electrons injected from the           
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The undoped PL samples were grown in c-direction on
sapphire substrates by metal-organic vapour phase epitaxy.
The deposition started with a low-temperature GaN nuclea-
tion layer followed by a 4 lm thick GaN buffer. Next, the
active region, differing in design for 3 different samples, was
grown (see Fig. 1). Sample G þ UV consists of five green
and five UV QWs in alternating order. The two reference
samples composed solely of green (sample G) and UV (sam-
ple UV) quantum wells, respectively. 006-reflex XRD meas-
urements were carried out on all samples, yielding distinct
peaks suggesting good material quality. By comparing these
measurements with XRD-simulations, the indium content of
the green and UV ðInxGa1#xÞN based QW-layers was deter-
mined to be 22% and 10%, respectively. To suppress the
escape of carriers from the (GaIn)N QWs by tunnel proc-
esses or carrier spill-over, all QW layers were spatially sepa-
rated by 7 nm thick ðAl0:2Ga0:8ÞN barriers. Epitaxial growth
was concluded with a 5 nm GaN cap.

Optical characterization was performed in a helium
closed cycle cryostat. To ensure low thermal resistance, all
samples were glued on a copper cooling finger using conduc-
tive silver paste. Photoluminescence measurements were car-
ried out on all samples at 12 K using two different excitation
sources. First, the emission spectra of all samples were meas-
ured using a HeCd-laser emitting at 325 nm with an excita-
tion density of %50 W=mm2 (see Fig. 2). As expected from
the epitaxial designs, two (GaIn)N-related peaks are present
in the emission spectrum of sample G þ UV, while only sin-
gle peaks are observed in sample G and sample UV.
Whereas the peak intensity of the emission originating from
the UV wells is at 390 nm, the green quantum wells exhibit a
broader emission centered at 540 nm. Considering the similar
luminescence of the respective QWs, samples G and UV are
suitable references.

In order to demonstrate the existence of hot electrons
and holes originating from Auger recombination via ultra-
violet luminescence, we excited only the green QWs using a
high power blue diode laser. With an output power of
P450 nm ¼ 1:2 W and emission wavelength of 450 nm at a
driving current of 1 A, charge carrier densities similar to
those generated in electrically driven LEDs are achieved.19

To prevent resonant excitation of UV QWs, a long pass filter
was mounted in front of the laser diode, blocking the short-

wavelength spontaneous emission of the excitation source.
Furthermore, the whole setup was optimized to minimize
stray light. A notch filter in front of the spectrometer was uti-
lized to block the main emission of the excitation laser. The
resulting residual spectrum, depicted as “laser”, is shown in
Fig. 3 along with measured PL spectra of the different sam-
ples. While the luminescence in the regions marked with
NPh

UV and NPh
green can be ascribed to the respective QWs, the

spectral range from 420 nm to 500 nm is dominated by rem-
nant spontaneous and stimulated emission of the laser diode.
In accordance to the mechanism described in Fig. 1 for sam-
ple G þ UV, besides luminescence of the green QWs, a
strong UV signal similar to the emission spectrum upon
325 nm excitation of the UV QWs can be observed, indicat-
ing the generation of hot charge carriers due to Auger
recombination.

However, one might argue that UV emission can be
caused by other effects, such as V-Pits in the green QWs,
thermal or surface potential effects as well as direct two-
photon absorption. Another possible mechanism generating
hot charge carriers, hence another possible origin for the UV
luminescence, may be free carrier absorption20 of the

FIG. 1. Schematic drawing of the band structure of sample G þ UV. Ultra-
violet quantum wells are used to capture hot charge carriers generated by
Auger processes in the green wells. Luminescence originating from the UV
wells therefore visualizes Auger recombination in the green wells.

FIG. 2. Photoluminescence spectra of samples G þ UV, G, and UV at 12 K
under excitation with a wavelength of 325 nm.

FIG. 3. Photoluminescence spectra of samples G þ UV, G, and UV at 12 K
under excitation with a wavelength of 450 nm.
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(a)

(b)
Figure 3.27.: A test structure composed of alternating ultraviolet (UV) and green quantum wells was

optically pumped into droop regime using a blue high-power laser source. By optically
pumping solely the green QWs using a blue emitting high power laser diode, carrier den-
sities similar to electrical LED operation were achieved, circumventing possible leakage
and injection effects. Luminescence from the UV QWs was observed for excitation where
the emission from the green QWs showed significant droop, giving direct evidence for hot
electrons and holes, promoted to higher energies by Auger transitions, escaping the green
QWs and subsequently captured by the UV QWs [30].
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4. Solving the Boltzmann equation

4.1. Linear transport: relaxation time approximation

The scattering rate for an electron in a well-defined state is virtually never directly observable. In almost
all situations in practice, what is within the reach of experiments are phenomenological quantities such
as mobility and diffusion coefficients, which are only indirectly related to the scattering rates. These
quantities are properties of a population of electrons rather than of a single electron.

When an electric field is applied to a semiconductor material, charge carriers are accelerated along the
force direction, while, at the same time, collisions tend to restore the equilibrium momentum distribu-
tion. A stationary situation is set up where the distribution function in k-space is shifted along the force
direction, resulting in a current proportional to the displacement along the electric field direction, see
Fig. 4.1. If the applied fields are sufficiently weak, the system is only slightly out of equilibrium, and the
BTE can be linearized with respect to the external fields by means of linear response theory. Let’s write
the carrier distribution function as the sum of its equilibrium Fermi distribution f0(k), plus the first-order
(w/r/t the electric field E ) term f 1(k) ·E

f (k) = f0(k)+ f 1(k) ·E . (4.1)

In stationary and homogeneous conditions, i.e., when the distribution function and the scattering mech-
anisms are independent of position and time, the BTE (1.1) simplifies to

◆
◆◆∂ f

∂ t
+

�
�

��v ·—r f
| {z }
diffusion

+
1
h̄

F ·—k f
| {z }

drift

=
∂ f
∂ t

����
coll.

(4.2)

Insertion of the ansatz (4.1) leads to

�eE
h̄

·—k[ f0(k)+ f 1(k) ·E ] = Â
k0

{ [ f0(k0)+ f 1(k
0) ·E ]S(k0,k) [1� f0(k)� f 1(k) ·E ]

�[ f0(k)+ f 1(k) ·E ]S(k,k0) [1� f0(k0)� f 1(k
0) ·E ] } . (4.3)

In equilibrium conditions, without external forces (E = 0), the BTE simplifies to

Â
k0

�
f0(k0)S(k0,k) [1� f0(k)] � f0(k)S(k,k0) [1� f0(k0)] } = 0. (4.4)

So, zero-order terms cancel for the equilibrium condition. Neglecting second-order terms, we are left
with

�eE
h̄

·—k f0(k) = Â
k0

{ [f 1(k
0) ·E ] S(k0,k) [1� f0(k)] � f0(k0) S(k0,k) f 1(k) ·E

�[f 1(k) ·E ] S(k,k0) [1� f0(k0)] + f0(k) S(k,k0) [f 1(k
0) ·E ] } (4.5)

The detailed-balance principle states that the integral in (4.4) is zero because the integrand itself is zero,
i.e., each transition occurs, at equilibrium, with the same frequency as the opposite transition:

f0(k0)S(k0,k) [1� f0(k)] = f0(k)S(k,k0) [1� f0(k0)]. (4.6)
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226 6 Electron–Phonon Interaction and Electron Transport

to as mobility and conductivity hereafter, respectively, unless otherwise spec-
ified) are calculated as follows. In the presence of an electric field applied in
the x direction, we may write Fx = �eEx; (6.84) and (6.93) then give the
following relation:

f(k) = f0(k) + eEx�vx
�f0

�E . (6.97)

Therefore the current density in the x direction is given by

Jx =
2

(2�)3

Z
(�e)vxf(k)d3k

= � e

4�3

Z
vxf0(k)d3k � e2Ex

4�3

Z
�v2

x
�f0

�E d3k , (6.98)

where the factor 2 arises from the spin degeneracy and vx = �kx/m�. The
function f0(k) is given by the Fermi (or Fermi–Dirac) distribution function
or the Boltzmann distribution function, which is a function of the electron
energy E(k). Since E is an even function of k, vxf0(k) is an odd function of
vx. Since integration with respect to dkx ranges from �� to +�, the first
term on the right hand side becomes zero, and only the second term remains,
resulting in

Jx = �e2Ex

4�3

Z
�v2

x
�f

�E d3k . (6.99)

This result is interpreted with the help of Fig. 6.6. In the absence of an electric
field, the distribution function of the thermal equilibrium state is isotropic in k
space and thus the current in any direction has the same magnitude, resulting
in mutual cancellation and hence in zero current. In the presence of an applied
electric field, the distribution function is given by f = f0 +f1 and is displaced
by f1 in the electric field direction, resulting in a current proportional to the
displacement along the electric field direction. Using the electron density n
given by

k x

k y

Fig. 6.6. Change in the distribution function under an applied electric field. The
distribution function in k space is slightly displaced along the field directionFigure 4.1.: Change in the distribution function under an applied electric field. In the absence of an

electric field, the distribution function of the thermal equilibrium state (solid line) is isotropic
in momentum space and thus the current in any direction has the same magnitude, resulting
in mutual cancellation and hence zero current. In the presence of an applied electric field, the
distribution function is given by f (k) = f0(k)+ f 1(k) ·E (dashed line) and is displaced by
f 1(k) ·E in the electric field direction, resulting in a current proportional to the displacement
along the electric field direction. Reproduced from [34].

With the explicit form of the Fermi distribution

f0(k) =
1

eb (Ek�µ) +1
, (4.7)

the ratio between a transition probability and the probability of the opposite transition is given by the
Boltzmann factor of their energy difference

S(k,k0)

S(k0,k)
=

f0(k0)[1� f0(k)]
f0(k)[1� f0(k0)]

= e�b (Ek0�Ek), (4.8)

where b = 1/kBT . By using the detailed-balance expression (4.8), the linearized BTE (4.5) becomes

�eE
h̄

·—k f0(k) = Â
k0

{ f 1(k
0) ·E S(k,k0) [(1� f0(k))eb (Ek0�Ek) + f0(k)]

�f 1(k) ·E S(k,k0) [(1� f0(k0))+ f0(k0)eb (Ek0�Ek) } (4.9)

Analytical solutions are possible if collision integral in the the r.h.s. of (4.9) can be written in a form
known as relaxation time approximation

∂ f
∂ t

����
coll.

