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Capitolo 1

Maxwell equations and their

properties

We discuss the properties of the Mazwell equations.

1.1 Maxwell equations

Maxwell equations, formulated on 1861, hold both in relativity and in quantum
mechanics, with the only difference that in quantum mechanics the electric field
is an operator and not a simple vector. Maxwell completed the electromagnetism
laws, formulated by Gauss, Ampere, Faraday and others, adding the displacement
current to the Ampere law, in order to remove some inconsistency. Before Maxwell,

the laws of the electric and magnetic phenomena were described by the following

equations:
V.B = 0 (1.1)
0B
E = — 1.2
V x e (1.2)
V:-D = p (1.3)
VxH =1J (1.4)

The laws described by Eqs.(1.1),(1.3) and (1.4) were obtained empirically in static
conditions (i.e. d/0t = 0). However, Eq.(1.4) implies that V - J = 0, in contrast
with the continuity equation V - J + dp/0t = 0. Using Eq.(1.3) this can be written
as V-J+(0/0t)(V-D) =0and so V-(J +0D/0dt) = 0. Hence, by the substitution



J— J+0D/0ot, Eq.(1.4) becomes

oD
VxH::J+5; (1.5)

which complete the Maxwell equations set. The term 0D /0t is said ’displacement
current’, and it is responsible for the existence of the electromagnetic waves *.

Eq.(1.1)-(1.5) are macroscopic equations, obtained by a spatial average over a
volume much larger than the atomic dimensions, containing a large number of atoms.
To them we must add the relations

D=¢E+P (1.6)
B

H=—-M (1.7)
Ho

where P is the polarization (electric dipole moment for volume units) and M is the
magnetization (magnetic dipole moment for volume units); p is the charge density
and J is the current density, supposed assigned externally. These equations describe
the general behavior of the e.m. field in the matter, provided the dependence of P
and M on the fields is known.

1.2 Scalar and vector potentials

It is possible to write the Maxwell equations in terms of the scalar and vector
potentials of the e.m. fields. In fact, Eq.(1.1) implies that

B=V XA, (1.8)
where A is the vector potential. From the other homogeneous Maxwell equation
(1.2),

0A
VX(E+— | =0.
=+ 5)
A field whose curl is zero admits a potential, so we can write
0A
E=—-—-Vo¢ 1.9
-V (19)

'Maxwell reduced all of the current knowledge on electromagnetism into a linked set of 20
differential equations in 20 variables. The present version of the equations was formulated by
Oliver Heaviside on 1873. He wrote: 7 I remember my first look at the great treatise of Mazwell’s
when I was a young man. I saw that it was great, greater and greatest, with prodigious possibilities
in its power..It took me several years before I could understand as much as I possibly could.”



where for convenience we introduced a negative sign in front of ¢, which is the
scalar potential. Eqgs.(1.8) and (1.9) are equivalent to the two homogeneous Maxwell
equations, (1.1) and (1.2). Let’s now consider the two non homogeneous equations,

(1.3) and (1.5). From them it follows the continuity equation:

0 dp
V-(VXH)—O—V-J+§V.D_v.J+E
so that
dp
Vet =0, (1.10)

which expresses the conservation of the total electric charge. Using Eq.(1.6) and by
substituting Eq.(1.9) in Eq.(1.3), one finds

V-D = V- (qE+P)=p

where p; = p — V - P is the effective charge density [in fact we can write Eq.(1.3)
in the form V - E = p;/¢y]. Finally, we can write Eq.(1.11) as

0 P1
“(v.A) = A&
(325( ) (—f()7

where V? = V - V. In the similar way, we can insert the relations (1.6) and (1.7)
in Eq.(1.5):

Vi + (1.12)

V X (E—M) = J—f—g(eoE—i—P)

Ho ot
VX (VXA) = ppd+pV ><M+eom)% (—%—?—V¢> +M°88_]:
since VX (VX A)=V(V-A)—V2A and egpo = 1/,
V(V'A>_V2A+é%:MOJ+MoV X M—é%V¢+u0%—PI:

Grouping the terms and introducing the D’Alemembert operator [J = (1/c?)9?/0t*—
VQ
1 8¢
A4+V (V- A+—-—| = J 1.13
- ( - c? 815) 0] (1.13)
where J; = J + V X M + 0P /0t is the effective density current. Notice that it is
easy to check that

0p1 .
V-J1+E—O, (1.14)

so J1 and p; satisty the continuity equation.



1.2.1 Gauge transformation

The potentials A and ¢ are not determined in a unitary way by the fields E and B.
In fact, Eq.(1.8) implies that A is defined up a gradient of a scalar function, Vy,
since, if A’ = A+ Vyx then V X A’ =V X A+ V X Vx = B. Then, it follows
that

oA ., D o OA (O
BE=——r — Vi =2 (A+Vy) - V¢ = —— V<¢+at>.

The transformation

A - A=A+Vy (1.15)
g X
¢ = =e=o (1.16)

is said gauge transformation and the Maxwell equations are invariant under gauge

transformation.

1.2.2 Lorenz gauge

They exist different gauge transformation choices, and the best known is the Lorenz

gauge:

1 0¢
V-A+—-—=0 1.17
= c2 ot (1.17)

With this choice Egs.(1.12) and (1.13) become
i) @ 9 (1.18)

€o

The Lorenz gauge choice makes the vector and the scalar potentials to evolve in a
similar way, both propagating into the space. Notice that if A and ¢ do not satisfy
the Lorenz condition, it is possible to perform a gauge transformation into A’ and
¢’ such that these do it:
10 ox 1 0¢’
V- (A+Vy)+ == — =)=V A'+—-—=0,

( X) c2at( at> 2 ot

so that x is the solution of the equation:

B 1 0¢
Oy = (V-A+C2at>.

Once the function x has been determined, infinite other solutions exist satisfying
the Lorenz gauge such that [y = 0.



1.2.3 Coulomb gauge

In the laser physics, a more popular gauge is the Coulomb gauge, defined by
V-A=0 (1.20)

las for the Lorenz Gauge, it always exists a scalar function x transforming A such
that (1.20) holds, solution of V?y = —V - A]. The Coulomb gauge is named also
transverse or radiation gauge. In fact, any vector G(r) can be decomposed in two
parts, one transverse, G | (r), and one longitudinal, G|(r), such that G(r) = G (r)+
G /(r) where V-G, =0 and V X G| = 0. For a plane wave G(r) o< exp[ik - r| the
interpretation of these definition is transparent (in fact k-G, = 0 and k x G| = 0).
In the Coulomb gauge, Eqs.(1.12) and (1.13) become:

v = -2 (1.21)
€o
OA = pd. (1.22)
where oV
J =J, - . 1.23
1 1— €0 ot ( )

The Coulomb gauge allows to separate the propagating field A from the electrostatic
field, ¢. In fact, Eq.(1.21) has the solution

_ 1 d3,r/pl(r/> t)
Admey Jy r —r/|

¢(r, 1)

equal to the instantaneous Coulomb potential generated by the charge density
p1(r,t) [N.B. this does not contradict the relativity principles, since only the fields
E and B have a physical meaning, not the potentials. It is possible to show that in
fact E and B propagate with the finite speed ¢ |.

The transverse current density J, is a transverse vector: in fact
6V¢> 0 dp1

= . —en—V20 = . —_— =
BT =V-J eoathb V.Ji+ 5 0

V'JJ_:V’(Jl—GO

where the last equality follows from the continuity equation (1.14). Hence, J =
€0(0/0t)V ¢ is the longitudinal component of the current density, since V X Jj| =
€0(0/0t)V x V¢ = 0. Furthermore,

A
E:—%—t—V¢ZEL+E, (1.24)



with E;, = —0A/0t and Ej = —V¢. The equations for the longitudinal and

transverse electric fields are

v.E = 2 (1.25)

€0
oJ |
OE;, = —pp——. 1.26
i Ho ot ( )
Is is now clear the name Coulomb (see Eq.(1.21)) or radiation (see Eq.(1.26)) given
to this gauge. The Coulomb gauge is useful in QED, since it may require to quantize
only the potential vector A and not the scalar potential ¢.
A typical situation in laser physics is to consider the interaction of the radiation
with atoms such that M = 0 (no magnetization), J = 0, p = 0 (no free current of
charges) and V - P = 0. With these assumption, ¢ = 0,

oA
_ oa 1.2
5 (1.27)
B = VXA (1.28)

and J; = J; = 0P /0t. The fundamental equation in the laser physics theory is

1 0’E 0’P
2 - = p———
VB =S oE ~ Hge

(1.29)
An oscillating polarization generates a transverse radiation field (with V - E = 0
and B-E = 0). A different situation occurs in radiation emitted by accelerated
charges, as for instance in the free electron laser. In these cases the source is the

current density J and the equation for the field is

vy LPE_ 00
VE— 555 = Hog (1.30)

1.3 Conservation of energy of the electromagnetic
fields.

From the Maxwell equations it is possible to obtain the conservation laws of the
energy and of the momentum. Let’s consider the Maxwell equations in the presence
of free charges and currents. For a single charge ¢ the rate of doing work by external
electromagnetic fields E and B is ¢v - E, where v is the velocity of the charge

[the magnetic field does not work, since the Lorentz force is perpendicular to the

10



velocity]. For a continuous distribution of charge and current, the total rate of doing

work by the fields in a finite volume V' is

/VJ Edr (1.31)

This power is the e.m. energy converted for unit time in mechanical or thermal
energy. It must be balanced by a corresponding rate of decrease of energy in the
electromagnetic field within the volume V. This can be obtained from the Maxwell

equations. Using Eq.(1.5) to eliminate J

D
/J-Edr:/[E-(VXH)—E-a— dr (1.32)
v v ot
Using the vectorial identity
V- (ExH)=H-(VXE)-E-(V xH)

and Eq.(1.2):

0B oD
/J-Edr:—/ H —+E-—+V-(ExH)|dr (1.33)
To proceed further we assume the the macroscopic medium is linear in its electric
and magnetic properties. We assume also that the medium is dispersionless (see
next section). Then the first and second term represent the time derivative of the

energy density

u:%[E-D+B-H] (1.34)

whereas the third term is the flux of the Poynting vector
S=ExH (1.35)

Since the volume V' is arbitrary, we obtain a differential equation for the energy
conservation:
Ju

5, TV S=-JE (1.36)

The time derivative of the electromagnetic energy in a volume V' plus the flux of
energy traversing the surface enclosing V' in the unit time is equal to the negative
of the work done per unit time by the field on the sources inside the volume V. The
Poynting vector S is the energy flux and has the dimensions of Watt/m?.

The emphasis so far has been on the energy of the electromagnetic fields only.

The work done per unit time per unit volume by the field J - E is a conversion of

11



electromagnetic energy into mechanical or heat energy. We can think this as a rate
of increase of energy of the charged particles per unit volume, We can interpret the
Poynting’s theorem for the fields E and B as a statement of the conservation of
energy of the combined system of particles and fields. If the total energy of the

particles within V' is E,,.., and no particles move out of the volume, we have

ABmeen :/J-Edr.
dt v

The Poynting’s theorem expresses the conservation of energy for the combined

system as

d
%(Emech + Efield) - — f S -nda (137)
S

where the field energy inside V' (in vacuum, where D = ¢yE and B = pyoH) is

Efiela = / udr = 6—(]/(E2 + ¢*B?) dr. (1.38)
v 2 Jv

1.4 The Poyntings’s theorem for harmonic fields
Let consider a field varying sinusoidally in time
E(r,t) = Re {E(r)e ™'} = % {E(r)e ™" + E*(r)e™"} (1.39)
where E is complex. Then the product of two quantities, as J - E is
J(r,t)-E(r,t) = i {J(x)e ™" + J*(r)e™'} - {E(r)e ™" + E*(r)e™"}

_ ;%{r@.mm+J@yE@p4M} (1.40)
so that the average value (in time) is

(J(r,t) - E(r,t)) = %Re {J*(r) - E(r)} (1.41)
The Maxwell equations for the harmonic fields become

V-B=0 , V.-D=p (1.42)
VXE—iwB=0 |, V xH+iwD=1J (1.43)

The derivation of the Poynting’s theorem follows the same lines as before:

1 1
—/J*-Edr:—/E-[VxH*—z‘wD*}dr (1.44)
2/, 2/,

12



Using the vectorial identity
V- (ExH)=H"-(VXE) —-E-(VXH")=iwH"-B-E-(V x HY)

we obtain

%/‘/J*~Edr_%/V[iw(H*-B—E-D*)—V-(ExH*)]dr. (1.45)

We define the Poynting vector
1
S = §(E x H*) (1.46)

and the harmonic electric and magnetic energy densities

1 1
u=7(E-D) ., u,=;(B-H) (1.47)

such that the Poynting’s theorem takes the form:

1
—/J*-Edr—l—Ziw/(ue—um)dr—i—]{S-nda:() (1.48)
2 Jv v s

It is a complex equation whose real part gives the conservation of energy for the
time-averaged quantities and whose imaginary part relates to the stored energy and
its alternating flow. If the energy densities u. and u,, have real volume integrals, as
occurs for systems with lossless dielectric and perfect conductors, the real part of
Eq.(1.48) is

%/‘/RG(J* -E)dr + ﬁRe(S ‘n)da =0 (1.49)

showing that the steady-state time-average rate of doing work on the source in V'
by the fields is equal to the average flow of power into the volume V' through the
boundaries surface S.

1.5 Momentum of the electromagnetic fields

The electromagnetic field transports not only energy by also momentum. A photon
of energy hw has also a momentum Ak, where w = ck in vacuum. Classically, it is
possible to introduce the momentum density of the electromagnetic field in vacuum.
In a dielectric medium this concept is more complicated and ambiguous, as we will
see in the next section. So for the moment we consider the electromagnetic field in

vacuum only.

13



The force acting on a charged particle is the Lorentz force:
F =¢(E+v xB)

For a continuous charge distribution, the second Newton law states that if P,,eqp is

the sum of all the impulses of the particles inside a volume V', then

deech
dt

_ / (PE + J x B) dr. (1.50)
|4

We use now the Maxwell equations to express p and J in terms of the fields E and
B. Using Egs.(1.3) and (1.5) in vacuum (i.e. with D = ¢E and B = p0H)

OE
pE+J x B =¢ {E(V-E)—i—BxE—chx(VxB) .
We can write 9E 5 5B

Then, adding ¢ B (V - B) = 0 and using Eq.(1.2), we obtain

pE+JxB = ¢[E(V-E)+B(V-B)

= Ex(VxE)—CQBx(VxB)—%(ExB) . (1.51)

In this way the time derivative of the impulse is

d
% |:Pmech —|—/V€0(E X B)dr} =

eo/ [E(V-E)—Ex(VXE)+B(V-B)—’Bx(V xB)|dr
(1.52)

The term on the left-hand side of the equation is the time derivative of the to-
tal momentum, equal to the sum of the mechanical momentum P,,., and the

electromagnetic momentum

1
P i — eo/(E xB)dr = ~ [ (B x Hydr (1.53)
14 cJw
The momentum density of the electromagnetic field in vacuum is

1

1
g:€0EXB:DXB:—2EXH:—ZS. (154)
C C

14



In order to see that the above equation expresses the conservation of the total
momentum, we must prove that the right-hand side of the equation is a surface
integral of the flux of momentum, i.e. that the function in the volume integral is

the divergence of a tensor. Let’s consider the z-component of the electric part of it:

[E(V-E)-Ex(VXE)], = FE,(0.E, +0,E,+0.E.)
—~ E,0,E, - 0,E,) + E.(0.E, — 0,E.)
= 0,(E?) +9,(E.E,) + 0.(E,E.)
1

— 5agc(Eg + Ej + E?)

Indicating the cartesian coordinates as x, with a = 1,2, 3, this means that we can

write the a-component as
[E(V-E)—E x (V x E)] —Zi F.Es— “E-Es
a 3 63:5 P 2 op

so that the vector can be written as the divergence of a tensor of rank two. Adding

the magnetic part, we define the strain Mazwell’a tensor T,z as:
1
Tup = €0 {EaEg + *B,Bg — = (E-E+¢B-B) 5a5] (1.55)

The balance equation of the momentum can be written as

d 0
E (Pmech + sz'eld>a - Z /V dra_xﬂTaﬁ (156)
B

and applying the theorem of the divergence to the volume integral,

d
a0 (Pumech + Pricid) , = j{ da E Topng (1.57)
s
B

where n is a versor orthogonal to the closed surface S and pointing outside. Hence,
the equation represents a conservation law for the momentum, where > 5 Lapnp is
the flux of the force per unit of surface through the surface S. This means that it is
the force acting on the particles and the fields inside the volume V. It can be used

to calculate the forces acting on material bodies immersed in electromagnetic fields.