= � f (k)� f0(k)
t(k)

, (4.10)

which describes in a phenomenological way the relaxation of the system towards the equilibrium distribu-
tion. A relaxation time t(k) can be rigorously defined in two cases: (1) velocity randomizing (isotropic)
scattering processes and (2) elastic scattering processes

1. Collisions are velocity randomizing when the final state of the collision is equally probable with
respect to the final state with opposite velocity (deformation potential scattering belongs to this
category). Then, time reversal symmetry (opposite velocities correspond to opposite wavevectors)
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implies S(k,k0) = S(k,�k0), and f 1(k
0) = �f 1(�k0), since f 1 is proportional to E (opposite electric

fields correspond to opposite wavevectors). So, the integral in the first line of (4.9)

�eE
h̄

·—k f0(k) = Â
k0

{ f 1(k
0) ·E S(k,k0) [(1� f0(k))eb (Ek0�Ek) + f0(k)]

| {z }
=0

�f 1(k) ·E S(k,k0) [(1� f0(k0))+ f0(k0)eb (Ek0�Ek)] } (4.11)

is zero since the integrand is an odd function of k0, and we can write

�eE
h̄

·—k f0(k) = �
f 1(k) ·E

t(k)
, (4.12)

where t(k) is a wavevector-dependent momentum relaxation time1 given by

1
t(k)

= Â
k0

n
S(k,k0)[(1� f0(k0))+ f0(k0)eb (Ek0�Ek)]

o
. (4.13)

For nondegenerate statistics, when f0(k0) ⌧ 1, the above reduces to

1
t(k)

= Â
k0

S(k,k0) ⌘ W (Ek), (4.14)

which has a simple physical interpretation: when the scattering probability is the same for oppo-
site velocities of the state after scattering, at each collision the electron momentum is completely
dissipated, in average, and the momentum relaxation time coincides with the inverse scattering
rate.

2. The collision is elastic when initial and final energies are the same (impurity scattering belongs
to this category). Following a similar procedure, it can be shown that (q is the scattering angle
between k and k0, see Fig. 3.3)

1
t(k)

= Â
k0

S(k,k0)[1� cosq ], (4.15)

which also has a direct physical meaning: if the scattering rate is not velocity randomizing, and
the modulus of the momentum remains unchanged, only a fraction (1�cosq) of the momentum is
lost in the collision, and the momentum relaxation time is the average of the collision rate weighted
by this fraction.

At this point, we are in a condition to evaluate the mobilities due to the various scattering mechanisms.
Consider the l.h.s. of (4.12). Taking into account that the equilibrium distribution f0(k) = f0(Ek) depends
on k through the energy E, the chain derivation rule delivers

1
h̄

—k f0(k) =
1
h̄

∂ f0

∂E
—kE(k) =

∂ f0

∂E
v(k). (4.16)

Substituting in (4.12), we find

f 1(k) = e
∂ f0

∂E
t(k)v(k) (4.17)

1The reason of the name “relaxation time” is due to the fact that if we drag the distribution function f out of equilibrium, and
then we remove any applied force at t = 0, f “relaxes” to its equilibrium value under the action of the collisions according
to f1(k, t) = f1(k,0)e�t/t . In linear response regime, t relaxes only momentum, or velocity, because the energy distribution
is still the equilibrium one. Far from equilibrium an energy relaxation time can also be defined. Momentum and energy
relaxation times are important parameters needed in hydrodynamic calculations.
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In the nondegenerate limit Ek � µ � kBT , the Fermi-Dirac distribution fFD can be approximated by the
Maxwell-Boltzmann distribution fM (the exponential in the denominator becomes dominant with respect
to unity)

fFD(k) =
1

eb (Ek�µ) +1
⇡ fM(k) = e�b (Ek�µ) (4.18)

whose derivative with respect to energy is

∂ fM/∂E = �b fM, (4.19)

which gives

f (k) = f0(k)�eb f0(k)t(k)v(k)| {z }
f 1(k)

·E . (4.20)

Inserting (4.20) in the expression of the average velocity over the distribution function (the drift velocity)

vd = hv(k)ik =

R
dk f (k)v(k)R

dk f (k)
, (4.21)

one finds for a parabolic band dispersion [2, Chapter 11]

vd = �µ0 E = �eE
m⇤

hEtik

hEik
, (4.22)

which gives the low-field mobility

µ0 =
e

m⇤
hEtik

hEik
. (4.23)

Multiplication by the density of states N(Ek) converts the integrals over momentum space in (4.23) to
integrals over energy space

µ0 =
e

m⇤
2

3kBT

R
dE fM(E)E t(E)N(E)R

dE fM(E)N(E)
(4.24)

which can be evaluated numerically by means of the Matlab routine trapz. The idea is to consider the
different scattering mechanisms separately and then combine the corresponding mobilities by means of
Matthiessen’s rule. Acoustic scattering may be considered both velocity randomizing (isotropic) and
elastic, see (3.45) so the momentum relaxation time is just the inverse scattering time

1
taco(Ek)

= Waco(Ek). (4.25)

Impurity scattering is not velocity randomizing as the scattering probability (3.87c) depends on the scat-
tering angle q , but it is an elastic process, so the corresponding relaxation time can be computed accord-
ing to (4.15) and (3.87c)

1

t(BH)
imp (Ek)

=
pnIZ2e4N(Ek)

h̄e2
s

Z 1

�1

[1� cosq ]d(cosq)

[2k2(1� cosq)+q2
0]

2 , (4.26)

which can be integrated analytically with the Symbolic Matlab Toolbox (assume complete ionization of
the dopants)

1
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1
4k4


log
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4k2

q2
0

◆
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�
. (4.27)
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Figure 4.2.: Electron mobilities for different scattering mechanisms in GaAs, combined with Matthiessen
rule. At room temperature, the mobility is controlled by polar optical phonons. At low
temperatures, piezoelectric acoustic phonons are more effective. Ionized impurities may
become important at low temperatures (assuming complete ionization of the dopands).

Thus all the processes considered here save for polar optical scattering and impact ionization,2 admit a
momentum relaxation time, and simple expressions of the corresponding mobilities are available. Polar
optical scattering is neither elastic nor velocity randomizing, since the electrostatic nature of the inter-
action favors forward scattering. Strictly speaking a momentum relaxation time does not exist for polar
optical scattering, although an approximate expression has been proposed [34, Chapter 6]
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, (4.28)

where it is understood that the emission term proportional to (Nq +1) is zero if Ek < h̄wLO.
The theory we have developed here does a good job of describing the low-field electron transport in

common semiconductors. Hole transport is more complicated because of the warped constant energy
surfaces of light and heavy hole bands.

2N.B. that impact ionization is not considered here because it does not occur in low-field conditions where linear response
theory applies.
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Plot the total low-field mobility in GaAs due to impurity and deformation potential acoustic scattering
as a function of temperature according to Matthiessen’s rule µ�1

0 = µ�1
aco + µ�1

imp + µ�1
pop. Compare the

results with Fig. 4.2 (reproduced from [2, Fig. 11.7]).

67



y

x

yk

xk

-e
xE

Figure 4.3.: Trajectories of an electron in real and momentum space. In the left panel, red lines represent
scattering, black lines represent the propagation of the particle. N.B.: do not confuse in-
stantaneous quantities with average quantities, e.g., instantaneous carrier velocities and the
drift velocity. If you are interested in the history of the Monte Carlo method, have a look at
Eric Grimson, John Guttag, and Ana Bell. 6.0002 Introduction to Computational Thinking

and Data Science. Lecture 6: Monte Carlo Simulation. Fall 2016. Massachusetts Institute
of Technology: MIT OpenCourseWare, https://ocw.mit.edu. License: Creative Commons
BY-NC-SA.

4.2. Monte Carlo simulation of bulk properties of semiconductors

The motion of a particle can be conceived as the succession of drift and scattering processes, see Fig. 4.3.
The electron wavevector k changes continuosly during a free flight because of the applied field. Because
the scattering process is considered Markovian, the probability that a particle that scattered at time t = 0
has not yet suffered another collision at time t, i.e., the probability that the interval (0, t) does not include
any scattering event, is [35]

P(t) = exp

�
Z t

0
WT (Ek(t 0))dt 0

�
. (4.29)

Thus, the probability per unit time that a particle propagates under the effect of the electric field for a
time interval t, at the end of which a scattering event occurs is

P(t) = WT (Ek(t))exp

�
Z t

0
WT (Ek(t 0))dt 0

�
, (4.30)

where WT(Ek) = ÂN
j=1Wj(Ek) is the total scattering rate and the sum is over the N scattering mechanisms

included in the simulation. The flight time t may be selected stochastically by selecting a random number
r uniformly distributed in the interval (0,1), and setting (Appendix C)

r =
Z t

0
P(t)dt. (4.31)

Since this integral equation is typically troublesome to evaluate numerically, Rees proposed to add to the
real scattering rates an artificial one W0(Ek) that makes the total scattering rate constant, i.e. independent
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of k

G =
N

Â
j=0

Wj(Ek). (4.32)

Please note that the sum above now starts from zero to include the fictitious scattering mechanism (also
known as self-scattering) that makes the total scattering rate equal to G. This constant value G should be
chosen larger than the maximum value of the total scattering rate WT in the energy range of interest (e.g.,
up to 1eV), in order to avoid a negative value for W0(Ek).3 Then, one simply has

P(t) = Gexp(�Gt). (4.33)

Having selected a pseudo-random4 number r uniformly distributed in the open interval (0,1) with the
Matlab command rand, the flight time can then be determined with the inversion technique

r =
Z t

0
P(t)dt =

Z t

0
Gexp(�Gt)dt, (4.34)

which gives

t = � ln(r)/G, (4.35)

where we have used the fact that (1 � r) is stochastically equivalent to r. The self-scattering technique
described above is very efficient in bulk Monte Carlo simulations that do not require a synchronous
ensemble, but it is not the method of choice for more complicated simulations which involve e.g., carrier-
carrier scattering, the self-consistent solution of the Poisson’s equation, or the analysis of transients.

In this laboratory, we will use the constant time technique. The idea is to choose a constant flight time
t , and then decide a posteriori if a scattering event has occurred or not. If the free flight t is short enough,
k(t) can be considered constant during this time, and the probability (4.29) that no scattering occurs in
the drift interval (0,t) may be approximated as

P(t) = exp

�
Z t

0
WT (Ek(t 0))dt 0

�
⇡ exp

⇥
�t WT (Ek(t))

⇤
. (4.36)

The probability that the particle scatters during the interval (0,t) is

1� exp
⇥
�t WT (Ek(t))

⇤
⇡ t WT (Ek(t)), (4.37)

if t ⌧ 1/WT (Ek(t)).

We can reproduce the sequence of events shown in Fig. 4.3 by proceeding as follows5

3N.B.: if G is too large, too many self-scatterings may occur, slowing down the program. A reasonable choice is G = 1015 s�1.
Scattering rates above this value do not satisfy the weak coupling approximation under which Fermi’s Golden rule applies.

4A reliable source of random numbers is an essential building block for any Monte Carlo simulation code. As the output of
any computer program is obviously entirely predictable, hence not truly random, the use of a computer to generate random
numbers might seem a conceptual impossibility. Computer-generated “pseudo-random” numbers are actually obtained
from one extremely long deterministic sequence of numbers, whose starting point (the “seed”) can be chosen by the user.
Different techniques are available to generate pseudo-random sequences. The Third Edition of Numerical Recipes warns us
that the greatest lurking danger for a user today is that many out-of-date and inferior methods remain in general use (sic).
Measuring the quality of this pseudo-random sequence is a nontrivial task. Among the accepted list of statistical checks
devised to ferret out any nonrandomness in a sequence, are the battery of statistical tests named “diehard tests” by George
Marsaglia. A more stringent assessment in the context of Monte Carlo device simulation is to verify that two different
random number generators produce statistically the same results. If they don’t, then at least one of them is not a good
generator for your application program. In addition to statistical considerations, random number generators should be fast:
the number of calls to these functions is of the order of millions in a typical Monte Carlo run – you get the idea.

5Such a “direct” simulation can actually be proven to be equivalent to the solution of the BTE in Chamber’s path integral
formulation.
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1. Start with a particle in some initial k-state and position r in real space. You may set k = 0 and
therefore Ek = 0. If the simulation time tsim is long enough, the system will forget about the initial
state and the final estimates (e.g., average velocities and energies) will not depend on this choice.

2. Select a flight time much smaller than the total scattering time, e.g., t = 10�16 s. Integrate the
equations of motion for a free particle under the action of the electric field E to obtain the change
of the wavevector between collisions[1, Eq. (3.25)]

Dk = �eE
h̄

t. (4.38)

Notice that only the momentum component along the field is affected (x-direction in this labora-
tory), see the black segments in the left panel of Fig. 4.3. The change of the particle position along
the field is

Dr = hvitt (4.39)

The “instananeous” carrier velocity hvit during the flight time t is [1, Eq. (3.26)]

hvit ⇡ 1
h̄

{DEk}t
Dk

= �
{DEk}t

eE t
, (4.40)

where Dk has been computed according to (4.38) and {DEk}t is the increment of the carrier energy
during t . (In device Monte Carlo simulations, additional boundary conditions have to be included
to account for particle absorption and injection at the contacts, specular or diffusive reflection at
isolating boundaries, and scattering at heterointerfaces.)

3. Store all instantaneous quantities (this data will be used at the end of simulation to extract the
desired transport properties by means of statistical estimators).

4. At the end of the flight, compute the scattering rates Wj(Ek) (with j = 1, ...,N running on the
scattering mechanisms included in the simulation). Compute the total scattering rate WT = ÂN

j=1Wj
at the end of the free flight; pick a random number r uniformly distributed in the interval [0,1]. A
scattering occurs if r < tWT . If a scattering event is detected, then select one mechanism using the
discrete inversion technique described in Appendix C, that is choose the nth-scattering mechanism
if

Ln�1(Ek)t < r < Ln(Ek)t, (4.41)

where r is a random number lying between zero and one, and the cumulative sum Ln(Ek) is defined
as

Ln(Ek) =
n

Â
j=1

Wj(Ek). (4.42)

If r > LN(Ek)t = WT (Ek)t , no scattering has occurred and the state of the particle is unchanged.
Example (N = 5):

L5t
L4t

L3t = (W1+W2+W3)t

L2t = (W1+W2)t 
L1t = W1t

r

0

5

4

3

2

1
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Figure 4.4.: Local reference system for the final states k0 with polar axis parallel to the initial state k.
Reproduced from [1, Fig. 2.2].

5. Once the scattering mechanism that caused the end of the electron free flight has been determined,
the new electron state (k0,n0) after scattering must be chosen (n0 6= n only for intervalley processes,
and the position of the particle does not change since the scattering is considered instantaneous).
The new state is selected according to the corresponding scattering probability S(kn,k0n0) in the
collision term (1.3).6 When updating k, it is convenient to work with the local reference frame
in which the polar axis is parallel to the initial wavevector k, see Fig. 4.4. The magnitude of k0 is
given by energy conservation (all energies are measured from the bottom of the valley; when an
electron changes valley, as a result of an intervalley scattering process, the final energy should be
computed as: E f = Ei ± h̄wi f �DE f i, where D f i is the energy separation between the valleys)

g(Ef) =
h̄2k02

2m⇤ ! k0 =

s
2m⇤g(Ef)

h̄2 , (4.43)

and we need two random number to choose the scattering angles q and f as defined in Fig. 4.4.
All the scattering mechanisms considered here are isotropic with respect to the azimultal angle f ,
so that we can choose f = 2prf where rf is a uniform random number lying between 0 and 1.
The polar angle q between k and k0, can be selected stochastically by equating the (normalized)
cumulative distribution function of the scattering angle with a uniform random number rq lying
between 0 and 1

W (q)

W (k)
=

R q
0 P(q 0)dq 0

W (k)
= rq , (4.44)

where P(q)dq is the probability of scattering into the angles between q and q +dq . In some simple
cases, the integral (4.44) can be inverted analytically.7 Examples are: (i) impurity scattering [1,

6We assume that carrier densities are low enough so that Pauli’s exclusion principle may be neglected, i.e., we omit the factor
(1 � f (k0)) that appears in the collision integral of the BTE. Phase space filling effects may be included within single-
particle simulations through the self-scattering rejection technique proposed by Bosi and Jacoboni, later extended by Lugli
and Ferry for ensemble simulations.

7When direct inversion methods are not applicable, the scattering angle q can be determined with the rejection technique,
which applies to any bounded probability distribution function (PDF) in a finite interval, and it is basically like throwing
darts at a graph of the PDF, see Appendix C.
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Eq. 2.54]

cosq = 1� 2rq

1+(1� rq )
⇣

2k
q0

⌘2 , (4.45)

and (ii) polar optical scattering [1, Eq. (2.106)]

cosq =
(1+ f )� (1+2 f )rq

f
(4.46)

with

f =
2
p

EiEf

(
p

Ei �
p

Ef)2 . (4.47)

Intra- and inter-valley deformation potential scattering are isotropic, which means that q can be
selected as [1, Eq. 3.11]

cosq = 1�2rq . (4.48)

Having computed the scattering angles in the local reference frame of Fig. 4.4, the components of
k0 can be rotated back to the original laboratory frame by means of the matrix transformation [1,
Eq. (3.20)]
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6. The steps above are repeated until the time variable t has exceeded the simulation time tsim.

The flowchart of a single particle Monte Carlo simulation is shown in Fig. 4.5.

At the end of the MC simulation, the relevant carrier transport properties can be extracted in the
followig way. In stationary and homogeneous conditions, the time average of a quantity A(k(t)) during
the simulation time tsim as

hAitsim =
1

tsim

Z

tsim

dt 0 A(k(t 0)) =
1

tsim
Â

i

Z

ti

dt 0 A(k(t 0)) =
1

tsim
Â

i
tihAiti (4.50)

where the integral over tsim has been split into the sum of integrals over all free flights of duration ti. For
example, remembering the expression (4.40) for the instantaneous velocity along the field

hvit = �
{DEk}t

eE t
, (4.51)

the mean velocity estimated at time t can be obtained by accumulating the variable {DEk}t over each
flight time up to time t

hvit = �Âi{DEk}ti

eE t
. (4.52)

Likewise, the average carrier energy at the current time t is [1, Eq. (3.28)]

hEit =
1
t Â

i
tihEiti , (4.53)
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Figure 4.5.: Flowchart of a single particle Monte Carlo simulation. Reproduced from [1].

with hEit ⇡ (Ei +E f )/2, Ei and E f being the energies at the begininning and at the end of the free-flight,
respectively. See Fig. 4.6 for a convergence analysis.

In a similar way the electron distribution function can be obtained: during the MC run, the instanta-
neous wavevectors of the particle are recorded; at the end of the simulation, a mesh of energy points is
set up; the time spent by the sample electron in each cell of the mesh is computed with the Matlab com-
mand hist. For large tsim, this time, conveniently normalized, represents the energy distribution function.
Fig. 4.7 shows a comparison between the MC distribution and the Maxwellian fit (the density of states
times the Maxwell-Boltzmann distribution)

fM(E) µ
p

Ee� E
kBTe , (4.54)

where the fitting parameter Te can be interpreted as the electron temperature. At low fields, the distri-
bution function should approach the analytical fit with Te = 300K. At higher fields, when intervalley
scattering becomes possible, the distribution function becomes bimodal; in this case the analytic approx-
imation (4.54) fails.