15



1.6 Momentum of the electromagnetic fields in a

dielectric medium*

Let’s now extend the previous result in the material. Using the macroscopic Maxwell

equations,

pE+J xB = E(V-D)+Bx%—]t)—B><(V><H)

We can write 5D P 5B

Then, adding B (V - H) = 0, we obtain
pE+JxB = [E(V-D)+B(V-H)

- Dx(VxE)—Bx(VxH)—%(DxB) (1.58)

In this way the time derivative of the mechanical impulse is

% {Per/V(DxB)dr} =

/[E(V-D)—Dx(VxE)+B(V-H)—B><(V><H)]dr (1.59)

Assuming a linear relation between D and E and between B and H, we can write

the a-component of the force density as

d
m+D x B, 1.60
7 [P +D x Z 5y - (1.60)
where P, = fv Pmdr and
1
Toh = EoDj + BoHg — 7 (E-D+B-H)d,s (1.61)

is the Minkowski form of the Maxwell’s tensor. These equations suggest that the

total momentum density is the mechanical momentum density p,, plus
gy=DxB (1.62)
in terms of which

dgm M
E+JxB E —T. 1.63
p + X + :| (933 af ( )

16



Let’s us recall the Poynting’s theorem, Eq.(1.36),

ou
V-S=-J-E—- —
S J ot

The Poynting vector S = E x H gives the flux of electromagnetic energy. The
right-hand side is the rate of change of the total energy, that of the field plus that of
the material medium, but only energy attributable to the field actually propagates
out of any given volume element of the medium. In other words, S = E x H
gives the energy flux of the field in the medium as well as in free space. From this
assumption, and the relation g = S/c? of special relativity theory for the momentum
density associated with any process, electromagnetic or otherwise, by which energy

is transported with a flux S 2, we are led to assign to the field a momentum density

ExH

c2

ga = (1.64)

This defines the Abraham momentum density. Using D x B = (n?/c)E x H =
(1/¢*)(1+n?—1)E x H for an effectively non dispersive and isotropic linear medium

with refractive index n, we can write

6g,4 0
E+JxB+f1+221 =Y —71M 1.
pE+J x B+ +8tL ;8@30‘5 (1.65)
where
4 = l(n2 — 1)2E x H (1.66)
c2 ot )

is the so-called Abraham force density. Equation (1.63) suggests that the force

density acting on the material medium is

(frr)a = ; a%gT% — (ag—f)a (1.67)
whereas according to Eq. (1.65) the force density acting on the medium is
(fa)a = ZB: %T% — (%‘4)& (1.68)
ie.
fA:fM+8§—f—a(§itA:fM+fA (1.69)
2For instance, for a plane wave |S| = ¢(€/V) where & is the energy in the volume V. For

the theory of relativity, a massless particle carries a momentum p = £/¢, so that the momentum
density is p/V = S/c?.

17



Thus in the Minkowski formulation the force acting on the particles of the dielec-
tric medium is obtained by subtracting dgas /0t from 3TC% /0x 3, suggesting that
the field momentum density is g,;. In the Abraham interpretation as just descri-
bed, however, the force on the medium is obtained by subtracting dga /0t from
>3 0Ta%/0xs under the assumption that the momentum density of the field is ga.
In this interpretation there appears the force density f4 that, together with the
Lorentz force density pE + J x B, gives the total force on the material medium, as
is clear from Eq.(1.65).

Of course both the Minkowski and Abraham momentum densities, gy, and g,
are defined in terms of measurable quantities and are themselves therefore measura-
ble in principle. Either momentum density will comport with conservation of linear
momentum, the only difference being in how we choose to apportion the total mo-
mentum between the field and the material medium. This is of course obvious from
the equation

0 9
JE+IxB+ B _ B gxB Ay 284

ot ot

On the left-hand side we could interpret g); as field momentum density; on the
right-hand side we could interpret g4 as field momentum density, but then, com-
pared with the left side, we have an additional (Abraham) force (and momentum)
density associated with the medium. The generally accepted view is that g4 is the

momentum density of the field.

Discussion*

For a monochromatic plane wave along 2 in vacuum, with w = ck,
E(z,t) = xEq cos(kz — wt)
B(z1) = 92 cos(hz — wi)

the energy density, the Poynting vector and the momentum density are

1 1
u = 560E8, S = Z§CEOE§ = Zcu, g = Z;—ZEOQ = 2% (1.70)

where we replace cos?(kz — wt) by its average, 1/2. We can express these quantities
in terms of photons by writing u = ¢hw/V, where ¢ is the average number of
photons in a volume V. This implies that g = g(fw/cV)z, consistent with a single
photon in vacuum having a linear momentum p = hk with k = (w/c)z and with
the requirement of special relativity that the energy E and linear momentum p of
a particle with zero rest mass satisfy E = |p|c = pc.
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We can extend these considerations heuristically to a plane wave with w = ck/n
in the case of a dielectric medium with refractive index n = \/m at the frequen-
cy w. For utmost simplicity we assume for now that both absorption and dispersion
are negligible at frequency w, so that n may be taken to be real and independent on
w. We will also assume that pu ~ pg, generally an excellent approximation at optical
frequencies. Then the cycle-averaged energy density is u = (1/2)eE?. However, the
form of the momentum density depends on which form of Eq.1.54 we use. If we use

the (1/c*)E x H form, we obtain the (cycle-averaged) momentum density

. ne U

In terms of photons, if we write u = qfuw/V', then g4 = z(qhw/cnV'), implying that
the momentum of a photon in a dielectric medium is
1 Aw

= (1.72)

ba=

It is often asserted, however, that the momentum of a photon in a dielectric medium

is A times the wave vector: fo
pyv = hlk| =n—. (1.73)
c

In fact, this form follows directly from the B x D form of Eq.(1.62):

gy = Z%Eg - z"—C“ (1.74)
Here p4 is the Abraham expression for the photon momentum in a dielectric medium,
whereas pj; is the Minkowski expression. There is a long-standing question as to
which expression is correct, not yet fully resolved.

We present two basic examples of the transfer of momentum between light and
matter. These examples are used to support the interpretation of the Abraham
momentum as the momentum of the field, whereas the Minkowski momentum is the
momentum that the field imparts to atoms in a dielectric medium. For simplicity
we assume in each of these examples that dispersion is negligible at the frequency

w considered.

The Balazs Block*

We consider a block of mass M, refractive index n, and thickness a. The block is
initially at rest on a frictionless surface. A single-photon pulse of frequency w is

incident on the block, which is assumed to be non absorbing at frequency w and to
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have anti-reflection coatings on its front and back surfaces. If the photon momentum
is p;, inside the block and p,,; in the vacuum outside it, the block will pick up a
momentum MV = p,,: — pin When the pulse enters. Outside the block the photon
momentum is pous = me, where m = E/c¢® = hw/c? is the mass associated with the
photon. Similarly p;, = muv, where v is the velocity of light in the block. If there
is no dispersion, v = v, = ¢/n, and the momentum of the photon in the block is
evidently given by p;, = mc/n = hw/nc = pa, the Abraham photon momentum.
The crucial assumption in this argument, originally made in essentially this way by
Balazs, is that the velocity of light in the dispersionless medium is the phase velocity
vp. Together with momentum conservation, this assumption leads to the conclusion
that the momentum of the field has the Abraham form. This can in principle be
tested experimentally. Conservation of momentum requires that MV = m(c — v).
When the pulse exits the block, the block recoils and comes to rest and is left with

a net displacement

m a hw
Ax = VAt = M(c— v); = Vo

as a result of the light having passed through it. If the photon momentum inside the

(n—1)a

block were assumed to have the Minkowski form nhw/c, however, the displacement

of the block would be in the opposite direction, contradicting the Newton’s law.

The Doppler effect”

In the absence of an experimental test the example just considered does not prove
that the momentum of a photon in a dielectric medium is p4 = hw/ne, but only
makes it plausible. We next consider an example where the answer - the Doppler
shift in a medium of refractive index n - is known, and see what it says about py
versus pys. This example is based on an argument of Fermi’s that the Doppler
effect is a consequence of recoil. Consider an atom of mass M inside a dielectric
medium with refractive index n(w). The atom is assumed to have a sharply defined
transition frequency wp and to be moving initially with a velocity v away from a
source of light of frequency w. Because the light in the atom’s reference frame has a
Doppler-shifted frequency w(1 —nwv/c) determined by the phase velocity ¢/n of light

in the medium, the atom can absorb a only photon if w(1 — nv/c) = wy, or
w~ wo(l+nv/ec)

We associate with a photon in the medium a momentum p, and consider the impli-

cations of (nonrelativistic) energy and momentum conservation. The initial energy
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is B; = hw + (1/2) Mv?, and the final energy, after the atom has absorbed a photon,
is Awg + (1/2) Mv", where v’ is the velocity of the atom after absorption. The initial

momentum is p + Mwv, and the final momentum is just Mv'. Therefore

%M(UQ — ) ~ Mo(v' —v) = Mu(p/M) = h(w — w)

or

w Nwo—i—% ~ wo(1l 4 nv/c)

so that p = hwy(n/c) = pusr.

The first example suggests that the momentum of the photon is p4, while the
second example seems at first thought to suggest that it is pp;. There is no doubt
about the (first-order) Doppler shift in a dielectric medium being nvw/c, as we have
assumed, but does this imply that the momentum of a photon in a dielectric is
nhw/c? It is possible to see that the total force exerted by a single photon plane
monochromatic wave on the particles of a dielectric, including the Abraham force,

suggests a momentum density of magnitude

pmed_ n_l @
Vo n/)cV

if dispersion is negligible. Now from our conclusion from energy and momentum

conservation that the known Doppler shift implies that an absorber (or emitter)
inside a dielectric recoils with momentum nhw/c, all we can logically deduce is that
a momentum nfw/c is taken from (or given to) the combined system of the field
and the dielectric medium. Given that the medium acquires the momentum density
above, from the force exerted on it by the propagating field, and that the atom
recoils with momentum nfw/c, we can attribute to the field, by conservation of

momentum, a momentum

hew 1 hw

N— = Pmed = —— = PA.
C n c

In other words, the kinetic momentum of the field is the Abraham momentum,
consistent with our discussion of the example of the Balazs block. The momentum
nhw/c evidently gives the momentum not of the field as such but of the combined
system of field plus dielectric; it is the momentum density equal to the total energy
density u = hw/V for a monochromatic field divided by the phase velocity ¢/n of
the propagating wave. Experiments on the recoil of objects immersed in dielectric

media indicate that the recoil momentum is nhw/c per unit of energy hw of the
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field, just as in the Doppler effect. A consistent interpretation of these examples,
therefore, is that the field carries a momentum p, per photon, but that there is also
a momentum p,,.q imparted by the field to the medium. An atom that absorbs or
emits a photon of frequency w in the medium therefore recoils with the momentum

PA+Pmed = P, as if the photon momentum were the Minkowski photon momentum

Pm-

1.7 Wave equation and Green functions

We consider the equation for the electric field E in the presence of a dielectric with

polarization P:

1 O°E o*P
2 _

VE-Goe e

It has the structure of a wave equation, where each component is the solution of an

(1.75)

equation of the form
1 0?0
2 _
where f(r,t) is a known distribution of sources. It is useful to express the solution
of this equation using the Green function. Let’s assume a case without boundary

conditions and eliminate the temporal dependence by a Fourier transform:

1 oo

U(r,t) = o ) U(r,w)e “dw (1.77)
fe,8) = % /_ Z £, w)etd (1.78)

so that Eq.(1.76) becomes
(V2 + k) (r,w) = —4rf(r,w) (1.79)

where k = w/c. The associated Green function satisfies the equation

(V2 + k*)Gy(r,r') = —476(r — 1) (1.80)
such that the ¥(r,w) can be written as

U(r,w) = /Gk(r,r')f(r’,w) dr'. (1.81)

If there are not boundary surfaces, the Green function may depend only on R = r—r’

and must have a spherical symmetry, i.e. must depends only on R = |R|. From the
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expression of the laplacian in spherical coordinates,

1 d?
k*Gy = —4mé
RdR2 (RGk) + k°Gy = T (R)
Here RG), satisfies in all the space except R = 0 the homogeneous equation
d2

- ——(RGy) + K*(RGy) =

with solution RGy(R) = Ae*F + Be~*R_ The delta function is relevant only for
R — 0, so the equation reduces to the Poisson equation, since kR < 1. Then

) 1
o, Gr(R) = R
and the general solution is
Gr(R) = AG\"(R) + BGL)(R) (1.82)
where ,
2 oFikR
GH(R) = (1.83)

R
where A + B = 1. The two solutions correspond to a divergent and convergent

spherical wave, respectively. The time-dependent Green functions are

1 o0 :I:ik:R ) 1 R
GH(R,T) = 27r/ 7 e "“Tdw = Eé (7‘ F Z) (1.84)

where the last expression hold for a non dispersive medium, with k& = w/c. The
function G is called retarded Green function, and G- is called advanced Green

function. The particular solutions of the wave equation are

= //G(i)(r —r' t—t)f(x, ¢ )de'dt’. (1.85)

At this solution sometimes is necessary to add a solution of the homogeneous equa-
tion, depending on the initial conditions. For instance, if for ¢ — —oo there is an
incoming wave ¥, solution of the homogeneous equation, then, if the source f is

localized in space and time, then

U(r,t) = W, (r, 1) + / / G (e —r' t —t)f(x',t)dr'dt. (1.86)

It means that in the past there was only the wave ¥,;,,. On the contrary, if for t — oo

there is only a wave W,,;, then the solution is

B(r, 1) = Uy / / (t—v.t— ), )drdd (1.87)
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It means that once switched off the source f, there is only ¥,,;.
From it, we can write the expression of the retarded potential A and ¢, solutions

of the wave equations in the Lorentz gauge

, 10 P1
-2 = = 1.
(V 2o )? € (1.88)
1 92

Using the retarded Green function, they are

m @ -2 / dr’ {#Lt (1.90)

4meg
/4l
At = 2 [ar {@} (1.91)
rit

where the squared parenthesis means that the time ¢’ must be evaluated at the time
t'=t—|r—1r|/c
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Capitolo 2

Plane electromagnetic waves and

linear dispersive media

We describe the propagation of plane waves in linear dielectric media.

2.1 Electromagnetic plane waves in a dielectric

medium

A fundamental fact of the Maxwell’s equation is the existence of solutions in the

form of propagating waves, carrying energy from one point of the space to an other.

The simplest example of these waves is that of a transverse plane wave. We consider

a medium with uniform electric and magnetic constant, € and p, and infinitely ex-

tended. In absence of other sources, the Maxwell equations for each monochromatic
component are

V-B=0 , V-D=0 (2.1)

VXE—-wB=0 |, VXH+iwD=0 (2.2)

where for a linear, isotropic and uniform media, D = ¢E and B = pyH. We assume

e and p real (so we neglect losses). Then, the equations for E and B are
VXE—-iwB=0 |, V X B+ iwpeE =0 (2.3)

The other two equations with the divergence follow from these (since V-V X'V = 0).