4.2.1. Velocity-field curve

Following the steps above, implement a single-particle non-selfconsistent Monte Carlo code to analyze
carrier transport in bulk GaAs, assuming a two-parabolic-band model including the G and L valleys,
with the following scattering mechanisms included: polar optical scattering, elastic acoustic scattering,
intervalley deformation potential scattering, and impurity scattering.

1. Set the electric field to 0.1kV/cm and verify that Te is close to the lattice temperature.

2. Plot the velocity-field curve by repeating the Monte Carlo simulation for different electric fields.
For each value of the applied electric field, verify the convergence of the Monte Carlo simulation
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Figure 4.6.: (Left) The energy estimator hEit defined in (4.53) as a function of time (solid line) obtained
from a single-particle Monte Carlo simulation at E = 1kV/cm and T = 300K. Also shown
is the theoretical limit at zero field, 3

2 kBT (dashed line). The convergence of the estimator
depends on simulation time, temperature, and electric field. (Right) The corresponding in-
stantaneous energy of the particle in the same Monte Carlo run. It is important verify the
convergence of all quantities, don’t commit a “statistical sin”! Eric Grimson, John Guttag,
and Ana Bell. 6.0002 Introduction to Computational Thinking and Data Science. Lecture
15: Statistical Sins and Wrap Up. Fall 2016. Massachusetts Institute of Technology: MIT
OpenCourseWare, https://ocw.mit.edu. License: Creative Commons BY-NC-SA.

by plotting the estimated carrier velocity as a function of time and verify that it lies within a
confidence interval upon convergence. You should observe a decrease of the electron velocity
when the electric field is increased above the threshold value (⇡ 4kV/cm), an effect known as
negative differential resistivity (NDR), due to the transfer of electrons from the G-valley to the
L-valleys, where they have a larger effective mass,8 see Fig. 4.8, upper panel.

3. For each electric field check the average energy, which should be converge close to 3
2 kBT for low

fields, see Fig. 4.6. Compare the results with Fig. 4.8, lower panel.

4. Plot the average occupation of the G and L valleys as a function of the electric field, see [1,
Fig. 3.16]. N.B.: there are four equivalent L valleys in the Brillouin zone; effective masses, in-
tervalley coupling constants and intervalley phonon energies are reported in [1, Appendix A].

Here is a Matlab template of a single-particle Monte Carlo code (please use units complying with
the International System for all quantities). The template is available in the material course folder
(MC template.m). To avoid confusion, let’s use the suffixes i, f, and s to indicate energies before the

8The NDR phenomenon (in part also caused by band nonparabolicity) is at the basis of the Gunn effect. This effect consists in
very fast current oscillations, (in the range of 10-30 GHz) obtained with the application of a constant voltage of high enough
intensity to samples of materials, such as GaAs and InP, that present NDM. Obviously, such an effect is of great practical
importance for the generation of microwaves. The reason for this phenomenon is well understood: NDR implies that a
local fluctuation of charge density tends to grow with time, and this brings about the formation of the high-field domains
that lower the current. The domains travel with the drift velocity of the electrons, which is the same inside and outside the
domain, owing to the shape of the velocity-field curve. When they reach the anode they disappear, and the current increases
until a new domain is formed. The period of the Gunn oscillations is therefore given by the transit time of the electrons
across the sample and can be very short.
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Figure 4.7.: Left. Energy distribution computed with the MC approach (solid line) at F = 1kV/cm and
T = 300K in bulk GaAs, and its Maxwellian fit (dashed line) with Te = 310K. Right. Energy
distribution computed with the MC approach (solid line) at F = 4kV/cm and T = 300K in
bulk GaAs, and its Maxwellian fit (dashed line) with Te = 500K. The MC simulation time
was tsim = 5ns.

drift, at the end of the drift (just before the scattering), and after the scattering, respectively. For exam-
ple, Ekini is the kinetic energy (measured from the bottom of the valley where the particle is) before the
drift, and so on. The prefix v indicates vector quantities used to store particle data as a function of time.

N.B.: before activating intervalley scattering, verify that the code works for a single valley. For this
reason the code corresponding to intervalley scattering has been commented below.

Q = 1.6021766208e-19; % elementary charge, C

T = 300; % temperature, K

tau_sim = 1e-9; % simulation time, s

tau = 1e-16; % flight time, s

Fx = 1e4; % electric field along the x-axis, V/m (0.1 kV/cm)

time = 0:tau:tau_sim; % time axis, s

nt = length(time); % # of time steps

E0 = [0 0.32]*Q; % energy reference of G and L valleys, J

%

% initial state

iv = 1; % valley index (1 -> G, 2 -> L)

kx = 0; ky = 0; kz = 0; % wavevector, 1/m

%

% statistical data

vEkini = zeros(1,nt); % array of kinetic energies before drift

vEkinf = zeros(1,nt); % array of kinetic energies after drift

...

%

%

% Monte Carlo main loop ---------------------------------------------

for ii = 1:nt % time loop
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Figure 4.8.: Electron velocity and electron occupancy in the G- and L-valleys versus electric field in bulk
GaAs. Reproduced from [1].

t = time(ii); % current time

%

% update energy

Ekini = k2engy(kx,ky,kz,iv); % kinetic energy before drift, J

Etoti = Ekini + E0(iv); % total energy (kinetic + potential), J

%

% drift particle in momentum space

kx = kx - Q*Fx*tau/HBAR;

Ekinf = k2engy(kx,ky,kz,iv); % kinetic energy after drift, J

Etotf = Ekinf + E0(iv); % total energy (kinetic + potential), J

% drift particle in real space

...

% collect statistics

vEkini(ii) = Ekini;

vEkinf(ii) = Ekinf;

...

% compute scattering rates

[Wpop_em,Wpop_ab] = pop_scat(Ekinf,T,iv);

[Waco] = aco_scat(Ekinf,T,iv);

[Wimp] = imp_scat(Ekinf,T,iv);

% [Wiv_em Wiv_ab] = iv_scat(Ekinf,T,iv);

W = [Wpop_em Wpop_ab Waco Wimp]; % scattering rates, 1/s
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...

% choose scattering mechanim and final state

L = cumsum(W);

r = rand; % pick a random number

%

if(r < L(1)*tau) % select polar optical, emission

Ekins = Ekinf - hwpop; % kinetic energy after scattering, J

knorm = engy2k(Ekins,iv);

% compute scattering angles theta and phi

...

% rotate back to laboratory frame (anisotropic scattering only)

Rx = [ ky/sqrt(kxˆ2+kyˆ2), ...

kx*kz/(sqrt(kxˆ2+kyˆ2+kzˆ2)*sqrt(kxˆ2+kyˆ2)), ....

kx/sqrt(kxˆ2+kyˆ2+kzˆ2)];

Ry = [-kx/sqrt(kxˆ2+kyˆ2), ...

ky*kz/(sqrt(kxˆ2+kyˆ2+kzˆ2)*sqrt(kxˆ2+kyˆ2)), ...

ky/sqrt(kxˆ2+kyˆ2+kzˆ2)];

Rz = [ 0, ...

-sqrt(kxˆ2+kyˆ2)/sqrt(kxˆ2+kyˆ2+kzˆ2), ...

kz/sqrt(kxˆ2+kyˆ2+kzˆ2)];

kve = knorm*[sin(theta)*cos(phi); sin(theta)*sin(phi); cos(theta)];

kx = Rx * kve; ky = Ry * kve; kz = Rz * kve;

%

elseif(r < L(2)*tau) % select polar optical, absorption

...

elseif(r < L(3)*tau) % select acoustic scattering

...

elseif(r < L(4)*tau) % select impurity scattering

...

% elseif(r < L(5)*tau) % select intervalley scattering, emission

% iv = 1.*(iv==2) + 2.*(iv==1); % update valley index

...

% elseif(r < L(6)*tau) % select intervalley scattering, absorption

...

else; end % no scattering has occurred (do nothing)

end % Monte Carlo main loop -----------------------------------------

%

%

% post-processing: drift velocity, diffusivity, et alia -------------

% Some quantities needed in the velocity and energy estimators:

vDeltaEkin = vEkinf - vEkini; % energy variation during drift, J

vEkin_tau = (vEkini + vEkinf)/2; % average energy during drift, J

...

Some useful functions:

% energy dispersion relation, (kx,ky,kz) -> E

k2engy = @(kx,ky,kz,iv) (iv==1)*HBARˆ2*(kxˆ2+kyˆ2+kzˆ2)/(2*meff_G) + ...

(iv==2)*HBARˆ2*(kxˆ2+kyˆ2+kzˆ2)/(2*meff_L);

%

% inverse dispersion relation E -> norm(kx,ky,kz)

engy2k = @(E,iv) (iv==1)*sqrt(2*meff_G*E/HBARˆ2) + ...

(iv==2)*sqrt(2*meff_L*E/HBARˆ2);
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FIG. 6. n-type GaAs. Correlation functions of the longitudinal (¢II) and 
transverse(¢, )velocityftuctuations(--: E = OkV!ern;-·_·-: E= 5 
kV /crn; -------: E = JO kV /crn; ....... : E = 20 kV /cm). 

It is possible to remark that when intervalley scattering 
occurs (i.e., for electric fields close to or higher than the 
critical field), the parallel velocity correlation function 
reaches negative values whereas this is not true for the trans-
verse one. This fact can be understood if the previous discus-
sion is taken into account where carriers with positive veloc-
ity fluctuation are highly likely to be characterized a short 
time after by a negative velocity fluctuation due to the scat-
tering in a lateral valley. Consequently, the correlation time 
corresponding to the parallel velocity fluctuation (which can 
be obtained by calculating the algebric area defined by the 
axis and the correlation function [Eqs. (6)] is much smaller 
than for the transverse velocity fluctuation. Using Eq. (7), it 
is now possible to understand why, even if > (..::1 vi ), 
one can obtain 

DII <D1 • 

The study of the power spectral density of velocity fluctu-
ation should now provide some more information about 
these phenomena. 