Combining the two equations we obtain the Helmoltz equation:

(V2 + pew?) { E } =0 (2.4)
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Considering a plane wave propagating along x, proportional to e**~®! then we
obtain
nw
k= .\/uew = — (2.5)
c

where n = \/ e/ poeg = cy/pi€ is the refraction index. The general solution is
U(I, t) _ aeikm—iwt + be—ika}—iwt _ aeik(:c—vt) + be—ik(ac—i—vt) (26)

where v = w/k = ¢/n is the phase velocity. If the medium is without dispersion, such
that p and € are independent on w, then by linear superposition of the elementary

solutions the general solution is
u(z,t) = f(xz —vt) + g(z + vt)

where f and g are arbitrary functions.
Let’s now consider an electromagnetic plane wave with frequency w and wave
vector k = kn, where n-n = 1, satisfying the Maxwell equations. Taking the electric

and magnetic fields as the real parts of the complex quantities
E = Ege™ %" B = B, (2.7)
they satisfy the Maxwell equations if k% = pew? and
n-Eg=0 , n-By=0 (2.8)

i,e. E and B are both perpendicular to the direction of propagation. The curl
equations say that
B="nxE (2.9)
c

If n is real, they have the same phase. We introduce a set of three unit vectors
mutual orthogonal, (e, ez, n) such that By = e Ey, By = ex(n/c)Ey. The wave
here described is a transverse wave propagating along the direction n, carrying an

average flux of energy given by the real part of the Poynting vector
1

S=_ExH = _"|E/n
2 2cu

The average energy density is

1
u=(E-D'+B-H)= g\EO]Q

so that S = (¢/n)u = vu, where the phase velocity v = ¢/n is also the energy

transport velocity.
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2.2 Linear and circular polarization

The plane wave (2.7) is a wave where the electric field has a constant direction e,
and it is said to be linearly polarized with polarization vector e;. We can form a

more general wave by superposition of two linearly polarized wave along e; ad es:
E(I‘, t) = [e1E1 + e2E2]€ik~r—iwt (210)

where E and F5 are in general complex. If they have the same phase, (2.10) is still a
linearly polarized wave, whose polarization vector forms an angle § = arctan(Es/E)
with respect to e; and whose amplitude is £ = \/m If Fy and E, have
different phases, the wave (2.10) is elliptically polarized. To discuss a simpler case,
we consider the circular polarization, where E; and E5 have the same modulus and

a phase difference of 90°. The wave (2.10) becomes
E(r,t) = Eyle;, + iey]e ™t (2.11)

We choose the axis such that the propagation is along the positive z-axis and e;
and ey are along the x and y axis, respectively. Then FE,(r,t) = FEycos(kz — wt)
and E,(r,t) = FEsin(kz — wt). In a given point of the space, this wave describes
a vector with constant module rotating with angular velocity w counter-clockwise
(when the sign is minus) or clockwise (when the sign is plus). The two waves have
positive and negative helicity. In the first case the wave has a positive angular mo-
mentum (for e; +iey) and negative angular momentum (for e; —iez). We introduce
the unit vectors

1 :
er = E(el +iey) (2.12)

satisfying the relations: e} -e;x =0, e} -n =0 and e} - eL = 1. Then we can write
E(r,t) = [F e, + E_e_]e ! (2.13)

where E, and F_ are complex amplitudes. If £, and F_ have different modules
but the same phase, it represents a wave elliptically polarized with the principal
axis along e; and e,. The ratio of the major and minor semi-axis is (1 +7)/(1 —r)
with r = E_/E,. If the amplitudes have a phase difference, E_/E, = re'®, the
ellipse is rotated by /2. If r = £1, we obtain the case of a linear polarization.
The polarization of the wave can be quantified by the so-called Stokes parameters,
which can be determined by measuring the intensity in the presence of linear and
circular polarizers. We refer to the textbook for a complete discussion of the Stokes

parameters (see Jackson, Sec. 7.2).
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2.3 Reflection and refraction at a plane surface

between two dielectric media

We consider the reflection and the refraction of a monochromatic plane wave at a
plane interface of separation between two media with different indexes. We divide
their features into kinematic and dynamical properties. The firsts concern the direc-
tion of the reflected and refracted beams, and follow from the wave character of the
phenomenon and from the boundary conditions at z = 0. The seconds follow from
the physical properties of the electric and magnetic fields and from their boundary
conditions.

We consider two media below and above the plane z = 0 (see figure 2.1), with
dielectric constant and magnetic permeability €, u for z < 0 and €, i/ for z > 0. The
refraction indexes are n = \/eu/Tuo and n' = \/m, respectively. A plane
wave with frequency w and wave vector k is incident on the plane z = 0 from below
with an angle # with respect to the normal to the plane z = 0. The refracted and
reflected waves have the same frequency and wave-vectors k’ and k”, making the
angles 0" and 6" with respect to the unit vector n, pointing upward. The incident,

refracted and reflected waves are

E = Ejek™ !  B= %k % E INCIDENT (2.14)
E = Ejekrt B = C%k’ x B REFRACTED (2.15)
E' = Ele¥ Tt B’ = %k” xE’ REFLECTED  (2.16)
The module of the wave vectors are |k| = |k”| = k = nw/c and |[K'| = k' = n'w/ec.

The spatial and temporal variations of all the three waves must be the same at

2z = 0, so that their phase factors must be equal at z = 0,
(k : I')Z:() = (k/ : I')Z:() = (k” . I')Z:() (217)
These equations contain the kinematic aspects of refraction and reflection:

1. The wave vectors of the incident, refracted and reflected waves must lie in the

same plane;
2. ksinf = k'sin® = k" sin@”. Since k" = k, then

0" =6  (reflection law) (2.18)
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and since k' /k = n'/n then

nsinf = n’sin ¢’ (Snell’s or Cartesio'slaw of refraction) (2.19)

The dynamical properties are contained in the boundary conditions for the elec-
tric and magnetic fields at the interface z = 0: the orthogonal components of D and
B and the longitudinal components of E and H must be continue. Since D = ¢E

and B = uH, the four conditions are:

[k xEq+ k" xEj—k'xE(], =0 (2.21)
[Eo + Eg — Eglj =0 (2.22)
1 1
—(k xEg+ k" xEj) — —k' xEg| =0 (2.23)

2 1% I

We consider two cases: (a) the incident wave has its electric field perpendicular to
the incidence plane (i.e. the plane containing k and n) and (b) the incident wave

has its electric field parallel to the incidence plane.

E, perpendicular to the incident plane.

In this case the electric field points inward the page of fig.2.1. The magnetic field
is such the energy flux is in the direction of the wave vectors. From Eqgs.(2.22) and
(2.23):

Eo+El —E) = 0 (2.24)

k K
—(Ey — Ej)cos) — —Ejcos = 0 (2.25)
7 7

Assuming pu ~ p/ and k = n(w/c), k' = n'(w/c), we obtain

Ey _ 2ncosf / 2ncos 6 (2.26)
Ey ncost +n'cos® 1 cos+ /n2 — n2sin20
E_(’)’ _ ncos — n' cosl’ _ ncosf —\/n2 —n2sin’é (2.27)
Eq ncos +n'cos? o560+ /2 — n2sin6

where we used the Snell’s law n sin # = n/ sin € in order to express cos ¢’ as a function

of the incidence angle 6.
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kl

Figura 2.1: Scheme of reflection and refraction from a plane interface between two
media with indexes n an n’. A plane wave with wave vector k is incident on the
plane at z = 0 from below; the refracted and reflected waves have wave vectors k’
and k”.
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E, parallel to the incident plane.

In this case the magnetic field is perpendicular to the page of fig.2.1, pointing
upward. We use Eqs.(2.22) and (2.23), assuming again p ~ p':

(Eq — Ej)cost — Ejcosf = 0 (2.28)
n(Ey+ E))—n'E), = 0 (2.29)
which give
26 _ 2n cos 0 _ 2nn’ cos 6 (2.30)
E, n/ cost +ncos?  p2cosl + n/n? — n2sin 6
E_()’ _ n' cosf —ncos@’ _ n'2 cosf — n\/n'2 —n2sin’6 (2.31)

/ / .
E, n’ cosf + ncosf n'2cos O 4+ n\/n2 — n2sin2

Notice that for normal incidence, 6 = 0, the electric field is always parallel to the
interface. Then, for the conditions (2.22) and (2.23) we obtain
E} 2n Ef n-—n

-l em SO = g 2.32
E, n+n'’ Ey, n4+n R

The reflected wave in the case of normal incidence suffers a phase inversion if n’ > n.
In general, Ey and E{ have always the same sign, so that the incident and refracted
waves are always in phase at the surface of separation. For the reflected wave we
must discuss the different cases:

a) When E is perpendicular to the incident plane, we can write

By sin(¢' —0)

= — = 2.
Ey  sin(6+0") (2:33)

Since ' < 0 if n < n/, then the reflected wave and the incident wave have

opposite phases if n < n’ and are in phase if n > n/;

b) When E is parallel to the incident plane, we can write

By tan(0 —¢')

-0 _ = ~/ 2.34
Ey  tan(60+0") (2:34)

If n < n’ then the reflected wave and the incident are in phase if 6 + 6" < 7/2
and with opposite phase if 8 + ¢’ > 7 /2. The situation is reversed if n > n'.
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Figura 2.2: Reflection coefficient R = |E}//FEy|* as a function of the incident angle
0 for n = 1 and n’ = 3, for the incident field perpendicular and parallel to the

incidence plane.
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Figura 2.3: Reflection coefficient R = |E}//FEy|* as a function of the incident angle
0 for n = 1.4 and n’ = 1, for the incident field perpendicular and parallel to the
incidence plane. The dashed line corresponds to the limit angle §;, = arcsin(n/n’) =
0.795 = 45.6°
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Notice that for the case of electric field parallel to the incident plane, the re-
flection wave may vanish when n'cosf = ncosf’ i.e., using the Snell’s law, when
sin(260') = sin(260) or &' +6 = 7 /2. In this case the refracted beam would form a right
angle with respect to the reflected beam, and the electric field of the reflected wave
would point along the direction of the refracted beam. The incidence angle which
meets this condition is called Brewster’s angle, and it is equal to 6 = arctan(n’/n).
Hence, when a non-polarized wave is incident on a refractive surface at the Brew-
ster’s angle, the reflected wave is totally linear polarized perpendicularly to the
incidence plane, and so parallel to the surface. This effect can be used to eliminate

the reflected light, for instance using polarized glasses with vertical polarization.

2.4 Total internal reflection

An other important effect is the total internal reflection, for light coming from
a medium with n > n’. In this case if n > n’ then # > # and the maximum
value ¢ = 7/2 occurs when 6 = arcsin(n//n) = 0. When 6 = 6, the refractive
wave propagates along the interface and there is not energy transport in the second
medium. The light is totally reflected in the incoming medium. When 6 > 6,

sinf > 1, and this mean that 0’ is a complex number with a cosine purely imaginary:

.9 .. 9
0 0
cost = [1— = =iy [0 L 1=t
sin® 6;, sin” 6;,

This implies that the refractive wave has a propagation factor

eik’~r _ eik’(cos@’z-l—sin@’a:) _ e—k’ézeik’ sin 0’z
It means that the refracted wave propagates along the interface with an amplitude
exponentially decreasing as the distance from the interface increases. Also if the
wave is non zero in the second medium, there is no energy transport of it, as can be

verified calculating the average Poynting vector orthogonal to the surface:

1
2wp/

Re[(n - K)| Eg[*)]

1
S-n= §Re[n- (E' x H*)| =

But n - k' = k' cos@ which is purely imaginary, so that S-n = 0. The reflected
wave in the case of total internal reflection is E/Ey = (1 —ih)/(1 + ih) where h =
sin 0;.¢/ cos 0 for E perpendicular to the incident plane and h = £/(sin 61, cos 0) for E
parallel to the incident plane. The module is unity, but the reflected light suffers a
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phase change, different for the two kinds of incidence and depending on the incidence

angle. The phase shift is tan(y/2) = \/sin? @ — sin® 0,/ cos § for incidence perpen-
dicular to the incidence plane and tan(v)/2) = \/sin?@ — sin® 6,/ (sin? 8, cos 6) for
incidence parallel to the incidence plane. Hence, in general in the case of an incident

light linearly polarized in a plane which is neither parallel or perpendicular to the
incident plane, the total reflection changes a linear polarization into an elliptical
polarization.
The total internal reflection is the origin of the Goos-Hdnchen effect, where a
beam with a finite transverse extension is displaced after internal total reflection.
Total internal reflection has as an important application in the light propagation

in optical fibers.

2.5 Linear dielectric media

We now reconsider the initial assumption of a linear, isotropic dielectric medium
described by a macroscopic polarization vector P(r, ). The Maxwell equation is
1 O’°E B 0’P
2o~ Mo
We express the electric field and the polarization in Fourier plane waves, in the form

E(r,t) = (zi)4 / &’k / dwE(k, w)e!kr=w (2.36)

P(r,t) = (2i)4 / d*k / dwP (k, w)e'ker=eb) (2.37)

V’E (2.35)

This has the advantage that the differential equation transforms into an algebraic

equation for the Fourier amplitudes:

{—kQ + w—2} Ek,w) = —uw’Pk,w). (2.38)

c2

Let’s now introduce the linearity hypotesis:
P(k,w) = epx(w)E(k,w) (2.39)

where x(w) is the electric susceptivity (we assume the medium is isotropic, such
that P and E are parallel (otherwise y will be a tensor) and homogeneous, such

that y(w) is independent on the wave vector k. By substitution, we obtain

2
{—k‘2 + % + 60u0w2x(w)} Ekw) = 0 (2.40)
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and

K(w) = °:—2{1+X(w)} (2.41)

Suppose w > 0 and x(w) = x1(w) + ix2(w) a complex function of w. Then, if
X(w) € 1, k(w) = B +ia/2 where § = (w/c)(1 + x1(w)/2) and @ = (w/c)xa(w). A
plane wave of the form exp[i(kz — wt)] propagating inside the medium has the form
e~w/2¢ilBr=wt) - Hence, the imaginary part xs(w) is responsible of an exponential
growth or decay, whereas the real part yi(w) is responsible of a phase variation

(dispersion), such that the wave has a phase velocity

w c

Vy=—=—"—.

B 14+ xa(w)/2
Hence, each monochromatic field component travels with a different phase veloci-
ty. Since a wave packet is obtained overlapping many monochromatic plane wave

components, in a dispersive medium the wave packet will be deformed.

2.5.1 Group velocity

Let consider a component of the electric field, E(x,t), propagating along the x-axis

as a wave packet!:
1 oo L . .
E(z,t) = / E(k)etkz=iw®) g (2.42)

2 ) o
We assume k and w(k) reals, and in this way we exclude dissipation effects. The
Fourier transform E(k) is given by the Fourier transform of the spatial amplitude

E(z,t) evaluated at t = 0:

o

B(z,0) = % / T B e dk - B(k) = / B(z,0)e-**dz. (2.43)

—0o0 —00

If E(z,0) represents an harmonic wave e*0* for all z, then E(k) = 2m6(k — ko),
representing a monochromatic traveling wave ez ko)t a5 required. If at t = 0
E(x,0) represents a finite wave train with a length of order Az, then the amplitude
E(k) is not a delta function. Rather, it is a peaked function with a width of the
order of Ak, centered around kg which is the dominant wave number in the modu-

lated wave E(x,0). If Az and Ak are defined as the rms deviation from the average

'We express w(k) as a function of k instead of k(w), supposing that it is possible to invert
the dispersion relation (2.41). This is convenient when one considers an initial condition problem
(Cauchy problem).
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of x and k, then Az Ak ~ 1. This means that short wave trains with only a few wa-
velengths present have a very wide distribution of wave numbers of monochromatic
waves, and conversely that long sinusoidal wave trains are almost monochromatic.
If the distribution F (k) is fairly sharply peaked around kg, the integral is appre-
ciable only around ky. If w(k) depends weakly on & then it can be expanded around
ko:
w(k) =wo+ (k — ko)w'(ko) + ...

(where wy = w(kp)) and the integral performed. Thus

1 . ! > ~ : !
E<x7 t) — %efz[wofkow (ko)}t/ E(k>€1k[:pfw (ko)t]dk

= E(x —,t, O)ei[ko“’/(kO)_WO]t

This show that, apart from an overall phase factor, the pulse travels along undistor-
ted in shape with a velocity, called group velocity, v, = w'(ko). Hence, far from the
regions where w(k) varies abruptly (for instance near a resonance), it is possible to
define a group velocity which describes to energy transport of the wave packet.

An important parameter is the (relative) dielectric constant, €,.(w) = €(w)/€eg =
1+ x(w), such that k(w) = (w/c)n(w), where n(w) = /€, (w) is the refraction index.
With these definitions, the phase velocity is v, = ¢/n(w) and the group velocity
vyt = dk/dw = (n +wdn/dw)/c, so that

Cc
v, =

7 n(w) + w(dn/dw)

Hence,
a) for dn/dw = 0 there is no dispersion and v, = v, = ¢/n;
b) for dn/dw > 0 and n > 1 (normal dispersion) v, < v, < ¢;

c) for dn/dw large and negative (anomalous dispersion) v, differs greatly from the

phase velocity, often becoming larger than c.

In general the last case is associated with large absorption and an abrupt change of
n(w), so that the approximations made are no longer valid and the behavior of the

pulse is much more complicated.
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2.5.2 Causality and analyticity

We now discuss the relationship between the principle of causality and the ma-
thematical properties of the dielectric susceptivity. In the hypothesis of the linear

medium, P(w) = eyx(w)E(w), the electric displacement is

D(w) = eE(w) + P(w) = (1 4 x(w)) E(w) = e (w) E(w)

The dependence on w in x(w) means that the response of the medium to the

electromagnetic field is non local in time. Taking the Fourier transform,

+oo

P(t) = ;—jr [ dox(@)B(w)e

€o +o0 +o0 o )
= o dwy(w) {/ dt' E(t')e™" }e_wt

—0o0 o0

+oo 1 400 ] ,
= 60/ dt’E(t’)z—/ dwy (w)e~ 1)

™

o0 —00

= /+OO drE(t — 17)G(T) (2.44)

[e.e]

where
€0

+oo
G(r) = —/ dwx(w)e ™. (2.45)
P(t) is a convolution product between F and G. In general, 7 can be positive or
negative. However, if 7 < 0 the polarization P(t) should depend from the electric
field at times earlier than ¢, in violation of the causality principle (it can not be
polarization before the arrival of the electric field!). So, we must impose that G(7) =

0 for 7 < 0, so that:
+oo
P(r,t) = / drE(r,t — 7)G(7). (2.46)
0

If x(w) = xo does not depend on w, G(7) = €xod(7) and P(r,t) = eyxoE(r,?):
the medium’s response to the electric field is instantaneous. The relation (2.46)
is the most general spatially local, linear and causal relation that can be written
between P and E in a uniform isotropic medium. Its validity transcends any specific
model of €(w). This relation has several interesting consequences. If x(w) is viewed
as a function in the complex w plane, with w = w; + iwy, then the integral of
Eq.(2.45) can be evaluated by the residues integral, closing the path on the real axis
with a semi-circle of radius R in the upper or lower half-plane; due to the factor

exp(—iwT) o exp(wsT), the path must be closed in the upper half-plane when 7 < 0,
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or in the lower half-plane when 7 > 0. Since G(7) = 0 for 7 < 0, then x(w) must be
an analytic function in the upper half-plane. Hence, x(w) does not have singularities

in the upper half-plane.

2.5.3 Kramers-Kronig relations

Let’s consider the integral:
I(w) Zj{ de’ (2.47)
cw —w
on a path C composed by the real axis excluding the pole w’ = w by a small half
circle clockwise of radius ¢ and a large half circle counter-clockwise with radius
R. Since the path C is closed and x(w) is analytic in the upper half plane, then
I(w) = 0. In the limit of large R and small € the integral is equal to:

oo /
I(w)=P / ) j,(“_"i)dw' —imx(w) (2.48)
where P means principal part. Therefore
L[ x(w)
=—P duw'. 2.49
ww) =P [ (2.49)
By separating the real and imaginary part, x = x1 + X2, we find
1, [ xew)
= _PpP d 2.
ae) = -p [ X (2.50)
1, [~ xaw)
x2(w) = —%P/_oo = _wdw’ (2.51)

These are the Kramers-Kronig (or dispersion) relations. The relations express the
connection between absorption and dispersion. They are of very general validity,
following from the assumption of the causality connection between the polarization
and the electric field. Empirical knowledge of y2(w) from absorption studies allows
the calculation of x;(w). It is also possible to show that, since P and FE are real,
then G(7) = G*(7) whereas x1(w) = x1(—w) (even function) and xs(w) = —x2(—w)
(odd function).

2.5.4 The envelope equations®

Let’s return to the Maxwell equation, assuming a propagation of a plane wave along
the z-axis,
*E 10°E O0*P

92 @or MaE (2.52)
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and let’s assume that the field is a quasi-monochromatic wave, with a distribution
peaked around a value w = ck. Then the electric field E(z,t) and the polarization
P(z,t) have the form:

1 .

E(z,t) = 5 {Eo(z,t)e’(szwt) +c.c.} (2.53)
1 )

P(z,t) = 5 {Py(z, t)eilka=wt) 4 c.c.} (2.54)

where c.c. means complex conjugate. If the field is quasi-monochromatic, the com-
plex amplitudes Ey(z,t) and Py(z,t) are slowly varying in z and ¢ within a spatial

and temporal period 27/k and 27 /w:

8E0 aE10
— < kE — E 2.

gy < 0 ot <K wly ( 55)
8P0 aPO
— < kP, —_— P 2.

- < 0 ot <K wiry ( 56)

Then, we can write Eq.(2.52) as

o 10 o 10 , 0? ,
—_— - - —— i — i)
(az T c 875) (82 c 875) (Eoe™ +c.c.) = po BID (Poe™ + c.c.) (2.57)

where ¢ = k(z — ct). Since

o 10 ; v (OEy 10E
— 4+ 2= W e (20, 270
(8z+08t>E06 ‘ (82 +c 615)

<3 _ 12) Epe? = v (% _ 1%) 4 2k By

0z cot 0z ¢ Ot
Then
02 1 9? ~ . (0Ey 10E v [(O°E, 1 O*E
Z - W _ 9ot (220 ZYT0 i 0 __ Y70
<822 c? 8252) Eoe 2ike ( 0z * c Ot > e < 022 2 ot? ) (2:58)
and 02 0?P, 0P,
@Poew = {W;} — 2@8—; - w2P0} (2.59)

Neglecting the second derivatives of Ey and the second and first derivatives of P,

we find
8E0 1 8E0

g (9% | 1OR0) o
2“{:(82 +c at) How" I

or, since w = ck and ¢ = 1/,

OE, 10E, ik
o oo e (2.60)

40



The approximation (2.55) and (2.56) is named ’Slowly Varying Envelope approzi-
mation’ (SVEA) and is very useful in laser and atomic physics. It allows to reduce
the second-order Maxwell equation to a first-order equation for the slowly varying
complex envelope propagating in the forward direction.

Setting Py = eqxFo with x = x1 + ixe and writing Ey = |Ep| exp(i¢), Eq.(2.60)

splits into:

OB | 10E| _ K

0z c ot _§X2‘EO| (261)
00 106 K
& + EE = §X1 (2.62)
Since the intensity is I = ceo|Ep|?/2, Eq.(2.61) is
oI 101
I — v ] 2.
0z * cot RE (263)

showing that the imaginary part (named also ’in quadrature’ part) of x is responsible
of absorption or amplification of the wave propagating through the material, whereas
the real part (or 'in phase’ part) of x is responsible of its dispersion.

In the stationary case, I(z) = I(0)exp[—az|, where a = kx» is the linear ab-
sorption coefficient, and ¢(z) = (k/2)x12z such that the refractive index is n =
1+ x1/2.

2.6 Electromagnetic energy in dispersive material

with losses

The electromagnetic energy has been defined neglecting dispersion, i.e assuming e
and p real and independent on the frequency. In general, the materials are dispersive,
so we want to extend the Poynting’s theorem to the case where € and p are complex

and depending on the frequency. We introduce the Fourier transforms in time:

1 . .

E(r,t) = 5 dwE(r,w)e™ ™" (2.64)
1 ~ )

D(r,t) = Dy dwD(r,w)e ! (2.65)

and as before we make the hypothesis of linearity for each Fourier component:

D(r,w) = €(w)E(r,w) (2.66)
B(r,w) = p(w)H(r,w) (2.67)
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Since the fields are real, then E(r, —w) = E*(r,w) and D(r, —w) = D*(r,w), so that
€(—w) = €*(w) (the same is true for the magnetic field). As a consequence, the term
E - (0D/0t) is not simply equal to (1/2)(0/0t)(E-D). Using the Fourier transform,

we write

oD - o
E - — = E(w ' - E —i(wtw’)t
T 27r /dw /dw [—iwe(w)] - E(w)e

= 4 — dw”/dwE* (W) [~iwe(w)] - B(w)e @t
7r

= 8 — dcu/dw’E* [—iwe(w) + iw'e* (W] - E(w)e @)t
™
where in the second line we changed w' — —w”, and in the second term of the
third line we changed w — —w’ and w” — —w. Supposing that the fields have their
frequency components in a small interval w — w’ where €(w) varies slowly, we can
expand the factor w'e*(w’) around w' = w:
d
[—iwe(w) + iw'e" (W')] ~ 2wIm e(w) + i(w — w)d—(we*(w)) + ..
w

By substitution we obtain

oD 1 - - A ,
_ — _ / * ! . —z(w—w )t
E- 5 47T2 /dw /dw wime(w) |JE* (W) - E(w)e

_ nENOEAN —i(w—w')t
+ e 875/ /dw [we* (W) E* (') - E(w)e . (2.68)

A similar expression holds for H - (0B/0t) with p(w) in place of €(w). We observe

that if € and p are real and independent on the frequency, since

1 e n —i(w—w')t 2
H/dw'/dwE (W) - Bw)e @t = |E(1t)]

el / dw H' (o) - H(w)e =00 = [H(1)]?
47r
we obtain the usual relation for the energy density:
oD 0B 01 ou
E-—+H-— = —-[EQ) +pHO?] = =
ot ot~ oz AEOF+HHOF =5

The first term of (2.68) describes the dissipation of the energy (proportional to the
imaginary part of the dielectric constant) whereas the second term in the derivative

describes the effective energy density:

wn =g [0 [ ao{ ) B+ T o) B e
(2.69)
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For slowly varying fields E(t) = Eq(t) cos(wot + ¢) and H(t) = Hy(t) cos(wot + ¢),

with a slowly varying envelope (with 0Eq/0t < wyEy), its Fourier transform is

E(w) ~ 7TEO[5(W+WQ)+5(W_WO)].

2iwot

Neglecting the fast oscillating terms as e , the effective energy density reduces to

Ut = i {Re [dgf)]w:wo Eol + Re {%(w)} . |H0|2} . (2.70)

Neglecting the imaginary parts of € and u, since the energy density must be positive

the following inequality must be satisfied:

%(a}e) > 0 (2.71)
%(w,u) > 0 (2.72)

2.7 Metamaterials and negative refraction®

S. Veselago, in a paper published in 1968, discussed the consequences for e.m. wave
propagating in a hypotetical material for which both the electric permittivity € and
the magnetic permeability ;1 were simultaneously negative. Because no naturally
occurring material has ever been demonstrated with negative ¢ and p, Veselago
investigated the reasons of such apparent asymmetry. He concluded that such ma-
terials not only should be possible, but if ever found, they would exhibit remarkable
properties, as negative index of refraction.

Originally, Veselago referred to these materials as ‘left handed’, because the wave
vector is antiparallel to the usual right-handed cross product of the electric and
magnetic fields. From the Maxwell equation, a plane wave propagating in a dielectric
medium with relative dielectric and magnetic constants ¢ and p with a wave vector
k results in the relation k? = euw? = nw?/c?, with n? = eu. Neglecting losses, we
usually take the positive value of the square root n = ,/eu, but nothing preclude
to take also its negative value. In this expression ¢ and p are present with their
product. But what happens if they are both negative? In order to understand
the effect of changing the sign of € and p simultaneously, let consider the Maxwell

equation where € and p appear separately:

V X E=iwuH |, V X H = —iweE (2.73)
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where we assumed D = €E and B = yH for a given frequency w. For a plane wave

propagating with wave vector k,
kxE=wuH |, k x H=—weE (2.74)

If € and p are both positive, then the vector (E, H,k) form a right-handed triple
(as (x,y,2)), whereas if € and p are both negative, they form a left-handed triple.

Let’s consider now the Poynting vector
S=ExH, (2.75)

which always is directed outward with respect the source, independently on the sign
of € and p. According to (2.75), S forms with E and H a right-handed triple. Then
is clear that in the materials where ¢ and p are both positive, S and k have the
same direction, whereas in the materials where ¢ and p are both negative, S and
k have opposite direction. Since the phase velocity is v, = (w/k)k (where k is the
unit vector in the direction of k), we conclude that the e.m. waves propagate in the
materials with € and p both negative with a negative phase velocity, opposite to the
propagation direction of the energy. Since we can also write k = (w/c)nfi, where fi
is the unit vector in the direction of S, we can say that in the materials with ¢ and
1 negative the index of refraction is negative.

We observe that € and g can not be both negative without dispersion, other-
wise the energy density of the electromagnetic field should be negative, which is
impossible. These materials must be necessarily dispersive, with (2.71) and (2.72)
not violated. In general, it is possible to have negative € and p if w(de/dw) and
w(dp/dw) are sufficiently positive. A negative refractive index implies many impor-
tant consequences. The more striking is the reversal of wave refraction, as shown in
fig.2.7. A negative-index material will refract light through a negative angle. The
figure shows a simulation, but experiments in the microwave range has confirmed
these predictions. In (a), a negative-index prism wedge with e = —1 and p = —1
deflects an electromagnetic beam by a negative angle relative to the normal to the
surface: the beam emerges on the same side of the surface normal as the incident
beam. In (b), a positive-index wedge, in contrast, will positively refract the same
beam. Figure (c) and (d) show the deflection angle as a function of the frequency
(vertical axis) for a beam traversing a negative-index wedge (c¢) and a positive-index
wedge (d). In the negative-index wedge there is a strong dispersion with frequency:
the condition € = —1 and p = —1 is realized only over a narrow bandwidth around
12GHz.
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Figura 2.4: From J. Pendry and D. Smith, ’Reversing Light With Negative
Refraction’, Physics Today 57, 37 (2004).
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2.8 The Lorentz model

We develop a simple model of dispersion, considering the atomic medium as a col-
lection of harmonically bound charges. We will neglect the difference between the
applied field and the local field. The model is therefore appropriate only for sub-
stances of relatively low density. We describe the electron bound to the nucleus and
oscillating around its equilibrium position with frequency wy and a damping constant
~. For small oscillations around the equilibrium position, the force can be assumed
linear, since the potential is V() = Vo+(r—rg)- VV (ro) + (1/2) |t — 10> V" (1) - - - ~
Vo+(1/2)mwir? (assuming ro = 0). The equation of motion for an electron of charge

—e bound by a harmonic force and acted on by an electric field E(r,t) is
mli + & + wir] = —eE(r, t).

We neglect the effect of the magnetic field. We make the additional assumption
that the amplitude of the oscillations are small enough that the electric field can
be evaluated at the average position of the electron. Since the spatial extension of
the oscillation is of the order of the Bohr radius ag ~ 107 m and the electric field
oscillates at the optical wavelength A ~ 107%m, the electric field can be assumed
uniform over the atom if A > aq (electric dipole approximation). If the field varies

harmonically in time as e *?, the dipole moment contributed by one electron is

e2

2 2 _ so\—1
= —er = —(wyg —w” — E
p e m(wo w® — iwy)

Since the polarization is P = n,p = egx(w)E, where n, is the atomic density, then
2

= S 2.76
O (276

where w, = \/W is the plasma frequency (w, = 5.6 x 10*,/n, s™' where n,
is in atoms/cm?). In spite of its simplicity, (2.76) is an accurate description of the
atomic contribution to the dielectric constant.

The damping constant is generally small compared to the resonant frequency
wo. This means that e(w) = 1+ x(w) is approximately real for most frequencies.
The factor (w2 — w?)™! is positive for w < wy and negative for w > wy. Thus, at
low frequencies €(w) is greater than unity whereas for frequency larger than wy €(w)
is less than one. In the neighborhood of wy there is a rather violent behavior: the
real part of the denominator in (2.76) vanishes and the term is large and purely

imaginary.
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The real and imaginary parts of the dielectric constant are

w2 (w2 — w?)
— p "0
Ree (w) = 1+ (0 — w22 777

2

Yww,

(W — w?)* + 7°w?

Ime,.(w) =

The general features of the real and imaginary parts of ¢(w) around the resonant
frequency are shown in fig.2.5. Normal dispersion is associated with an increase of
Re €(w) with w, anomalous dispersion with the reverse. Normal dispersion is seen
to occur everywhere except in the neighborhood of the resonance frequency. And
only where there is anomalous dispersion is the imaginary part of e(w) appreciable.
Since a positive imaginary part to €(w) represents dissipation of energy from the
electromagnetic wave into the medium, the regions where Im e(w) is large are called

regions of resonant absorption.

0,0 0,5 1,0 1,5 2,0

olo

Figura 2.5: Real and imaginary parts of e(w).

The model explains also the electric conductivity: if some electrons are ’free’ in

the sense of having wy = 0, the dielectric constant is singular at w = 0,

2
wp

w(y — iw)
where ¢4 is the contribution of all the other dipoles. The singular behavior can be

er(w) =€q+1

understood if we examine the Maxwell-Ampere equation,
oD

H=J+—
V x +6t
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and assume that the medium obeys the Ohm’s law J = oE and, as before, D =
eoegE. With harmonic time dependence the equation becomes
. .o
V x H = —iweg {er(w) + z—] E
€W
If, on the other hand, we did not insert the Ohm’s law explicitly but attributed
instead all the properties of the medium to the dielectric constant, we would identify
the quantity in the bracket with e(w). A comparison with the expression of ¢(w)

yields an expression for the conductivity:

2
Eowp

o= —.
v — iw
Returning to dielectrics, at frequencies far above the resonant frequency the dielec-

tric constant takes the simple form

and the wave number is given in this limit by

ck =\ /w? — w2

In dielectric media this expression only applies for w > wy. In certain situations, as
in an electronic plasma or in the ionosphere, the electrons are free and the damping
is negligible. Then, this expression holds over a wide range of frequencies, including
w < wy. For frequencies lower than the plasma frequency the wave number is purely
imaginary. Such waves incident on a plasma are reflected and the field inside falls
off exponentially with distance from the surface.