IV. FREQUENCY AND TIME PROPERTIES OF 
DIFFUSION COEFFICIENTS 

The variation of diffusion coefficient with frequency is 

O'W.'" n.. •. -u .. " 

f (GHz) 
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FIG. 7. n-type GaAs. Longitudinal and transverse noise power spectral 
density(--: E= OkV/crn;-·_·- :E= 5 kV/crn; -------- :E= 10 
kV /crn; ........ : E = 20 kV /crn). 
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directly related to the power spectral density of the velocity 
fluctuations and can be calculated using Eq, (2) by Fourier 
transformation of the velocity correlation function. The ob-
tained results are reported in Fig. 7-9 for naSi < 111) and 
(100) directions and n-GaAs. 

It can be noted that two main cases occur: (1) The first 
one is obtained for naSi < 111) and, at low field for n-GaAs 
and Si (100), when scattering between nonequivalent val-
leys is negligible. In this case the diffusion coefficient de-
creases monotonously as (iJ increases. This corresponds (Fig. 
8) to velocity correlation functions close to an exponential 
form and its is well known that a Debye-type spectrum is 
then obtained. (2) The second case is observed, at high elec-
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FIG. 8. (a) n-type silicon. Correlation functions of the longitudinal (solid 
line) and transverse (dashed line) velocity fluctuations, where the electric 
field is applied along the ( 111 > direction (0 : E = 0 k V / crn; 1 : E = k V / crn: 
2: E = IO kV /crn: 3 : E = 20 kV /crn; 4: E = 50 kV!ern): (b) n-type sili-
con. Longitudinal (solid line) and transverse (dashed line) noise power spec-
tral density. The field is lying along the (111) direction (0 : E = 0 kV /crn; 
1: E= 5 kV/crn; 2: E= JOkV/crn; 3: E= 20kV/crn: 4: E= 50 
kV/crn). 
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Figure 4.9.: (Normalized) autocorrelation function of the longitudinal k and perpendicular ? velocity
fluctuations for increasing values of the electric field (F = 0 kV/cm, 5 kV/cm, 10 kV/cm, and
20 kV/cm) in GaAs. Reproduced from [36].

N.B. that in a typical Monte Carlo run, very unlikely events are bound to happen. Keep your code as
simple as possible, premature optimization is never a good idea.9 Consider all possibilities; check that
the particle remains in the energy range in which the scattering rates are computed. If not, that probably
means that the particle is not scattering properly or that the electric field is too high (please note that
the validity of our model is restricted to relatively low electric fields where impact ionization processes
are negligible and our description of the electronic structure in terms of “valleys” makes sense). Make
sure that optical phonon emission is not allowed below the optical phonon energy (set the corresponding
scattering rate to zero if the initial energy of the electron is below h̄wLO). You might need to follow
the history of the particle to make sure that the code is doing what it is supposed to do. Matlab offers
powerful debugging tools. You may set breakpoints to pause the execution of the MATLAB code to
examine the value or variables where you think a problem could be. To add a standard breakpoint in
the Editor, click the breakpoint alley at an executable line where you want to set the breakpoint. The
breakpoint alley is the narrow column on the left side of the Editor, to the right of the line number. The
prompt in the Command Window changes to K� indicating that MATLAB is in debug mode and that
the keyboard is in control. MATLAB pauses at the first breakpoint in the program. In the Editor, a
green arrow just to the right of the breakpoint indicates the pause. The program does not execute the line
where the pause occurs until it resumes running. You can end the debugging session by clicking Quit
Debugging in the Editor tab.

4.2.2. Diffusivity

Monte Carlo simulations can be used to derive important transport parameters needed by simplified
approaches, as drift-diffusion and hydrodynamic models. For example, within the drift-diffusion ap-
proximation, both carrier mobility and diffusivity must be introduced as a function of the local electric

9 The Yoda of Silicon Valley, Donald Knuth, master of algorithms, reflects on 50 years of his opus-in-progress, “The Art of
Computer Programming”. By Siobhan Roberts. New York Times, 2018.
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tribution function in the central valley of GaAs obtained by means of MC simulation
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Fig. 15.18. (a) Longitudinal di�usion coe�cient of electrons in GaAs as a function
of electric field at T = 300 K [71]. Dots indicate experimental results [383]; lines
show di�erent theoretical results in [138] (dashed), [332] (continuous), and [345] (dot-
dashed). (b) Comparison between longitudinal and transverse di�usivities obtained
in [138] with MC simulations

becomes approximately opposite to the initial one and can be scattered again
into an upper valley. These flights correspond to a small total space displace-
ment since they consist in oscillations that bring the electrons near their
initial positions, and therefore their contribution to the di�usivity is small.

Figure 4.10.: Comparison between longitudinal and transverse diffusivities obtained in with MC simula-
tions in bulk GaAs. Reproduced from [2, Chapter 15].

field. Einstein relation relates the diffusion coefficient D with the mobility µ of the carriers

D = µkBT/e, (4.55)

but it is strictly valid only at equilibrium. Although several (more or less empirical) models relating the
carrier mobility to the electric field are available to accurately reproduce the DC and small-signal device
behavior, much less information exists on the diffusion coefficient. The diffusion process is strictly
related to noise.10 The mathematical quantity that describes the common origin of diffusion and noise
is the autocorrelation function of velocity fluctuations, see Fig. 4.9, which contains information on the
magnitude of the fluctuations dv(t) = v(t) � hvi with respect to the average value hvi (drift velocity)
and how they decay in time.11 In principle, the diffusivity is a tensor quantity, but here we will restrict
our analisys to diffusivity properties along the field direction, which allows us to use a simplified scalar
notation where all the vector quantities are replaced with their longitudinal components. Following [2,
Chapter 12], we define the noise diffusivity as

D =
Z •

0
dt Cv(t) (4.56)

where Cv(t) = hdv(t)dv(t +t)i is the autocorrelation function of the velocity fluctuations. The physical
meaning of (4.56) is that diffusion is related to the persistence of velocity fluctuations; in other words, if
the autocorrelation function decreases rapidly to zero, its integral, i.e, the diffusivity is small. Suppose
that the instantaneous velocities of the particle are recorded in the array vel and that the time step during
the Monte Carlo run is tau = 10�16 s. The autocorrelation function can be computed at the end of the
MC simulation with the Matlab commands
10Two main types of fluctuations occur in semiconductor materials and, therefore, in devices: (i) fluctuations of carrier velocity

or diffusion noise, associated to the Brownian motion of free carriers in the conduction or valence band, and (ii) fluctuations
of carrier number or generation-recombination (GR) noise, due to transitions between conduction and valence bands, either
direct or trap-assisted. These two phenomena are related, respectively, to intraband and interband scattering processes.
Noise analisys in semiconductor devices can be carried out in the drift-diffusion approximation assuming small fluctuations
and converting the linearized physical model into a Langevin equation, i.e., a partial differential equation complemented
with a stochastic forcing term (the Langevin force) describing the microscopic noise sources [37]. On the other hand, noise
is intrinsically included in any Monte Carlo model, since, by mimicking the physics of scattering, the method directly
provides microscopic variables as realization of random processes, thus allowing to separate fluctuations from averages.

11Given a stochastic variable A = hAi+ dA(t), the corresponding power spectral density is SA(w) =
R+•
�• CA(t)eiwtdt, where

CA(t) = hdA(t)dA(0)i is the corresponding autocorrelation function.
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tau = 1e-16; % s

MAXLAG = 20000;

deltav = vel - mean(vel);

[Cv,lags] = xcorr(deltav,deltav,MAXLAG);

plot(lags*tau*1e12,Cv/length(deltav),’ro-’)

set(gca,’FontSize’,14,’FontName’,’Arial’,’box’,’on’)

xlabel(’time, ps’)

ylabel(’Autocorrelation function, mˆ2/sˆ2’)

N.B.: a long simulation of few nanoseconds may be needed to obtain well converged results; in this case,
xcorr may take to long, and you might consider increasing the time step in the calculation of the cross
correlation, for example:

tau = 1e-15; % s

MAXLAG = 2000;

deltav = vel(1:10:end) - mean(vel);

[Cv,lags] = xcorr(deltav,deltav,MAXLAG);

plot(lags*tau*1e12,Cv/length(deltav),’ro-’)

set(gca,’FontSize’,14,’FontName’,’Arial’,’box’,’on’)

xlabel(’time, ps’)

ylabel(’Autocorrelation function, mˆ2/sˆ2’)

At low fields, the autocorrelation function Cv(t) shows a a typical exponential decay associated to veloc-
ity relaxation, i.e. it starts at some maximum positive value at t = 0 and then approaches zero asymptoti-
cally. At higher fields a negative tail associated to energy relaxation appears. That is, starting from some
maximum positive value, Cv decreases rapidly, crosses zero, and reaches a minimum value less than
zero, then returns toward zero asymptotically from the negative side. This is attributed to the competing
effects of momentum and energy relaxation.

Plot the autocorrelation function of the longitudinal velocity fluctuations as a function of time. Com-
pute the (longitudinal) noise diffusivity (4.56) as a function of the applied electric field, see Fig. 4.10.
Compare the the low-field noise diffusivity with the diffusivity computed in the relaxation time approxi-
mation, see Section 4.1.
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Figure 4.11.: Device Monte Carlo simulation of avalanche photodetectors.

4.3. Device Monte Carlo simulation

When the purpose of the analysis is the investigation of a steady-state, homogeneous phenomenon, as in
section 4.2, it is sufficient in general to simulate the motion of a single electron; then, from ergodicity, we
may assume that a sufficiently long path of this sample electron will give information on the behavior of
the entire electron population. When, on the other hand, the transport process under investigation is not
homogeneous and/or is not stationary, it is necessary to simulate a large number of electrons and follow
them in their dynamic histories in order to obtain the desired information on the process of interest. Even
though for steady-state analyses, one may simulate single particles from their entrances into the device
to their exits, ensemble MC simulations, see Fig. 4.11, in which all considered carriers are simulated in
parallel, are more often preferred. In this way, it is possible to analyze transients and take into account,
when necessary, particle-particle interactions, including the exclusion principle.

The self-consistent simulation of semiconductor devices with MC techniques requires, as in the other
methods, the periodic solution of Poisson’s equation to obtain the spatial distributions of the electric field
that moves the carriers.12

Poisson

Monte Carlo 

electric field                   charge density

If a self-consistent solution of the Poisson’s equation is desired, a few additional steps are necessary
(particle mesh coupling)13

12It is thus necessary to solve Poisson’s equation at very short time intervals during the simulation, to avoid that charge
fluctuations act for an unphysical time, producing unphysical instabilities. For concentrations of the order of 1020 cm�3 in
silicon, as can be found in the drain region of a mosfet, a time-step for the application of the Poisson solver well below
10�15 s must be used, since the plasma period is of this order of magnitude.

13As any time-domain technique, the Monte Carlo approach is much less efficient, at least in its self-consistent version (when
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4. Monte Carlo device simulation
A. Particle-mesh coupling - Charge assignement

• The Poisson’s equation makes use of a continuous charge 
distribution that has to be derived by a set of point charges.

• Two common techniques:
– Nearest grid point (NGP): assuming a discretization on finite elements 

implying grid points and control volumes, the charge is entirely assigned 
to a node if it falls within its control volume

– Cloud-in-cell (CIC): a control volume is associated to the charge and 
this is assigned to neighboring grid points according to the fraction 
overlapping with the relative control volumes

control 
volume of the 
grid point 

Charge

Grid point 

control 
volume of the 
charge

NGP
CIC

Figure 4.12.: Nearest-grid-point (NGP) and the cloud-in-cell (CIC) schemes.

1. Assign the charge of each particle to the mesh used to solve the Poisson equation (different charge
assignments schemes are available)

2. Solve the Poisson equation in the mesh, by solving the associated finite element or finite difference
discretized matrix problem.

3. Compute the components of the field on the nodes of the mesh.

4. Interpolate the field back to the particle positions.14

For this purpose, a grid must again be properly defined. The position of the charges, as described by
the EMC algorithm is continuous, whereas Poisson’s equation is solved on a mesh, hence, the charge
associated with the individual particles must be mapped onto the mesh nodes in some fashion. The
charge assignment and force interpolation schemes usually employed in self-consistent Monte Carlo
device simulations are the nearest-grid-point (NGP) and the cloud-in-cell (CIC) schemes (this is done
with the so-called particle-mesh coupling). Both technique assumes a discretization on finite elements

Poisson’s equation is solved self-consistently with the charge distribution) if the time constants involved differ by orders
of magnitude. This is the case e.g. in the simulation of bipolar devices, where intraband and interband (recombination)
processes contribute with very different scattering times to determine the profile of the minority carriers. In addition to
this limitation, the treatment of minority carriers (whose diffusion determines e.g. the current across a pn-junction) is
problematic within a Monte Carlo framework, requiring statistical enhancement techniques that are quite cumbersome to
implement; and in fact, most Monte Carlo studies of optoelectronic devices are restricted to the non-selfconsistent approxi-
mation or to unipolar devices. This does not imply that Monte Carlo device simulation is not viable in optoelectronics. On
the contrary, it is probably the most general approach to the BTE, for its ability to incorporate physical models beyond what
other techniques can handle (full-Brillouin-zone descriptions of the electronic structure, first principles phonon dispersions,
wavevector-dependent scattering rates), limited only by the time one is willing to wait for a converged solution. As an
example of how much physics can be included in a Monte Carlo code, we mention the pioneering works [38, 39, 40] on
carrier-phonon and carrier-carrier scattering, with the aim to explain high-field carrier transport starting from the sole input
of the ion pseudopotentials employed for the description of the electronic structure. Wavevector-dependent deformation po-
tentials that rigorously satisfy selection rules along symmetry lines were derived from nonlocal empirical pseudopotential
calculations of the electronic structure and density functional calculations of the lattice dynamics [40]. Their use shifted the
empiricism of earlier Monte Carlo investigations (based on phenomenological deformation potential parameters) to a more
fundamental level, leaving no fitting parameters involved, save for the initial choice for the pseudopotentials. Electron-
phonon interactions and impact ionization were never treated in such detail within any other carrier transport formalism.
Another example along these lines is the inclusion of interband tunneling within full-band Monte Carlo codes (by means
of the time-dependent solution of the Schrödinger equation) to describe the coherent (between scattering events) drift of
carriers at band crossing points [41].

14We have to make sure that the field due to a particle, when interpolated back to the position of the same particle, does not
give rise to any unphysical force. The issue of the self-forces is particularly important in non-tensorial meshes.
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implying grid points and control volumes. In the NGP scheme, the particle position is mapped entirely
into the charge density at the closest grid point to a given particle. This has the advantage of simplicity,
but leads to a noisy charge distribution, which may exacerbate numerical instability. Alternately, within
the CIC scheme, a control volume is associated with each particle spanning several cells in the mesh,
and a fractional portion of the charge per particle is assigned to neighboring grid points according to
the fraction of the cloud overlapping with the relative cell volumes, see Fig. 4.12. This method has the
advantage of smoothing the charge distribution due to the discrete charges of the particle-based method,
but may result in an artificial self-force acting on the particle, particularly if an inhomogeneous mesh
is used.15 The standard NGP/CIC schemes can be summarized by the following four steps, (i) charge
assignment to the mesh, (ii) solve Poisson’s equation

— · (e—f) = r, (4.57)

where r includes both mobile charges and fixed (doping) charges, (iii) calculate the force E(r) =
�—f(r), and (iv) interpolate it to the particle positions. Poisson’s equation must be augmented with
appropriate Dirichlet boundary conditions (the potential value is known) at Ohmic and Schottky con-
tacts, and Neumann (zero normal derivative of potential) on insulating or artificial boundaries.

Besides the boundary conditions of the Poisson’s equation, another issue that has to be addressed in
particle-based simulations is the real space boundary conditions for the particle part of the simulation.

1. Ohmic boundaries. Particles leaving the simulation region by crossing a device contact are marked
as inactive; the event is recorded to estimate the contact current. Particles are injected periodically
from an equilibrium distribution at Ohmic boundaries to maintain contact neutrality. The injection
takes place in a uniform way along the cells adjacent to the contacts.

2. Schottky contacts: may be modeled by absorbing all electrons that hit the contact, but not injecting
particles back into the device, or just the fraction of the distribution corresponding to energies
exceeding the barrier height from the metal side.

3. Insulating surfaces. When particles hit insulating surfaces of the simulated region, reflecting or
periodic conditions may be applied. To account for surface roughness, reflection at the boundaries
of the device may be considered partially diffusive.

To simulate the steady-state behavior of a device, the system must be initialized in some initial con-
dition with the desired potentials applied to the contacts, and then the simulation proceeds in a time-
stepping manner until steady-state is reached. This process may take several picoseconds of simulation
time and consequently several thousand time-steps based on the usual time increments required for sta-
bility. Clearly, the closer the initial state of the system is to the steady-state solution, the quicker the
convergence. If one is, for example, simulating the first bias point for a transistor simulation, and has no
a priori knowledge of the solution, a common starting point for the initial guess is to start out with charge
neutrality, i.e., to assign particles randomly according to the doping profile in the device and based on
the super-particle charge assignment of the particles, so that initially the system is charge neutral on the
average. For two-dimensional device simulation, one should keep in mind that each particle actually rep-
resents a rod of charge into the third dimension. Subsequent simulations at the same device at different
bias conditions can use the steady-state solution at the previous bias point as a good initial guess.

15Both NGP and CIC schemes may be used in semiconductor simulation subject to two restrictions, one, the permittivity
must be constant, and, two, a tensor product mesh with uniform spacing in each axis direction must be employed. If these
restrictions are ignored, self forces becomes nonzero and or spatial accuracy of forces is sacrificed. The two concepts are
related. Self force refers to the force a charge may exert upon itself in an idealized situation namely a lone charge sitting in
a domain of infinite extent and constant permittivity. Physically this lone charge should experience no force; numerically,
any force experienced is self force. citeFischetti
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4.3.1. Avalanche photodetectors

Never mind that the analysis of high-field carrier transport effects such as impact ionization, demands the
use of full-Brillouin-zone realistic band structures, computed, e.g., by means of the empirical pseudopo-
tential method of Lab. 1, impact ionization being a threshold process that occurs at energies typically
far above the range of validity of the effective mass approximation. Never mind that impact ionization
coefficients – the inverse mean distance an electron travels before impact ionizing – critically depend
on both carrier-phonon and impact ionization scattering rates. That, besides the electronic structure,
a realistic phonon dispersion relation is a critical piece of information needed for the description of
carrier-phonon interaction beyond the simple deformation potential theory described in section 3.1.1.
Never mind all those things. For the sake of simplicity, consider the two-valley MC model that you have
used to compute the velocity field curve in GaAs, our conclusions will not be affected by these simplifi-
cations anyway. Consistently with the effective mass approximation, approximate the impact ionization
rate with the popular Keldysh formula [38]

Wii(E) =
P

tep(Eth)

✓
E �Eth

Eth

◆2

(4.58)

when E < Eth, and zero otherwise, where Eth is the is some ionization-threshold energy, P is a coupling
parameter related to the Coulomb matrix element, and 1/tep is is either the carrier-phonon scattering rate
at threshold, according to the original formulation by Keldysh, or the energy relaxation rate at threshold,
according to Ridley’s lucky drift theory. This expression has been used extensively in the past. The
expression (4.58) determines the rate at which an impact ionization event will occur as a function of the
initiating carrier’s energy, once it has attained the threshold energy. The threshold energy is equal at least
to band gap energy, and is typically much higher depending on the wavevector conservation condition.
If the bands are all assumed to be parabolic, then a simple expression of the threshold energy can be
found that depends on the band gap energy and the electron and hole effective masses. Here, however,
we follow the usual approach of treating the parameters P and Eth as fitting quantities. The parameters
proposed in [38] are Eth = 1.7eV and P/tep = 2.5⇥1015 s�1.