Near w ~ wy the real and imaginary parts of €(w) are approximated by:

2

Ree (w) = 1-— 250 CES R (2.77)
e (w) = —2 /2 (2.78)

2w (w — wp)? + (7/2)?

At resonance (w = wp) Ree(wy) = 1 and Ime(wy) = xa(wo) = wg/wofy, so that the

absorption coefficient is a = kyo = wg /cy.

2.8.1 G(7) and P(t) for the Lorentz model*

Let’s now apply the previous results of sec.2.5.2 to the model (2.76). Viewed as a

function in the complex w plane, y(w) is analytic in the upper half plane. In fact,
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it has two poles in the lower half plane, wis = —i7/2 £ \/wi —%/4 (assuming
v < wp). Therefore the kernel is

—+o0o ) . 2 __ .9 4
e B e AT o (2)

Tor ) wi —2/4

whereas G(7) = 0 for 7 < 0. The kernel G(7) is oscillatory with the characteristic

frequency wp of the medium and damped in time with the damping constant v of

the electronic oscillators. The nonlocality in time of the connection between D and

E is thus confined to times of the order of v~
Notice that near w ~ wy

2
Wy 1

_2w0w —wp +i7/2

X(w) ~

which has a single pole w = wy — iy/2. Hence, the kernel is

2

W T/2—iwoT
G(1) =1eg——e" T 7> 0.
2OJ0

G(7) is complex and has a phase lag of 7/2 with respect the field at resonance.
From it we can build the polarization as
2 00

P(t) =ieg=—L | E(t—71)e V7/?7w07qr (2.80)
2wo Jo

For the slowly varying envelopes of P and E (see sec.2.5.4):

w2 ot N /
Ro(t) =icos | Ey(t)e O/ kitmani=gy (2.81)
Wo J -0

It is easy to check that P, satisfies the following differential equation
8P0 . y . CUQ
— = —wo)Py — =P, L E,. 2.82
T i(w— wo) Py 510 + i€g 20 o (2.82)

We observe that the electric field acts on the 'in quadrature’ part of the polarization.
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2.9 Surface plasmons®

Surface plasmons are e.m. waves which propagate at the interface between a metal
and a dielectric, confined to the interface between the two media. They are due to
the superficial charge induced by the electric field of the incident wave, polarized in
the incident plane. These modes exist for frequencies w such that Reley (w)] < —ea,
where €4 and €, are the relative dielectric constant of the dielectric medium and of
the metal, respectively.

Let consider two media A and M with €4 and €,;, and a wave propagating along

the interface z = 0, decaying exponentially away from the interface:

EW(z,2,t) = (A,0,B)elke==De=0a%  for » > () (2.83)
EM(z, 2,t) = (C,0,D)elke=wDetoanz  for » < () (2.84)

From the Maxwell equation (3.5),
2
(v2 + %) E=0
c
(where we assumed p = 1) we obtain:

ax =\ k? — eaw?/c2, ay = k2 — epw?/c? (2.85)

The dispersion relation between w, k and €4 5s is obtained from the boundary condi-
tion at z = 0. From the continuity of Ej and D, we have A = C' and exB = ey D.
Since V-E =0 in A and B, we have ikA — a,B = 0 and tkC + a)/D = 0. From
them we obtain

Ay (2.86)
A (633

which combined with Eq.(2.85) gives

h(w) = 2, | AN (2.87)

c\ eatem

(notice the symmetry between €4 and €)7). At this point we assume €4 real and
positive for the dielectric medium A and ey = 1 — w?/w? for the metal M, so that

the dispersion relation becomes

k(w) = f\/ ) (2.88)

(1 +ea)w? —w?
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The function k(w) has two limits,

. ck(w) €A . ck(w)
I =T Vi Ve (2.89)

and a vertical asymptote at w = w,/y/1 + €4. We can obtain from the study of the
function k(w) the following results:

1. For w,/v/1+ €4 < w < w, there are no solutions.

2. For w > wy, we have €y > 0 and k < (w/c)\/€a. In this case the mode
propagates in the media A and M. In fact, since k* — e w?/c* < 0 and
K2—epw?/® = —(w?/c)ed, [ (eatenr) < 0we have ay = ikl™ and ayy = iki™).
These kind of plasmons are said ’radiative’ or ’Brewster’s modes’. In fact, for
a given incident angle it is possible to satisfy the Brewster condition such that
the reflected wave vanishes: assuming k = (w/c) /€asinfp in Eq.(2.87), we
obtain the Brewster relation tanf0g = \/%.

3. For w < w,/y/1+ €4 we obtain the Fano modes, which are confined to the
interface: in fact for them k > (w/c),/€a so that ay > 0 and, since e4+€pr < 0,
also k% — eyw?/c? = —(w?/c*)é;/(ea + enr) > 0 and ayr > 0. These modes
can not be excited from the medium A, since k = (w/c)\/easinfd < (w/c)\/ea,
and the incident k is not sufficiently large to match the dispersion curve.

The modes described in the point (3) are the so-called surface plasmons. They can
be excited using the total internal reflection technique. In fact, adding to the metal
and dielectric layers an other dielectric PP with refractive index n, > ny = /€4 it is
possible to increase the wave vector k such that it can match the dispersion curve.
In fact, since k = (w/c)n,sinf, if n,sinf > /€4 we can intersect the plasmonic
dispersion curve. From the Snell’s law, n,sin = /€4 sin @', in order to have n,, sin ¢
greater than /e, it must be sin#" > 0 i.e. we must be in the total internal reflection
condition. The light is totally reflected in the medium P and penetrates in the
dielectric A with an exponential law exp[—ap(d — z)| (where d is the thickness of
the layer A) with ap = (w/c)\/n3sin?0 — e4.

A possible configuration is to take the vacuum as medium A, between a prism
with index np as medium P and the metal M. A simpler configuration can be obtai-
ned noting the the plasmon dispersion relation (2.87) is symmetrical with respect to
the interchange between €4 and €,,. Hence an equivalent configuration is that where

the metal M is set between the prism and the vacuum. With a suitable thickness of
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Figura 2.6: Plot of Eq.(2.90), with w/w, as a function of ck/w,, with e4 = 1. The

surface plasmon occurs for 0 < w < w,/ V2.

the metallic film deposited on the prism face it is easy to excite the surface plasmon
in the total internal reflection condition.

Assuming e4 = 1, we can invert Eq.(2.88) and obtain

w? wi
w? = 7’3 + A2k? £ Ak Zp (2.90)

The surface plasmon corresponds to the sign minus of this expression, whereas the

sign plus gives the radiative plasmon.

52



Capitolo 3

Propagation in wave guides

We discuss the propagation of electromagnetic waves in gquided structures, as metallic

cylindrical wave guides, resonant cavities and dielectric wave guides.

An electromagnetic wave in free space tends to diffract from the main direction of
propagation. A method of transport e.m. waves in a given direction is to propagate
them in guided structures. We consider first the propagation in a cylindrical metallic
wave guide. Then, we discuss the propagation in dielectric slabs and make some

consideration on multi-mode and single-mode propagation in dielectric wave guides.

3.1 Cylindrical wave guides

A practical situation of great importance in the microwave range is the propagation
of electromagnetic waves in hollow metallic cylinders. We assume a metallic wave
guide with uniform transverse section and infinite length. The wave guide is filled
by a dielectric with real and uniform e and p, with metallic boundary surfaces with

infinite conductivity. For a given frequency w the Maxwell’s equations are

V-E=0 , V-B=0 (3.1)
VXE=iwB |, V X B = —iwueE (3.2)

from which it follows the Helmoltz equation

2,2
5  NW E |
{v4 62}{]3}—0
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where n = ¢ /eu. If z is the wave guide axis, we look for solutions of the form

E(z,y,2,t) = B(z,y)e™ (3.3)
B(z,y,2,t) = B(z,y)e"™ (3-4)

where k is a parameter which must be determined and can be, in general, real or

complex. With this assumption, the wave equation is

{v? n (ni;uz _ k?)} { g } —0 (3.5)

where V? = 0%/0x? + 0% /0y*. Separating the fields into transverse and longitudinal
to the 2z axis components,

E = E, +E.2 (3.6)
B = B,+B.2 (3.7)

the two curl Maxwell’s equations become:

E
% +iw(z x B)) = V,E, z2- (Vi x Ey) =iwB, (38)

0B
a—zt —ipew(z X Ey) = VB, | z-(Vy x By) = —ipewk, (3.9)

It is evident that if £, and B, are known the transverse components of E and B
are determined. Assuming the z dependence in Egs.(3.8) and (3.9), the transverse
components are:
7 .
Et = m{kvth — Wz X Vth} (310)
7 .
B, = —kz{kVth + pewz x V,E,} (3.11)

fiew? —

Before considering the kind of fields that can exist inside a hollow cylinder, we
discuss the degenerate solution called the transverse electromagnetic (TEM) wave,
with E, = 0 and B, = 0. From the second equation in (3.8) and the divergence of
E equal to zero,

VixErgny=0 , V,-Epgy=0 (3.12)

with the boundary condition Ergyr = 0 on S. We see that the dependence of Ergas
on z and y is given by the solution of an electrostatic problem in two dimensions:

Ergy = —Vi¢, where ¢ satisfies the Laplace equation VZ¢ = 0 with boundary
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condition ¢ = constant on .S. In a simply connected domain this boundary condition
leads to ¢ = constant, and so Ergy = 0 inside the domain. So, these kinds of wave
can not propagate inside a hollow cylinder. With a domain multiply connected, the
boundary conditions can be different on the different surfaces, and so the Laplace
equation has non trivial solutions. The electric field distribution on the transverse
section of the wave guide corresponds to the electrostatic field between the armatures
of a capacitor under a given potential difference. Hence, it can exist in coaxial cables,
which have two or more cylindrical surfaces. Notice that for TEM modes, k = nw/c
and Brpy = (n/c)(z x Ergy), ie. the same as for plane waves in an infinite
medium. We discuss an example of TEM modes in a coaxial cable at the end of this
section.

The possible solutions in a hollow metallic wave guide can be divided in two
kinds: in one the magnetic field is purely transverse, B, = 0 (TM modes), and in

the other the electric field is purely transverse, £, = 0 (TE modes).

TE waves

From Egs.(3.10) and (3.11) with E, = 0,

W 0Bz w 8Bz
E,=i— E,=—i— 1
T 272 ay ) Yy 272 ax (3 3)
k 0B, k 0B,
B, =i1— , B, =i— 3.14
Z,YQ Oz Y Z/VQ By ( )
where
2 2 o 1 2
V= pew —k = v —k (3.15)
and where B, is the solution of
(Vi++9%)B. =0 (3.16)

The boundary conditions require that i - B = 0 on the surface, where fi is the unit
vector perpendicular to the surface. Then, from B, = (ik/7?*)V,B,, it follows that
f-V,B, = 9B./dn = 0.

TM waves

From Egs.(3.10) and (3.11) with B, =0,

k OF, k OF,
E, =i~ . B =i 3.17
"2 or v gy (3.17)
pew OF, Jew OF,
B, — —il“ . B, =" 3.18
"7 oy v o (3.18)
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where F, is the solution of
(VI+9HE. =0 (3.19)

where the boundary conditions of this equation come from the requirement that the
tangential component of E on the surface must be zero. At this aim it is sufficient
to require that F, = 0 on the surface S.

Both the equations (3.16) and (3.19) specify an eigenvalue problem, defined by
the boundary conditions. We see that ? > 0 since the solution must be oscillating
in order to satisfy the boundary conditions on the surfaces at both sides of the axis.
There exists a discrete set of the eigenvalues 73, with A = 1,2. .., called the modes

of the wave guide. For a given frequency, the wave number is

ky = 1/n?w?/c — 73 = (n/e)y/w? — w} (3.20)

where wy = (¢/n)y, is the cut-off frequency of the mode A: For w > wy, k) is real
and the wave can propagate in the wave guide; for w < wy, k) is imaginary and the
wave can not propagate (evanescent wave). For a given frequency, there may exist

more than one mode propagating in the wave guide. Inverting Eq.(3.20) we obtain
w? = (¢/n)*(k* ++7) (3.21)

The group velocity of the wave along the wave guide is

d_w ck B 2k
- dk’ - n,/]{;2—|-72 - n2w

Since w > ck/n, then v, < ¢/n.

(3.22)

The average (in time) flux of energy is given by the longitudinal component of
the Poynting vector

1 ~ wk{ elV.E:[* (TM) (3.23)

S, = -Re|l[E x H|, = —

pHeE L =50\ v (1)
The flux of the total energy (i.e. the power) can be obtained integrating over
the transverse section of the wave guide. Using the first Green’s identity in the

bidimensional case’

oY
2 - da = ——dl
/S(¢V¢+V¢ Vi)da ji%n

Isee Jackson, pag. 34.
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we can write

E*
/|Vth|2da:j[Eza Zdl—/Ezva;jdazﬁ/ |E.|*da (3.24)
s C on s s

where the integral on the contour C' is zero for the boundary condition on E,. A

similar result is obtained for B,. Then the average power is

(3.25)

_ wk € [¢|E:|*da  (TM)
292 1 fs|H.?da (TE)

Rectangular wave guide

As a simple example, let consider a wave guide with rectangular cross section, with
dimension a along = and b along y. Then solving the eigenvalue problem with the

boundary conditions we obtain

E., = Eysin (m”) sin (”—Zy) (TM) (3.26)
a
B. = Bycos (m”> cos (”%y) (TE) (3.27)
a
with 2 it

and cut-off frequencies

. m2  n2 1/2

Notice that the lowest cut-off frequency for the TM solution is wq; whereas for the

TE solution, for a > b, is w1g.

TEM mode in a coaxial cable

As an example of TEM mode, we calculate the TEM mode propagating in a tran-
smission line consisting of two circular cylinders of metal with inner and outer radius
a and b, with infinite conductivity and filled with a uniform lossless dielectric (e, ).
A TEM mode is essential an electrostatic problem in two dimensions. We start fin-
ding the electric field between the two cylinder. By the Gauss theorem in cylindrical

coordinates,
A
Et = —p
P
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where A is a constant to be determined. For propagation along +z, the magnetic

field is - A
Ht = \/jZ X Et \/7 A

At the surface of the inner cylinder (p , the magnitude of magnetic field is

H(a) = \/e/u(A/a) = Hy, so that

a. a -
E, = \/EHO_/)) H;, = Hy—¢
e p p
1 1 2
S=_-ExH =/ gLz
2 2\ € P>
so the power flow is

1 b a? b
P:/S-Zda:—\/E|HO|2/ a—ZWpdp:\/EﬂaQ\HOFIH 7). (3.30)
A 2V € 0 P? € a

3.2 Resonant cavities

The Poynting vector is

We consider now a closed metallic cavity. For simplicity, we consider the previous
hollow cylinder with the end terminals closed by two surface perpendicular to the
z axis, at z = 0 and z = d. Then, due to the reflection at the terminal surface, the
field has a form

Asin(kz) + B cos(kz)

TE fields

For TE fields, the vanishing of the perpendicular component of the magnetic field
imposes H, =0 at 2 =0 and z = d, so that

H. = ¢(z,y)sin(prz/d), (p=1,2,3...) (3.31)
From Egs.(3.13) and (3.14) with E, =0,
E, = z:—u sin kzg—j ., B, = —i% sin kzg—i} (3.32)
k oY k. o
H, = " — sin kz% , H,= Wsm kza—y (3.33)

where k = pr/d and
7 = pew? — (pr/d)? (3.34)
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TM fields

For the TM fields, we must impose the vanishing of E; at z = 0 and z = d, so that
it must have a dependence as sin(prz/d): from the equation V - E = 0 this implies

that E, must have a dependence as
E. =¢(x,y) cos(prz/d), (p=0,1,2...) (3.35)

From Egs.(3.17) and (3.18) with B, =0,
k o k 8_1&

By = —"cosk:Z2 | B, =—2 cosk 3.36
o coskz - Y " cos Zay (3.36)
0 0
H, = —i% Ccos kza—z ., H,= z% Cos kz% (3.37)
The function v is solution of
(Vi+7)e =0 (3.38)

with the usual boundary conditions for the TE and TM modes. For each value of

p, the eigenvalue 3 determines the frequencies

C
W = /7 + (pr/d)? (3.39)

and the corresponding fields. These resonant frequencies form a discrete set of

values, depending on the geometry of the system. For a rectangular cavity, they are

. m2  n2 p2 1/2
ey = — | — + — + = . 3.40
“mnp ,/ue(a2+b2+d2) (340)

3.3 Dielectric wave guides

Guided modes may exist also in dielectric structures (e.g. thin films and fibers) with
dimensions comparable to the wavelength 2. The optical modes in these dielectric
wave guides correspond to confined propagation of electromagnetic radiation with a
transverse dimension defined by the guide. We discuss the fundamental properties
of guided waves in a general dielectric structure. As for the metallic ones, optical

modes are presented as solution to an eigenvalue problem by solving the Maxwell’s

2This section is based on the book by A. Yariv and P. Yeh, “Optical Waves in Crystals”, Chap.
11.
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equations subjected to the boundary condition imposed by the wave guide geometry.
This approach is then applied to the slab dielectric wave guide. Both the TE and
TM mode are derived. The physics of confined propagation is explained in terms of

the total internal reflection of plane wave from the dielectric interfaces.

3.3.1 General properties of dielectric wave guides

We consider as before a cylindrical wave guide of a material with a refractive index
n depending only on the transverse coordinates x and y (i.e. dn/dz = 0). Since
the dielectric structure is homogeneous along the z axis, we look for solution of the
form (3.3). We limit ourselves to dielectric structures which consist of piecewise
homogeneous and isotropic materials, or materials with a small gradient in the

distribution of the refractive index, so that the Maxwell’s equation reduce to:

{v? + [i—jnz(a:, y) — k;?] } E(z,y) =0 (3.41)

In the case of piecewise homogeneous dielectric structures, Eq.(3.41) holds separately
in each homogeneous region. Therefore, the field must be solved for separately in
each region, and then the tangential components of the field must be matched at
each interfaces. Another important boundary condition for guided modes is that
the field amplitudes are zero at infinity. The axial propagation constant £ must be
the same throughout the guide structure in order to satisfy the boundary conditions
at all points on the interfaces of those homogeneous media.

The basic problem is that of finding the solution to the eigenvalue equation (3.41)
subject to the continuity conditions on the tangential components of the fields at the
dielectric interfaces and the boundary conditions at infinity. Given an index profile
n?(x,y), there are in general an infinite number of eigenvalues k?, corresponding
to an infinite number of modes. However, normally only a finite number of these
modes are confined near the core and will propagate freely along the guide. One
of the necessary conditions for a guided mode is that there is no transverse flow of
energy. This requires that the fields fall off exponentially outside the guide structure.
Consequently, the quantity (w?/c?)n? — k* must be negative in the region far away
from the core. In other words, for a confined mode k? > (w?/c?)n?(cc). On the other
hand, if the fields vanish at infinity, the continuity of the fields requires that the
field takes a maximum value at some point in the xy plane. This implies that k? <
(w?/c®)n?(z,y) in some region of the zy plane. In the regions where this condition is

satisfied, the solutions of Eq.(3.41) are oscillatory. These oscillatory solutions must
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be matched to the exponential solutions at the boundary of the dielectric interfaces.

Therefore, only some k are legitimate eigenvalues of the confined modes.

3.3.2 A dielectric slab guide*

We consider a planar wave guide of thickness ¢ consisting of a medium with refractive
index n, sandwiched between two media with refractive index n; on one side and
ng on the other side. Let the coordinates be chosen in such a way that the wave is

propagating in the xz plane and the refractive index profile is given by

ny x>0 Region I
n(z) =< ny —t<ax<0 Region II (3.42)
ns T < —t Region III

Since there is no variation of n in the y direction, Eq.(3.41) can be written separately
for region I, II and III:

O’E

el + [kgn — K*] E =0, (Region ) (3.43)
aZE 2,2 2 :
a7 T [kin3 — k*] E =0, (Region 1) (3.44)
O°E 2,2 2 :
a7 T [kin3 — k*] E =0, (Region 1) (3.45)

where kg = w/c. Let us assume that ny > ng > ny. At a fixed frequency w, the
guided modes can be obtained only if

koni < kong < k < kgns (346)

In fact, for these values the solution is oscillating in the region II and exponential in
the regions I and III. This makes it possible to have a solution E(x) that satisfies the
boundary conditions while decaying exponentially in regions I and III. As we will
see, the values allowed k in the propagation regime kgnz < k < kgnsy are discrete.
The number of confined modes depends on the thickness ¢, the frequency and the
indexes of refraction nq, no and ns.

A useful point of view is one of considering the wave propagation in the inner
region II as that of a plane wave propagating at some angle 6 to the horizontal axis
z and undergoing a series of total internal reflections at the interfaces II-1 and II-1II.
Assuming a solution in the form of E  sin(k,z + ¢)e~"** we obtain from (3.44)

k% + k* = k2n3. The propagation can be considered formally as that of a plane
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wave directed along the hypotenuse of a rectangular triangle, with wave number
kony. The guiding condition k > kgns leads, using k = kgns cosf, to cosl > nz/no.
Since the angle with respect to the normal to the interface is 6, = 7/2 — 6, we
obtain 5 > arcsin(ns/ny) = 6, where 6, is the total-internal-reflection angle at the
interface between layers II and III. Hence the condition for total-internal reflection
is 0 < /2 — 0. Since n3z > ng, total reflection at the II-III interfaces guarantees

total internal reflection at the I-II interface.

3.3.3 TE and TM modes in the asymmetrical dielectric wave
guide*

This guide supports a finite number of confined TE modes with field components

E,, H, and H,, and TM modes with components H,, E, and E, (see Eqgs.(3.13),

(3.14) and Eqs.(3.17), (3.18), where 0/0y = 0). The field component E, of the TE

mode is

Cle e 0<z <o
E,(z) =< Acos(hz)+ Bsin(hz) —t <z <0 (3.47)
O3 tt) —oco << —t

where 713 = (k% — k3n},)"/? and h = (k3n3 — k?)'/2. The acceptable solutions for
E, and H, = —i/(pow)(0E,/0x) should be continuous at both z = 0 and z = —t.

From them it is easy to obtain the condition

h(y1 +3)

tan(ht) = Ep———

(3.48)
Fig.1 shows an example of graphical solution obtained from the condition (3.48).
The parameters are ny = 1, ny = 3.5, ng = 3.2 and kot = 10. In this case there
are five TE modes, with k,, = ko(3.21,3.31,3.39, 3.45, 3.48). Fig.2 shows the modes
TE,, as a function of the thickness kgt.

The modes TM can be obtained in a similar way. The solution of H,, is

Che e 0<zx<o0
H,(z) = ¢ Acos(hz) + Bsin(hz) —t<z<0 (3.49)
Cyer3att) —oco << —t

The continuity of H, and E, = ic*/[n*(z)w](0H,/dx) at both = 0 and = —¢
leads to the condition ) )
h(mng + y3ni)

t ht) =
an(ht) h2"§—7173”3

(3.50)
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Figura 3.1: Graphical solution of (3.48). The parameters are n;
nsg = 3.2 and kot = 10.
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Figura 3.2: Modes TE,, as a function of the thickness kot. The parameters are

ny =1, ng = 3.5, and n3 = 3.2.

63



The cut-off frequency is defined by 73 = 0, i.e. wy = cky/ng. It occurs for certain
values of the thickness, which for the TE and TM modes are

1 [ n2 —n2\"?
(kot)te = ——=—=—= |mm + arctan < : ;) (3.51)
Vni—n3 ny — N3
1 [ n2 [n2—n? 1/2
kot)rm = ———— |mm + arctan — < 3 1) 3.52
) | it g = 352
where m = 0,1,2,.... Notice that in the symmetric case with n; = ng3 there is

no cut-off for the modes TEy and TMy, whereas in the asymmetric case the cut-off
thickness of the TM,,, modes are larger than that of the TE,, modes, since ny > n;.

Let’s now consider the symmetric case, ny = ng, and see what happens to the TE
modes in a given wave guide (with fixed ny, ny and t) as the wavelength of the light
decreases gradually, assuming that the refraction indexes do not vary significantly.

Since kg = 27/ A, the effect of decreasing the wavelength is to increase the value of

ko. When
0<y/nd—niket <

one solution of the mode condition (3.48) exists. The mode is designed as TE, and

has a transverse parameter falling within the range
O< ht<m

so that it has no zero crossing the interior of the guiding layer —t < x < 0. When

T < y\/n3 —n3ket < 27

the mode condition gives two solutions: one corresponds to a value ht < 7 and is

ko increases further so that

thus that of the lowest-order TEy mode. In the second mode
T < hot < 2w

and consequently it has one zero crossing (i.e. point where E, = 0) in the guiding
region —t < x < (0. This is the so-called TE; mode. Both these modes correspond to
the same frequency and can thus be excited simultaneously by the same input field.
We notice, however, that the TEy mode has a larger value of 7, and is therefore
more strongly confined to the guiding slab. We can now generalize and state that
the mth mode (TE or TM) satisfies

mm < hpt < (m+ D)7

and has m zero crossings in the guiding layer.
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Capitolo 4

Radiation from localized sources

We discuss the radiation emitted from localized sources and the light scattering at

long wavelengths

Up to now we have been focused on the properties of the electromagnetic fields
without considering how these fields are generated. Now we turn our attention to the

emission of radiation by localized oscillating system of charge and current density.

4.1 Fields and radiation of a localized oscillating

source

Let us consider a localized system of charges and currents oscillating at the frequency
w:
p(r,t) = p(r)e ™, J(r,t) = J(r)e ™! (4.1)

Recalling the Maxwell equation in the Lorentz gauge

= _MOJ(rvt> (42)

whose solution can be expressed in term of the retarded potential (1.91)

vo [ T3
Alr.t) = — | d 4.
() = g /& Lr—rw (43)

where the squared parenthesis means that the time ¢’ must be evaluated at the time

t' =t —|r—r'|/c. Assuming the same monochromatic dependence of J(r,t), the
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solution for A becomes
Ho / J(I’l) iklr—r'|
A = — [ dr'——= 4.4
(r) A1 I'|r—r’|e (4:4)
where k = w/c. The magnetic and electric fields are
B = VXA (4.5)
ic?
E = —VXxB (4.6)
w
Given a current distribution J(r) the fields can be, in principle, determined by
calculating the integral in (4.4). In practice, this is quite complicated, and it will
be useful to investigate the properties of the fields in the limit that the source of
current is confined to a small region fo dimension d much smaller than the wavelength

A = 27 /k. There are two spatial regions of interest:

1. The near (static) zone: d < r < A;

2. The far (radiation) zone: d < A < r.

In the near zone kr < 1 and

@ dr/ J(r/)
4 lr — 1/

Alr) =

(4.7)

The field is quasi-static and propagation is neglected, decreasing as 1/r or even
faster, so that the electric field scales at least as 1/r%. In the far zone (kr > 1, the

exponent oscillates rapidly and it is possible to approximate
r—r|~r—n-r (4.8)

where il = r/r. Actually, this approximation is valid for » > d, so it is valid also in

the near zone. Therefore, the vector potential is

ikr
Ar) = Ho¢ / dr' I (x/ Yo kB (4.9)

A 7

This expression shows that in the far zone the vector potential behaves as a outgoing

spherical wave with an angular dependent coefficient. If kd < 1, then it is convenient
to expand the exponential in power of k:

ikr AV
Ho € (_Zk) / AV

Alr) = ———— — [ dr'J()(na- )" 4.10

@ = g5 () -x) (410)

Since the terms of the series decrease as (kd)", the radiation emitted from the

source will come mainly from the first nonvanishing term in the expansion (4.10).

The different terms correspond to the multipole contributions.

66



4.1.1 Electric dipole fields and radiation

If only the first term n = 0 in (4.10) is kept,

eikr
Ar) = Z‘—; - / dr'J(r') (4.11)

This expression is valid everywhere outside the source, not just in the far zone. From
the continuity equation V - J + dp/0t = 0 we have, for an harmonically oscillating
source,

V- J =iwp. (4.12)
With it, the integral in Eq.(4.11) can be written, by an integration by parts,
/dr'J(r’) = —/dr’r’V' -J = —iw/dr’r’p(r’) = —iwp (4.13)
where
p= /drrp(r) (4.14)

is the electric dipole moment. Finally

ikr
HoW €
A(r) = —1— 4.15
(r) = 1 (4.15)
From (4.5) and (4.6), the electric dipole fields are
C]CQIMO 1 eikr
B = 0 1—— 4.1
4m (8> p) ( z'kr) r (4.16)
1 (K, ) R 1 ik ikor
E = . {7(n><p) x i + [3Aa(h - p) — p] (ﬁ—ﬁ)}e (4.17)

The magnetic field is orthogonal to the radius vector at all distances, but the electric
field has components parallel and perpendicular to fi. In the far field zone the fields

take the limiting forms

Ck.QILLO eikr
B = ——(n 4.18
L0 % p) (418)
]{32 eikr
E = o {( x p) x 1} = cB x 1 (4.19)

The magnetic and electric fields are mutually orthogonal and decrease as 1/r, which
is typical for radiation fields.
In the near zone (kr < 1),

Wi , .
B = 4mnz(nxp) (4.20)
1
E = —3a(h-p) — 4.21
P [3i(A - p) — p] (4.21)
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The electric field, a part for the oscillation in time, is just the static electric dipole
field, whereas the magnetic field is a factor kr smaller than the electric dipole field.
So, in the near zone the magnetic field is negligible with respect to the electric field.
The magnetic field vanishes in the static limit w — 0.

The time-averaged power radiated per unit solid angle by the dipole moment p

18

dP 1 )
— = — n-E x B* 4.22
70 2M0Re[r n-E x B (4.22)
where E and B are given by (4.18) and (4.19). Thus we find
dpP ck* ,
0 e |p|*sin? 6 (4.23)

where 6 is the angle between p and . The total radiated power is

P = Ip. (4.24)

4.1.2 Magnetic dipole and electric quadrupole fields

The next order in expansion (4.10) leads to a vector potential

A = B (1 —z’k:) / dr' T (r')(h - 1) (4.25)

A r T

where the term 1/r in the parenthesis comes from the expansion of 1/|r —1'| in (4.4).
This vector potential can be written as the sum of two terms, one of which gives
a transverse magnetic field and the other of which gives a transverse electric field.
These physically distinct contributions can be separated by writing the integrand

in (4.25) as the sum of a symmetric part in J and a part that is antisymmetric in J

and r: . |
J(ﬁ-r):§[J(ﬁ~r)+r(ﬁ~J)]+§(rxJ)><f1 (4.26)
Considering only the second term, its contribution to the vector potential is
1k, . etkr 1
A = 1—— 4.2
(r) 4T (81> m) r ( ikr) (4.27)
where 1
m:§/dr(r><.]) (4.28)

is the magnetic dipole moment. Since the vector potential (4.27) is proportional to

the magnetic field (4.16) for an electric dipole, the magnetic field for the magnetic
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dipole is equal to the electric field for the electric dipole, and the electric field for
the magnetic dipole is equal to the magnetic field for the electric dipole, with the
substitution p — m.

The symmetric term of (4.26) is related to the electric quadrupole moment

density. In fact by an integration by parts

1 w

5 [ @3 +x(ae9) = i [ et v)olo

where we used the continuity equation. Since the integral involves second moments

of the charge density, it corresponds to an electric quadrupole source:

Ar) = —C";Q:O e: (1 - %) / dr' v (2 - 1')p(r) (4.29)
In the far zone, the fields are
B = ikhx A (4.30)
E = ick(hx A) x i (4.31)
As a consequence, the magnetic field is
B(r) = —iCk;:O ei” /dr'(ﬁ x ') (- r')p(r') (4.32)

Introducing the quadrupole momentum tensor,

Qop = /dr(?)rarﬁ — r25a5)p(r)

we can write the integral in (4.32) as

/dr’(ﬁ x1')(n-r')p(r') = éﬁ x Q(1)

where the vector Q(f1) has components Q = » 3 Qapng, which depends in direction
and magnitude both on the observation direction and on the source properties. With
these definitions,
.Ck3MO eikr )
i

24w 1

Br) = - x Q(). (4.33)

The time-averaged power radiated per unit solid angle by the quadrupole moment

vector Q(n) is

dpP ck® 9
_ A A1 X 4.34
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It is possible to demonstrate [see Jackson, pag.402] that the total radiated power is

ck®
P=—— _ 2 4.