Besides the impact ionization transition rate (4.58), we also need to know the rate at which carriers
attain the threshold energy, i.e., the survival rate of high-energy carriers, because the initiating carrier
must attain a relatively high energy before an impact ionization event can occur. This information can
be obtained by means of a single particle MC simulation, in which the distances between two successive
impact ionization events are recorded as the particle moves through the lattice under the effect of the elec-
tric field. The mean distance can be calculated after a sufficiently meaningful statistical sample has been
gathered. The electron that initializes the impact ionization process is assigned an energy E(k)� Egap,
where Egap is the energy of the semiconductor, and a random wavevector at this energy is selected. This
choice of the final state after impact ionization scattering is consistent with the simplicity of (4.58). The
inverse of the mean distance between two impact ionization events, also known as ionization coefficient,
is shown in Fig. 4.13 as a function of the inverse electric field.

APDs exploit the avalanche multiplication of photogenerated carriers through impact ionization to
amplify the detector current and improve the device sensitivity. A larger photocurrent (for the same illu-
mination level) is obtained with respect to pin photodiodes, but, since impact ionization is fundamentally
a random process, excess noise is generated along with the current gain due to random fluctuations in
the timing of the impact ionization events as well as the number of impact ionization events, and thus
the gain itself is randomized. This excess noise occurs in addition to the usual noise sources present in
any semiconductor device. Although the device analysis shows that the responsivity increases with in-
creasing avalanche multiplication, which, in turn, is larger if the hole and electron ionization coefficients
are similar (i.e., if both carriers contribute to the avalanche process), large values of the multiplication
factor are inconvenient because they increase noise and decrease speed. The device response is faster
when only one type of carriers (e.g., electrons) trigger the ionization process. In fact, if both electrons
and holes have the same ionization probability, an electron pulse injected into the high-field region gen-
erates holes which, instead of simply being collected in the p-side, in turn generate secondary electrons,

84



Figure 4.13.: Electron impact ionization coefficient as a function of the inverse electric field. Reproduced
from [42].

whose delay before collection is of course larger than the delay of the electrons directly generated by the
initial pulse. Secondary electrons generate new holes, and so on; if the multiplication factor is finite, the
process finally dies out with a slow tail. Although a larger number of carriers is collected, such carriers
are collected over a longer time interval, leading to an output current pulse with a large spread in time.
This finally amounts to a slower response. Therefore, optimum noise and speed are achieved when the
avalanche process is almost unipolar; as already mentioned, this happens when the ionization coefficient
of the avalanche-triggering carrier is much larger than the ionization coefficient of the other carrier. For
some materials, this condition is met naturally; it can be artificially introduced through bandstructure
engineering and the use of superlattices.

The bandwith is proportional to the temporal response of the device. The carriers photogenerated
outside of the depletion region must first diffuse to the depletion region edges, after which they are swept
out of the device by the action of the reverse bias field (electrons drift towards the n-contact, holes towards
the p-contact). The diffusion process is typically slow, and can take a relatively long time, depending
on the width of the absorbing layer. Avalanche multiplication by impact ionization may occur in the
high-field region. In order to absorb the incident radiation fully, the depletion region should be wide.
However, as W increases, the transit time across the junction increases, thereby reducing the bandwidth
of the device.16

Since APDs are inherently bipolar, their analysis in principle requires an ensemble Monte Carlo sim-
ulation of both electrons and holes. However, if we assume that holes do not initiate impact ionization

16In principle, the device includes two regions: the generation region (low to medium electric field) and the multiplication
region (high field). The two regions can be physically the same, as in conventional APDs (see Fig. 4.14), or can be separated
as in SAM-APDs (separate absorption and multiplication APDs) to afford the device designer the freedom to choose both
the optimal absorption material and a suitable one-carrier-dominant avalanche region material [43].

85



!
" !

#
$
"

%

!

& '

(
) *

+

!

! " # $ %

$ # $ & ' ( " ) %

Figure 4.14.: Conventional pin APD structure with electric field profile. Reproduced from [43].

processes, and that the photogenerated carrier distribution does not contribute to the calculation of the
electric field (low photocurrent limit), a non-selfconsistent unipolar analysis is appropriate.17

Let Z(x) be the total number of electrons and holes generated by an electron injected at position x,
including the initiating electron itself. Similarly define Y (x) as the total number of electrons and holes
generated by a hole injected at position x, including the hole itself. The total number of electron-hole
pairs generated within the device as a result of the original carrier pair at location x, including the original
electron-hole pair that initiated the entire multiplication process, is a random number M(x) defined as

M(x) =
Z(x)+Y (x)

2
. (4.59)

Our objective is to determine the statistics of M. If the electron-hole pair is injected at x = 0, the gain of
the device is

G = M(0) =
Z(0)+Y (0)

2
. (4.60)

Since a hole in x = 0 does not travel into the device and cannot ionize, Y (0) = 1, and G = M(0) =
(Z(0)+1)/2. The mean gain is therefore given by

hGi =
z(0)+1

2
. (4.61)

17Several macroscopic approaches have been developed to compute the gain and noise characteristics of APDs [43, Sec. 4.11].
A fundamental assumption implicit in local models is that the probability of impact ionization by a carrier is independent
of its ionization history, i.e., carrier multiplication is treated as a local process in which the ionization coefficients are
functions only of the local value of the electric field. From a physical point of view, however, a newly generated carrier
must travel some distance, the dead space, in order to build up sufficient energy to initiate an ionization. Therefore, the local
ionization model overestimates the gain and noise figures in thin structures in which the dead space is a significant fraction
of the multiplication region. History dependent models have been proposed to deal with the non-local nature of the impact
ionization process [44]. Key aspects of non-local models are the concepts of dead space and the carrier enabled impact
ionization coefficients. These enabled coefficients are defined as the ionization probability per unit distance experienced by
carriers after travelling the dead space distance. Enabled ionization coefficients and dead space distances can be computed
from Monte Carlo simulations. A rigorous account of dead space effects in the multiplication gain and noise properties of
APDs can be obtained by using the recursive technique proposed by Hayat [45].

86



The excess noise factor F is defined as

F =
hG2i
hGi2 . (4.62)

The gain and the excess noise factor can determined from data collected from large number of trials.
In other words, run several MC simulations starting with one electron at x = 0. If the electron impact
ionizes, select the final state as described above, and simply add the secondary electrons to the MC
simulation (place the generated secondary particles at the bottom of the conduction band). N.B.: rather
than implementing an ensemble MC code, it is probably more convenient to simulate secondary particles
by calling recursively a single particle MC program. The calculation continues until all the electrons are
collected by the contacts. Particles should be removed from the simulation when their spatial coordinate
x is found to be outside the simulation domain. If the number of particles keeps increasing, it probably
means that the structure is in breakdown.

4.4. Conclusion

For didactical reasons, the Monte Carlo model proposed here is based on a minimal set of scattering
mechanisms (ionized impurity scattering, polar optical scattering, intravalley and intervalley deformation
potential scattering, impact ionization scattering) derived assuming a two-valleys model, with the objec-
tive to keep things as simple as possible, while still allowing for a realistic description of the velocity-field
curve in the low-field regime and of the impact ionization coefficients in high-field conditions. Inclusion
of additional scattering mechanisms (piezoelectric scattering, roughness scattering, alloy scattering if
applicable, etc.) or lifting some of the approximations considered here would make the present analysis
more accurate. For example, acoustic scattering could be modeled as inelastic (beyond the equipartition
approximation, see section 3.1) to avoid artifacts in simulations at low fields, a more realistic description
of the electronic structure along the lines of Lab. 1 could be employed. There is no limit to the physics
that can be included in a Monte Carlo model. Poisson’s equation could be solved self-consistently for
complex geometries. The scattering kernels S(k,k) could be rendered explicit functions of position and
of time, functionals of the distribution function, and still the resulting BTE would be solved exactly (al-
though in a statistical sense), without invoking approximations on the shape of the distribution function,
of the electronic structure, and of the phonon dispersion relation; and without even requiring the mod-
els to be described analytically. What makes all this possible is the conceptually simple idea of using
randomness for determinative purposes, which basically means following the random motion of carriers
as they interact with the lattice and collecting statistics. And that’s as close to the physics of carrier
transport as you can get.
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Appendix A.

Elementary derivation of the BTE

Let us consider an infinitesimal region in the two-dimensional position-momentum space around the
point (r,v). The number of particles in this elementary region

N = f (r,v, t)dr dv. (A.1)

The variation with time of N is given by the balance between the numbers of particles that enter and exit
from the faces of the region

dN = f (r,v)vdt dv� f (r +dr,v)vdt dv + f (r,v)adt dr � f (r,v+dv)adt dr (A.2)
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v+dv
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or ∂t f = �v∂r f � a∂v f , where a is the acceleration of the particle. Generalizing to a six-dimensional
position-momentum space, one obtains the Vlasov equation of plasma physics (Liouville equation):

ḟ + v ·—r f| {z }
diffusion

+a ·—v f| {z }
drift

= 0, (A.3)

which states that the total derivative of the phase-space distribution function is always equal to zero; the
latter, in turn, contains a so-called diffusion term involving the real-space gradient of f , as well as a drift
contribution involving the gradient of f in momentum space. In the case of an electron gas in a crystal,
it is convenient to use the variables r and k

ḟ + v ·—r f + k ·—k f = 0. (A.4)

Adding the effect of the collisions to the unperturbed dynamics gives the BTE (1.1)

∂
∂ t

f (r,k, t)+ v ·—r f + k ·—k f =
∂ f
∂ t

����
coll

. (A.5)

Under suitable physical conditions, such purely classical transport theory may be successfully employed
for the description of non-classical systems; this constitutes the essence of the semiclassical picture.

47

Appendix A.

Elementary derivation of the BTE

Let us consider an infinitesimal region in the two-dimensional position-momentum space around the
point (r,v). The number of particles in this elementary region

N = f (r,v, t)dr dv. (A.1)

The variation with time of N is given by the balance between the numbers of particles that enter and exit
from the faces of the region

dN = f (r,v)vdt dv� f (r +dr,v)vdt dv + f (r,v)adt dr � f (r,v+dv)adt dr (A.2)

f(r,v+dv)	a	dt dv

f(r,v)	a	dt dv

f(r,v)	v	dt dv f(r+dr,v)	v	dt dv

r r+dr

v+dv

v

or ∂t f = �v∂r f � a∂v f , where a is the acceleration of the particle. Generalizing to a six-dimensional
position-momentum space, one obtains the Vlasov equation of plasma physics (Liouville equation):
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Appendix B.