6 contrarily to the

For a given quadrupole moment, the radiated power scales as w
dipole radiation which scales as w*. A simple example of quadrupole radiation
source is provided by a spherical oscillating charge distribution. In this case the
out-of-diagonal elements of (),p vanish and the diagonal elements are ()11 = Q22 =

—(Q33/2 = —(Qp/2 and the angular distribution of the emitted radiation is

ap ckS
QY 51272¢,

Q3 sin® 0 cos® 6. (4.36)

This distribution presents four lobes, with maxima at § = 7/4 and 37 /4. The total

radiated power is

pP= 2 (4.37)

4.2 Scattering at long wavelengths

The scattering of electromagnetic waves by systems with dimension small compared
with a wavelength is an important subject. In such interaction it is convenient
to think of the incident fields as inducing electric and magnetic multipoles that
oscillate in definite phase relationship with the incident wave and radiate energy in
directions other than the direction of incidence. If the wavelength of the radiation
is long compared to the size of the scatterer, only the lowest multipoles, usually
electric and magnetic dipoles, are important. We assume a plane monochromatic

incident wave with polarization vector &, and direction fy:

- 1
Eine = &Foe™™ By = —1iy X Eige (4.38)
c
This fields induce electric and magnetic dipole moments p and m in the small

scatterer and these dipoles radiate energy in all directions. Far away from the
scatterer, the scattered fields are found from (4.19) and (4.18)

E K e (B x p) X i — ~(f x m) (4.39)
o A= n n——(i xm .
4reg T p c
1
B., = -fxEg (4.40)
C
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where 1 is the unit vector in the direction of observation and r is the distance
away from the scatterer. We define the differential cross section do/dS? as the ratio
between the power dP/dS) radiated in the direction fi with polarization &, per unit
solid angle, and the incident flux [, in the direction ng with polarization &:

do |8 B> K 1 ?

4w _ _ 8" p— ~(fi x &) - 441
aQ e En  (rerER|C P ;(Bxe’)-m (4.41)

The dependence on ny and &, is implicitly contained in the dipole moments p and
m. The variation of the scattering cross section with the wavenumber as k* (or
in the wavelength as 1/\*) is known as Rayleigh’s law, and it is the reason of the
blue sky, since in the visible spectrum the red is scattered least and the violet
most. Light received away from the direction of the incident beam is more heavily
weighted in high frequency (blue) components than the spectral distribution of the
incident beam, while the transmitted beam becomes increasingly red in its spectral
composition, as well as diminishing in overall intensity.

A small dielectric sphere with radius a and with relative dielectric constant € has

an induce dielectric dipole moment

-1
p = 4meg (Z m 2) a*Eipe (4.42)

and there is no magnetic dipole moment. The differential cross section is

2

1
‘ 18" - &2, (4.43)

€+ 2

do 4.6

ol

The scattered radiation is linearly polarized in the plane defined by the dipole mo-
ment direction €, and the unit vector n. Typically the incident radiation is not
polarized. The cross section (4.43) is averaged over the initial polarization &, for a
fixed choice of &. The scattering plane is defined by the vector ng and n. By choo-
sing two polarization vectors parallel and perpendicular to the scattering plane, the
differential cross sections for scattering with polarization parallel and perpendicular
to the scattering plane, averaged over the initial polarization, are

2 2

dO’H o k:4a6
aQ 2

e—1
€+ 2

do,  k*aS
2 0 _
cos” 0, 70 5

e—1
€+ 2

(4.44)

where 6 is the angle between ny and n. The differential cross section summed over

scattered polarization is

do _doy | dov _ jage
aQ  dQ - dQ

—1]*1 29
€ ‘ + cos (4.45)

€+ 2 2
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and the total scattering cross section is

e— 1/

87 4 ¢
€+ 2

3

g =

(4.46)

Notice that at 8 = 7/2 the scattered light is completely linearly polarized perpen-
dicular to the scattering plane.

Up to now we have considered the scattering from a single dipole moment. In the
presence of many scatterers with positions r;, their moment will contain a factor
exp[ikfip - r;]. Furthermore, the fields radiated at a large distance will contain a
phase factor exp[—ikf - r;|. Assuming that all the scatterers are identical, the cross
section (4.41) will be multiplied by the factor form

2 : eiq-rj
J

where q = k(fip — 1) is the scattered wavenumber. If N scatterers are randomly
distributed, then F(q) = N, whereas it is F(q) = N? if g = 0 (forward direction)

or if the scatteres are regularly distributed in some specific direction. In the first

2

F(q) = (4.47)

case we talk about incoherent scattering.

An important issue is the scattering from a gas where the atoms or molecules
are randomly distributed. In this case the scattering is given by the fluctuations of
the dielectric constant de(r) < €. Assuming the following relation between D and
E:

D(r) = [eg + 0¢(r)]E(r)

it is possible to see that the resulting differential cross section is analog to that of
Eq.(4.41), where instead of the electric dipole p it appears a diffusion amplitude
proportional to D — ¢ E ~ (J¢(r)/eo) D@, where D) represents the zero order of a

/drée(r)eiq-r
€0

If the single molecules have a dipole moment p; = €y, Einc(r;) with polarizability

perturbative series. The final result is

do E? 2

a9~ 1672

&% - &

(4.48)

Ym, then we can write

Je(r) = € Z Ym0 (r — 1) (4.49)

and
do k4
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If the N molecules are randomly distributed, then F(q) ~ N and the total scattering

cross section is ¢ = Ny where

K,
o1 = —|Ym 4.51

is the cross section for a single molecule. Since in a dilute gas € = ¢y(1+ N~,,) where

N is the number of molecules per volume, then

/{34

:(%van2—1F (4.52)

01

The cross section (4.52) is the scattered power per molecule and per unit incident
flux. Crossing a thickness dx of the gas the relative loss of flux is Nojdz, so that

the incident intensity becomes I(x) = Iy exp(—aux), where

In —1)? (4.53)

is the absorption coefficient (where we assumed n? — 1 ~ 2(n — 1)). This expression
represents the Rayleigh’s scattering from randomly distributed molecules in a gas.
Notice that the absorption coefficient depends on 1/N, and decreases with an in-
creasing density. Assuming n — 12 2.9 x 107* and N =~ 2.7 x 10 molecules/cm?,
the attenuation length o' is 30, 77 and 188 km at A = 410nm (violet), A = 520nm
(green) and A = 650nm (red). The blueness of the sky, the waveness of the win-
ter sun, and the ease of sunburning at midday in summer are all consequences of
Rayleigh scattering in the atmosphere.
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Capitolo 5
Theory of Relativity

A summary of the theory of the special relativity, specially focused on the electroma-

gnetic fields.

5.1 Foundations of Theory of Relativity

5.1.1 The principle of relativity

In Newtonian mechanics, the Galileo’s principle of relativity is that the laws of
mechanics are identical in all inertial systems of reference under Galileo transforma-
tions. Suppose there are two inertial reference frames K and K’ with K’ moving at

a velocity V relative to K. Then
r=r1r+Vt, t=t. (5.1)

Note that time is absolute in classical mechanics. It can be shown, however, that
Maxwell’s equations do not satisfy Galileo’s principle of relativity under Galileo

transformation. There were three possible ways to solve this problem:

1. The Maxwell’s equations were wrong. The proper theory of electromagnetism

was invariant under Galileo transformations.

2. Galileo’s principle of relativity only applied to classical mechanics. Electro-

magnetism is not mechanics.

3. There exists a general principle of relativity for both classical mechanics and

electromagnetism.
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Einstein did some really hard thinking and chose (3). He then proposed the following
two postulates, based on experiments done by other people and lots of his own

thinking:

1. The principle of relativity: all the laws of nature are identical in all inertial

systems of reference.

2. The constancy of the speed of light. The speed of light (c) is independent of

the motion of its source; its numerical value is ¢ = 2.998 10% m/s.

It can be immediately shown that time being absolute is not consistent with Ein-
steins principle of relativity. From Galileo’s principle of relativity, the velocity tran-
sforms like v = v/ + V. This equation directly follows from that At being invariant.
However, this leads to that v can be larger than ¢, not consistent with Einstein’s

second postulate.

5.1.2 Intervals in spacetime
Definition of interval
For convenience of presentation, we will first introduce few concepts.

e Fuvent: An event is described by the place it occurred and the time when it

occurred.

We also introduce a fictitious four-dimensional space, marked by three space coordi-
nates and one time coordinate. For an idealized particle, an event is defined by three
coordinates and the time when the event occurs. We consider two inertial reference
frames K and K’, with parallel axes. Suppose K’ moves relative to K with V' along

the z-axis. Now we define two events in K system:
e Fvent 1: sending out a light signal from (x1,y1, 21) at t;.
e Fuvent 2: the arrival of the signal at (xq,y2, 29) at to.

The signal traveled cAt, or (Az? + Ay? + Az?)Y/2, so we have
AP — (A2? + Ay? + A% =0
Because of the constancy of light speed ¢, we have in K’ system

CZAtIQ_ (A$/2+Ayl2+A2’/2) :O
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If (z1,y1,21,t1) and (22, ya, 20,t2) are the coordinates of any two events, we define
As by
As = (AL — Ax? — Ay? — AZ?)1/2 (5.2)

and call it the interval between these two events.

The invariance of interval

From the previous analysis, we reach an important conclusion that if As =0 in K,
then As’ =0 in any K’. To find the relationship between As and As’ for As # 0,

we consider two events infinitely close to each other. In this case, the interval ds is
ds = (2dt? — da? — dy? — dz?)"/?

The form of ds allows us to regard it as the distance between two world points
in the fictitious four-dimensional space. This space, called Minkowski space (axes:
(ct,x,y,2), is pseudo-Euclidean. [if Euclidean, the distance would be dl = (c*dt* +
dz? + dy? + dz?)'/?]. Now the question is: What is the relationship between ds in
K and ds' in K’ in general (valid for ds # 0)? We have two constraints: (a) If
ds = 0, then ds’ = 0 and (b) ds and ds’ are infinitesimal of the same order. From

the homogeneity of space and time, these two conditions imply that
ds® = ds” (5.3)

The interval between two events is invariant under transformation from one inertial
frame to another. This is the mathematical formulation of the invariance of ¢. From
the invariance of ds, we can immediately reach the following conclusion: If a particle
moves with |v| < ¢ in K, then [¢/| < ¢ in all other K’, because ds* = ¢*dt* — dx® =

(c® — v?)dt? is an invariant.

Space-like and time-like intervals

With the invariance of ds, time is no longer absolute. Statements like two events
occur simultaneously do not necessarily hold if we transform to another reference
frame. Lets now discuss this type of problem. Our first question is, if two events
occur at two different times in K (At # 0), can we find a reference frame K’ in
which At’ = 0?7 Suppose we can find a K’ so that At' = 0. From the invariance of
As?, we have

As? = A — Az? = —Az? <0
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Hence if As? < 0 (or if As is imaginary) it is possible to find a reference frame where
At' = 0. Imaginary intervals are said to be space-like. For space-like intervals, the
concepts of “simultaneous”, “earlier”, and “later” are relative. Note that c?At? <
Ax? means that the two events are so separated that any signal can propagate from
one point to the other point within At.

Following the previous question, it is natural to ask another one: if two events
occur at two different times in K (At # 0), what is the condition for (At' # 0) in
all K’? From the invariance of As?, we have As? = 2At? — Az? = 2At? — Az

The minimum value for ¢c?At? to take is when Az = 0, and
As? = AA?2 — Az? = AA? > 0

Hence if As? > 0 (or if As is real), it is not possible to find a K’ so that At = 0.
Note that ¢?At? > Ax?. Real intervals are said to be time-like. Note that for time-
like intervals, it is possible to connect two events using a signal with propagation
speed less than ¢, since Az/At < ¢. For time-like intervals, the concepts of “future”
and “past” are absolute. To see this, let’s assume the interval between event 1 and

event 2 is time-like, then
As? = AN — Ax? = AA? — Az? > 0
Solving for At’ from this equation, we have

Az? — A:c’g} 1/2

I _ —
At = £|At] {1 N

Which sign should we take for At’? To see this, we know that At’ — At as V — 0,
where V' is the velocity of K’ relative to K. Hence

Az? — Ax’Q} 1/2

At = |At |1 -
! |t|{ 2 At?

Therefore for time-like intervals, we must have: (a) If At > 0, then At > 0 in all
K'. (b) if At < 0, then At < 0 in all K’. That is, the concepts of “future” or
“past” are absolute for time-like intervals.

The concept of time-like or space-like intervals are important if two events are
causally related. For event 1 to be the reason of event 2, event 1 must occur “before”
event 2 in all reference frames; i.e., event 1 is in the “absolute past” of event 2.
Therefore the interval must be time-like. On the other hand, if event 1 is the reason

of event 2, a signal has to propagate from event 1 to event 2. The propagation
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speed of signal is then |Az/At|, which is less than ¢, since the interval is time-
like. This is the same statement as that ¢ is the maximum speed of propagation
of interaction. Finally we point out that because ds is an absolute concept, the

time-like or space-like property of an interval is also absolute.

5.1.3 Proper time

Since time is not absolute, it is convenient to introduce the concept of “proper time”.
Proper time is the time read by a clock moving with the object; it is normally denoted
by 7. Lets now derive the relationship between dt observed in laboratory frame K
and the proper time d7 of the object. In the laboratory frame K, the object moves
with a constant velocity v. Let the inertial reference frame moving with the object
be called K’. From the invariance of ds* and dz’ = 0 (because the object is at rest
in K’), we have
ds® = dr?® = 2dt® — dx?

From this equation,

dr = dsfe = di(1 — da® /)2 = do(1 — )2 = &

where v = (1 — 82)7/2 and 8 = v/ec. Since B < 1 and v > 1, then
dr < dt

Or by integrating this equation, we have
2 dt
7'2—7'12/ — Sty — 1.
11 /Y

i.e. moving clocks go more slowly than those at rest.

5.1.4 The Lorentz transformation

We know that the Galileo transformations (5.1) are not correct in general. Now time
is not absolute, how do we make coordinate transformations? Again we consider two
inertial reference frames K and K’, where K’ moves relative to K at V. For an event
with coordinate (¢, r), what is the corresponding coordinate (¢',r’) in K'? First, for
simplicity, we assume that the two coordinate systems have the same origin; i.e.,
t =0, r=0in K corresponds to the point t' = 0, r' = 0 in K’. Second, the
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basic requirement we have is that the transformation should not change any As, the

distance between any two points in Minkowski space. The As in K is
As? = AA? — Ar?

To make sure that changing coordinate system does not change As?, we make use
of the fact that cosh?# — sinh?@ = 1 for any 6. Therefore, we can assume cAt =
Ascoshf and Ar = Assinhf in K and cAt’ = Ascosh# and Ar’ = Assinh 6’ in
K’. In this ways As is always invariant in any coordinate system. Now we try to find
out what is the relation of coordinates between K and K'. Lets assume 6 = 6’ + x.
Then

cAt = Ascosh(#' + x) = Ascosh(8') cosh(x) + Assinh(#") sinh(x)
= ¢At' cosh(y) + Ar’sinh(x)

Ar = Assinh(f' + x) = Assinh(#') cosh(x) + Ascosh(#') sinh(x)
= Ar'cosh(x) + cAt' sinh(y)

To obtain the coordinate transformation, let’s consider the interval between any

event and the origin of the coordinate system. Hence the transformations are

r = 7' coshy + ct’sinhy (5.4)
ct = 7r’'sinhy + ct’ cosh x (5.5)

Starting from the origin of the K’ system, we have ' = 0 so that

r = ct'sinhy

ct = ct'coshy
We thus have = V/c = r/ct = tanh x. Since cosh? y — sinh? y = 1, we obtain

coshy = 7« (5.6)
sinhxy = pBv (5.7)

where v = (1 — 4%)71/2. Assuming that V is in the direction of % i.e. K’ moves

relative to K with V. = VX, so that ¢ = y and 2’ = z, we obtain

z = (' +cBt) (5.8)
ct = y(ct' 4+ Ba) (5.9)
y =y (5.10)
‘X X ; (5.11)
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These are the Lorentz transformations. The inverse transformation can be obtained

by noting that K moves relative to K’ with velocity —V:

= v(z—cft) (5.12)
ct" = ~(ct — Bx) (5.13)

They reduce to the Galileo’s transformations in the limit § < 1, or v ~ 1.

From the Lorentz transformation, we derive the proper length, which is the
length of an object in an inertial reference frame in which it is at rest. We denote
the proper length by 5. Suppose we have a rod parallel to the x’-axis; it is at rest
in K’ system. In K’, the length of the rod is [y = |2}, — 2}]. In K, to measure
the length of the rod we have x; at t; and x5 at t5, and t; = t5. From the inverse

Lorentz transformation, we have

ry = y(xy —cPty)
ry = v(zy— cfty)

Noting that t; = t5, we have
Ty — ) = y(r2 — 11)

SO
l
1= =1p/1— 2 (5.14)
g

Since [ < ly, this is called Lorentz contraction.