Time-dependent perturbation theory

One of the main tasks of quantum mechanics is the calculation of transition probabilities from an initial
state to another state under the influence of a time-dependent perturbation. Assume that the Hamiltonian
can expressed as the sum of two terms

Ĥ(t) = Ĥ0 +l Ĥ 0(t), (B.1)

where Ĥ0 is the “simple” (time-independent) part of the Hamiltonian, the part whose eigenvectors and
eigenvalues can be solved exactly, and l Ĥ 0 is the “complex” part that makes the problem intractable, l
being a dimensionless quantity that we have factored out of Ĥ 0. The basic idea of perturbation theory
is to develop the unknown quantities (eigenvalues and eigenvectors of Ĥ) in powers of l , and to solve
the resulting equations separately for the different orders. We will assume that the perturbation is weak
enough to ensure convergence. The time-dependent Schrödinger equation we need to solve is

[Ĥ0 +l Ĥ 0(t)]|fn(t)i = ih̄
∂
∂ t

|fn(t)i. (B.2)

Let’s suppose that we are able to solve the unperturbed problem

Ĥ0|yni = En|yni. (B.3)

It is convinient to use as basis the eigenstates of the unperturbed Hamiltonian including their time de-
pendence

|yn(t)i = |ynie�iEn(t�t0)/h̄. (B.4)

Inserting

|fn(t)i = Â
n

an(t)|yn(t)i (B.5)

in (B.2), we have

[Ĥ0 +l Ĥ 0(t)]Â
n

an(t)|yn(t)i = Â
n

[ih̄ȧn(t)+Enan(t)]|yn(t)i, (B.6)

or

Â
n

an(t)[Ĥ0 �En]|yn(t)i+Â
n

[an(t)l Ĥ 0(t)� ih̄ȧn(t)]|yn(t)i = 0. (B.7)

The first term vanishes. Multiplying on the left the second term by hym(t)|, integrating, and recalling the
orthonormalization condition hym|yni = dmn, we have

Â
n

[an(t)lH 0
mn(t)e

i(Em�En)(t�t0)/h̄ � ih̄ȧn(t)dmn] = 0, (B.8)

with

H 0
mn(t) = hym|Ĥ 0(t)|yni =

Z
dr y⇤

m(r)H 0(t)yn(r). (B.9)
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Defining

h̄wmn = Em �En, (B.10)

(B.8) may be rewritten as

ih̄ȧm(t) = Â
n

an(t)lH 0
mneiwmn(t�t0). (B.11)

This equation is exact, and shows how the Hamiltonian generates the evolution of the system according
to its matrix elements. At this point, we consider the perturbation expansion of the coefficients

am(t) = a(0)
m (t)+la(1)

m (t)+l 2a(2)
m (t)+ ... (B.12)

and insert it in (B.11). Equating terms of like powers of l on both sides of the resulting equation, we
have for the first three terms

ȧ(0)
m (t) = 0 (B.13a)

ih̄ ȧ(1)
m (t) = Â

n
H 0

mn(t)a
(0)
n (t)eiwmn(t�t0) (B.13b)

ih̄ ȧ(2)
m (t) = Â

n
H 0

mn(t)a
(1)
n (t)eiwmn(t�t0) (B.13c)

The first of these equations shows that to zero order the state is constant in time, i.e., it remains in its
initial condition: a(0)

m (t) = a(0)
m (t0) = a(0)

m . In particular, if we assume a(0)
n = dni, i.e., that the system is

in the unperturbed eigenstate |yii at time t = t0, the first-order approximation a(1)
f (t) of a f (t) ( f 6= i) can

be evaluated from (B.13b)

ih̄ ȧ(1)
f (t) = H 0

f i(t)e
iw f i(t�t0). (B.14)

To proceed further, we need to assume a given form for H 0(t). Let’s assume that the perturbation H 0

depends harmonically on time

H 0(t) = Fe�iwt +F⇤eiwt . (B.15)

This may readily be the case (the presence of both terms ensures the Hermiticity of the Hamiltonian),
or these two terms could just be just the Fourier components of a more general (real) function of time.
Integration of (B.14) from t0 to t gives

a(1)
f (t) =

1
ih̄

Z t

t0

h
Ff ie�iwt 0 +F⇤

f ie
iwt 0
i

eiw f it 0dt 0 =

1
ih̄

2

6664
Ff i

ei(w f i�w)t � ei(w f i�w)t0

i(w f i �w)
| {z }

absorption(wf=wi+w)

+F⇤
f i

ei(w f i+w)t � ei(w f i+w)t0

i(w f i +w)
| {z }

emission(wf=wi�w)

3

7775
(B.16)

It is clear that the first term corresponds to the absorption of a quantum of the perturbing field, and the
second to the emission. Let us then assume that the final state has energy close to the one corresponding
to an absorption or an emission, and keep only one term. We shall see that this approximation is in
general reasonable, since the two terms become sharply peaked, and where one is essentially different
from zero the other is practically zero. The probability of finding the system at time t in the final state
|y f i after an absorption is then

|a f (t)|2 =
1
h̄2 |Ff i|2

��ei(w f i�w)t � ei(w f i�w)t0
��2

(w f i �w)2 =
1
h̄2 |Ff i|2

sin2 (x Dt)
x 2Dt

Dt (B.17)
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Figure B.1.: Shape of the function sin2(x Dt)/(x 2Dt), with x = E/(2h̄), for different values of Dt. At
increasing times, (B.18) approaches d (x ).

with x = (w f i �w)/2 and Dt = t � t0. The above formula gives the probability, to first order, of finding
the system in the state |y f i, Dt seconds after it was prepared in the state |yii, as a consequence of the
absorption of a quantum of the perturbing field. Note that this probability is different from zero not
only at exact energy conservation, but also close to it. A similar result is obtained for emission. The
second-order probability can be obtained with similar calculations. It corresponds to two absorptions, or
two emissions, or one absorption and one emission in the two possible time orders. For sufficiently long
times Dt, we may approximate

sin2 (x Dt)
px 2Dt

⇡ d (x ), (B.18)

which gives

|a f (t)|2 =
2p
h̄

|Ff i|2d (E f �Ei ⌥ h̄w)Dt, (B.19)

where the upper sign stands for absorption, and the lower sign for emission. The d -function expresses
the conservation of energy. (The fact that this function is strongly peaked justifies considering the two
terms in (B.16) separately.) The probability in (B.19) is proportional to Dt. The transition probability per
unit time can be defined as

S(i ! f ) =
2p
h̄

|Ff i|2d (E f �Ei ⌥ h̄w), (B.20)

which is the basic result of scattering theory known as Fermi’s Golden rule: in order to compute the
scattering rates appearing in the collision term of the BTE, you just need to define the perturbation
Hamiltonian for each scattering mechanism, and compute its matrix elements between the unperturbed
states of the system, which in our case are the Bloch’s states of the crystal. Eq. (B.20) holds if we are in a
weak (infrequent) scattering regime, so that we can take the limit Dt ! • leading to energy conservation,
without another scattering occurring.

91



Appendix C.

Generation of random numbers

The Monte Carlo procedure is based on the generation of random numbers. Any modern computer
provides a routine for the generation of (pseudo)-random numbers evenly distributed over the interval
[0,1], i.e., starting from a given initial entry (called seed) the routine produces a periodic sequence of
uncorrelated numbers uniformly distributed over [0,1]. Our objective is to generate random numbers
according to a given distribution function.

C.1. Inversion method

Given a random variable U evenly distributed in [0,1], and an invertible cumulative distribution function
(cdf) F(x), the random variable X = F�1(U) has cdf F(x). This is the idea behind the inverse transform
method, or simply the direct method. The algorithm proceeds as follows:

1. Generate a random number u uniformly distributed in [0,1]

2. Compute the value x such that F(x) = u

3. Take x to be the random number drawn from the distribution described by F(x).

In order to prove this, recall that F(x) is a non-negative and non-decreasing (monotone) function.

P(X  x) = P(F�1(U)  x) = P(U  F(x)) = F(x). (C.1)

The last equality holds because P(U  u) = u if U is uniform in [0,1]. For example, let’s compute a
random number uniformly distributed in the interval (a,b). According to the inversion technique we
must find

u = F(x) =
Z x

�•
f (x0)dx0 =

Z x

a

dx0

b�a
=

x�a
b�a

, (C.2)

which gives the intuitive result x = u(b�a)+a.
The inversion method has also a discrete version when f (x) is the sum of d functions. Consider a

non-negative discrete random variable X with probability distribution function

P(X = k) = pk, (C.3)

with k � 0. Then the inversion technique gives

X = 0 if U  p0

X = k if
k�1

Â
i=0

pi < U <
k

Â
i=0

pi. (C.4)
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Figure C.1.: Rejection technique for a generation of a random number with probability density function
f (x) using random numbers evenly distributed in [0,1].

C.2. Rejection method

The application of the inversion method is limited to one-dimensional problems for which the cumulative
distribution and its inverse are known analytically. Consider a probability density function (pdf) f (x)
defined in interval [a,b] and zero elsewhere; let C be a positive number such that C � f (x) (it is not
necessary to know the maximum of f (x): the method works also with any overestimation of it). The
algorithm, which is pretty much like throwing “darts” at the distribution, proceeds as follows:

1. Pick a random number r1 uniformly distributed in [0,1], then compute x = a+(b�a)r1

2. Pick a random number r2 uniformly distributed in [0,1], then compute y = r2C

3. If y  f (x) then x is accepted, otherwise x is rejected and steps 1 and 2 are repeated until y  f (x).

The rejection technique is always applicable, with any bounded pdf defined on a bounded interval [a,b].
However, if the pdf is strongly peaked, many pairs of random numbers might be generated before a
successful trial.
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