Using the Lorentz transformation, we can re-derive the equation for proper time.
Suppose a clock to be at rest in K’, two events occurred at x’ at ¢} and t,. Then
AT =ty —t| and in K

ti = Aty + B2 /c)
ty = ~(ty+ Bz'/c)

therefore,

A
Af = — =T

S

the same as we obtained before.
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5.1.5 Transformation of velocities

To completely determine the state of a particle, we need both its space coordinates
and velocity. From the Lorentz transformation, we can easily derive the formulas for
the transformation of velocities. Suppose a particle has a velocity v in K and v’ in
K" where K’ moves with V' = ¢f relative to K along the z axis. The differentiation

of the Lorentz transformation gives

dr = ~(dx' + cBdt’) (5.15)
dt = ~(dt' + pdz'/c) (5.16)
dy = dy (5.17)
dz = d (5.18)

The velocity transformation can be obtained easily as v = dr/dt, v/ = dr’/dt’. The

resulting velocity transformations are

v+ V
= %tV 5.19
’ 1+ V] (5.19)
/U/
- 5.20
RO T (520)
,U/
v, = —— = (5.21)

(1w V/e?)

In case of ¢ — oo, the above equations recovers the familiar Galileo’s velocity

transformation.

5.1.6 Vectors and Tensors in Spacetime

Minkowski once said: Space of itself, and time of itself will sink into mere shadows,
and only a kind of union between them shall survive. Indeed, from the previous
introduction, in the framework of the special theory of relativity time and space are
put on equal footing: both time and space are not absolute and are transformed

together from one reference system to another reference system.

Four-vectors

It is convenient to discuss time and space together in terms of vectors in a pseudo-
Euclidean Minkowski space. For example, the coordinates of an event (ct,z,y, 2)

can be considered as the components of a radius four-vector, zo = ct, ;1 = z,
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xo =y and x3 = 2z The radius four-vector satisfies the Lorentz transformation when
changing reference system from K to K’. With this representation, the Lorentz

transformation can be written as

xy = y(zo — Ba) (5.22)
vy = y(z1 — Bao) (5.23)
T = @ (5.24)
T, = I3 (5.25)

We model four-vectors after the radius four-vector.

e Definition: any set of four quantities Ay, A;, Ao, A3, which transform like the

radius four-vector x, under the change from K to K’ is called a four-vector.

This definition essentially means that when changing from K to K’, all four-vectors

are transformed using Lorentz transformation:

Ay = (Ao — BAY) (5.26)
Ay = (A= BA) (5.27)
A, = A (5.28)
A = Aj (5.29)

The invariance with respect a transformation from K to K’ based on the Einstein’s
second postulate, it is expressed by the invariance of the 'magnitude’ of the four-

vector:

(Ao)? — (A1)* — (A2)% — (As)?

To more conveniently represent the dot-product between four-vectors, we introduce

two kinds of components of four-vectors:
e The contravariant components, denoted by A“
e The covariant components, denoted by A,

so that A* and A, are related by
Ag =A% A =—-A' A,=—-A% A3=-A°
so the square magnitude of a four-vector A® can now be compactly written as

Z AgA® = AgA® + AJ A + A A + A3A® = ALAY = A% A,
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The dot-product between two four-vectors A* and B® is A*B, = A,B®*. To convert
between the contravariant and the covariant components, one needs to use the metric
coefficients ¢®?. From the definitions of contra- and co-variant components above,

we can see that for the four-vectors in Minkowski space,

1 0 0 0
0 -1 0 0

OB _ (gos) = 5.30

0 =(gas) =1, ¢ | (5.30)
00 0 -1

Therefore we can convert between A® and A, by

Ay = gaﬂAB, or A = gaﬁAﬁ

Four-scalars

e Definition: we define a four-scalar an invariant under the transformation of

coordinates, here the Lorentz transformation.

Because they are invariant under Lorentz transformations, the four-scalars play
important roles in the study of special relativity and electrodynamics. For example,
the dot product between two four-vectors is a four-scalar. Note that there is no free

index in this term. Example: the interval s> = x,2® is a four-scalar.

Four-tensors

e Definition: A second-order four-tensor is a set of 16 quantities F'*?, which
under coordinate transformations, transform like the products of components

of two four-vectors.

A four-tensor can be written in different forms: F*7, F,3, F,” and F%. Different
positions of indices represent different kind of components of a four-tensor. In case
of a four-vector, there are two different kinds of components (co- and contra-variant
components); in the case of a four-tensor, there are four different kinds of compo-
nents. Again one uses the metric tensor g,z to convert between different kinds of

representations of a four-tensor. For instance,

Faﬁ - ga'yF’yagﬁﬁ

We have the following simple rules: (a) raising or lowering index (1, 2, 3) changes the

sign, (b) raising or lowering index (0) does not change the sign. From four-vectors
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A% and B?%, we know A*A, and A“ B, are four-scalars; i.e., they are invariants under
Lorentz transformations. The trick to construct 4-scalars from 4-vectors/tensors is
that all indices are dummy indices; there is no free index in the final expression.
Similarly, we can also construct four-scalars from 4-tensors. For example, for F'*,
we know that F*?F,5 is an invariant. Also it is possible to construct four-scalars
from four-vectors and four-tensors, like A*BPF,; is a four-scalar, since there is no

free index in the final expression. This operation is called contraction.

Basic four-vector/tensor differential calculus

Lets now introduce four-vector calculus. The four-gradient of a scalar ¢ is the

four-vector

0¢ 10¢
—=-——,V 5.31
Dz (c ot’ ¢> (5:31)
From the location of the index, we know they are the covariant components of a
four-vector: 3 5
= = [ —, 32
0 Ox“ <8x0 V) (5:32)
Similarly, you have the contra-variant components of a four-vector,
0 0
0" = =(=—=,—-V 5.33
0z (8950’ ) (5:33)
The 4-divergence of a 4-vector A* = (Ag, A) is a four-scalar,
0A” 10A°
—0,A=-—"—+V-A 5.34
oz c Ot + ( )

It is a scalar under coordinate transformation.

5.1.7 Four-velocity and four-acceleration

Using the knowledge of four vectors, we can construct the four-velocity by u® =
dx®/dr, where dr = dt/~

TRRES %7 =c (5.35)
ut = Cji—fv = YU, (5.36)
uw? = %7 = YU, (5.37)
ut = %7 = yv,, (5.38)
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Therefore, the four-velocity is
u® = (y¢,yv) (5.39)

The contraction of the four-velocity is, noting that dr = ds/c,
Uy = Yt —v?) = (5.40)

which is a scalar and an invariant. One can construct the four-acceleration similarly
by w® = du®/dr. One can easily show that u,w® = 0, so that the four-acceleration

is always 'perpendicular’ to the four-velocity.

5.2 Relativistic Dynamics

5.2.1 A brief review of Lagrangian mechanics

In classical mechanics, the action is defined by the integral
to
s= [ Lo
t1

with L(q, ¢,t) the Lagrangian. The principle of least action says that the path from
q(t1) = ¢ to q(t;) = ¢» minimizes the action S, i.e. §S = 0. To obtain the
equations of motion from the principle of least action, note that if ¢ = ¢(t) is the
actual path, then for a given variation of ¢(t) + dq(t) the change in S is

to to
05 = [ L+ e+ oidi— [ Lig g =0

t1 t1

with the constraints dg(t1) = 0 and dq(t2) = 0. Keeping only the first-order terms

2 /0L OL
—0 +—,6'>dt:0
/tl (361 7 9%

Since §¢ = (d/dt)dq, by an integration per parts,

2 /9L d oL
9E QI8 sedt =0
/tl (aq dt&j) 9

and 6.5 must vanish for all dg, so that

in 05, we have

oL _doL _
dqg dtd§
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These equations are called Lagrange’s equations. If we know L of a system, then
we can write down its equations of motion. Note that the Lagrangian is not uni-
quely determined for a given system. For if we have two Lagrangians L'(q, ¢,t) and
L(q,q,t), and

df (q,t)
L,:L 9
* dt

then §S and 05" would lead to the same motion equations.

Let’s find the Lagrangian for a free particle in an inertial reference system. Note
that time is homogeneous so L does not depend on t. Space is homogeneous so
L does not depend on r. Space is isotropic, therefore L must not depend on the
direction of v. In conclusion, L = L(v?). Applying the Lagrange’s equation, noting
that OL/0Ov must be a function of v only, the equation of motion is © = 0. This
equation states that a free body in an inertial reference frame moves with a constant
velocity. Of course, this velocity can be zero, which means the free body is at rest
all the time. This is the laws of inertia. To find the form of L(v?), we need to use
Galileo’s principle of relativity. Consider two inertial reference frames K and K,
with K in motion with 'V relative to K’. Then v/ = v + §V. Because of Galileo’s
relativity principle, L' = L(v"?) = L(v? + 2v - 0V), the leading terms of L’ are

oL

L(v?*) = L(v?) + @QV -0V

L’ and L should lead to the same equations of motion, therefore

D=L+#£w.
Hence oL df(r,t)  Of
SV OV =t = o vV f(n 1)
and .
552V = Vf(r.t)

Since the LHS is a function of v only, while the RHS is a function of ¢ and r only,

then
oL

n?

where « is some constant. Hence
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where we set & = m/2 where m is the mass of the particle. The Lagrangian for a
particle moving in a given external field can be obtained by adding to L = mv?/2 a
quantity describing the interaction between the field and the particle,

L= %1}2—[](1',75)

so that the equation of motion is

dv

dt =-VU.
Using Lagrangian mechanics, it is very convenient to discuss conservation properties.
Here we discuss the conserved quantities from the isotropy and homogeneity of space
and time. If time is homogeneous, then for a closed system L = L(g;,q;). The total
time derivative of L is

dL— 8L+dq28L__ oL dqlé?L d 8_L
a5 T arae ~ Ya\ag ) Tat o at \Yag,

d [ oL
— 3 ¢ — — L pr—
dt (q’ ER ) 0

We define total energy E of the system by

L

Therefore, if time is homogeneous, F is a constant. If space is homogeneous i.e., if

so that

we replace r; by r; + R, then

Z@r SR =0

therefore

From Lagrange’s equation,

d 8L

is constant. This is called the momentum of the system.
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5.2.2 Relativistic action for a free particle

We will now apply what we have introduced to obtain the relativistic action for a

b
S:/dS.

The relativistic action must satisfy: (a) dS is invariant under Lorentz transforma-
tion, or differed by a df () when transformed from K’ to K; (b) It should recover

the non-relativistic dynamics for g < 1.

free particle,

From the previous section, we know that for a free particle, the event interval ds

b
S:/ ads.

where « is a four-scalar. Let’s see whether S can recover non-relativistic dynamics

is an invariant. So we try

if ¢ — oo. If it can, then it suits our need and can be used as the relativistic action
for a free particle. To recover the non-relativistic dynamics, we first write .S in the
normal 3D form, i.e. in the S = [ Ldt form. Because ds = cdr = cdt\/1 —v?/c?,

we write

so that the Lagrangian is

2
v
L=ac/1-—
c
in case of ¢ — 0o we obtain
L v
R ac— oa—
2c
Therefore, if « = —mec, then S satisfies the two constraints. The relativistic action

for a free particle is then
b
S = —mc/ ds (5.41)

and the corresponding Lagrangian is

L=-mc\1——5=——. (5.42)

5.2.3 Energy and momentum

The momentum of a particle is given by

P=5y
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so, using (5.42),

mv
P= s (5.43)

The energy of a particle is defined from L by

oL
E = = . — L H.44
v Levop (5.44)
Using (5.43) we have
2

o L — ymc? (5.45)

V1—=0v%/c?

If v — 0 then E = mc?, the rest energy of the particle. If ¢ — oo, E ~ mc® +
(m/2)v?. This definition of energy leads to that mass is not a conserved quantity
anymore in relativistic mechanics. Suppose we have a body with mass m, consisting
of n particles. In classical mechanics, we have m = ). m;. In relativistic mechanics,
however, the energy of a body at least contains: a) the rest energies of its constituent
particles >~ m;c?, (b) the kinetic energy of particles, c¢) the interaction energy etc..
Therefore, mc® # >, m;c* and m # >, m;. Only the law of conservation of energy
holds.

Energy and momentum are closely related. Let consider the four-velocity we
introduced u® = (ye,yv). Multiplying u* by m, a four-scalar, we have the four-
momentum vector

p* = mu® = (yme,ymv) = (E/c,p)

Since p* is a four-vector, we can apply the knowledge we know about four-vectors.
First, we can immediately obtain their transformation equation, since any four-

vector transforms like the radius four-vector z¢ i.e.

E' = y(E - cBp.) (5.46)
P, = v(p. — BE/c) (5.47)
P, = Dy (5.48)
p. = ps (5.49)

Also the dot product of a four-vector with itself is a Lorentz invariant. Since four-

momentum p® = mu®, we immediately have

(e} 2.2
Pap™ =M C

Substituting p* = (E/c,p) and p, = (E/c,—p),

E%/ — p? = m2c?
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or
E

E*=m?c* +p?, and p= -V (5.50)
c

This is the energy-momentum relation. If v — ¢, both p and E become infinite

unless m — 0. Actually, for a photon (m = 0), we have p = E/c.

5.3 Charges in a Given Electromagnetic Field

5.3.1 Four-potentials of a field
As in classical mechanics, the total action for a particle in a given field is
SzSp—l—Spf:—mc/ds—i-Spf

Here S, is the action for the particle, and S,s is the action characterizing the in-
teraction. Experiments suggest that the interaction is determined by the charge ¢,
and the four-vector potential A* characterizing the field. To make the integral S,

a Lorentz invariant, we can construct
Spf = —q/AO‘dxCY

where A® = (¢/c, A), where ¢ and A are the scalar and vectorial electromagnetic

potentials. Therefore the total action is
b
S :/ (—meds — gA%dx,,) (5.51)
In 3D coordinates,

b b
Spf—/(—q¢dt+qA-dr)—q/ (A-v—¢)dt

Hence, the total Lagrangian is

mc2

L= —T+q(A~v—q§) (5.52)

5.3.2 Equations of motion of a charge in a field

We derive here the equations of motion of a charge. For simplicity, we assume that

the charge is small, so its effects on the field can be neglected. The field potential
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does not depend on the position and velocity of the charge. The Lagrange’s equation
d (0L oL 0
dt \ Ov or

VL=gqV(A-v)—¢Vo

is

From the total Lagrangian
oL
or
From the vectorial identity

V(A -v)=(A-V)v+(v-V)A+AX(VXV)+Vvx(VXA) = (v-V)A+vx(V XA)

On the other hand,

oL
5o =PHdA (5.53)

Therefore the Lagrangian equation gives

d
E(p +qA)=¢q[(v- V) A+v x (VX A)- V¢ (5.54)
However IA  OA
ot _ Y VA
a o TV
so that y N
d—lz:q ~5 = Vv (VX A)| =qE+vxB (5.55)

This is the usual Lorentz force felt by a particle in a given field. Notice that the

Lorentz gauge

1 0¢
V- A+——=0 5.56
+ c? Ot ( )
can be written in covariant form as
0, A% = 0. (5.57)

The wave equations for ¢ and A in the Lorentz gauge,

107 2 P
(s 7)o = 2

10* _,

can be written in a covariant form for A%:

04 = pgJ® (5.58)
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where [J = 0,0“ and

Ao = (?,A> = (ep D). (5.59)

Cc

The continuity equation can be written as

Bad® = 0. (5.60)

5.3.3 Hamiltonian of a charge in an electromagnetic field

From the Lagrangian (5.52) and the canonical momentum (5.53) we can obtain the
energy (5.44) (and so the Hamiltonian) for a particle with mass m and charge ¢ in
an electromagnetic field. In fact, from (5.44), (5.52) and (5.53) we have

L
E:v-a——L:mc2fy+qu (5.61)
ov

Expressing the energy as a function of the canonical momentum

P =0L/0v =myv +qA (5.62)

(B~ qo)? — (P — gAY = m’c? = myc0? = mchy?(1 - %) = m?’

so that

E = /m2 + 2(P — gAY + g6 = H(Q, P) (5.6
in the non relativistic limit § < 1

1

= %(P — qA)? + qp + mc? (5.64)

H(Q,P)

The Hamiltonian in an electromagnetic field can be obtained adding the energy

potential q¢ and substituting in the kinetic energy the kinetic momentum p = m~yv

by P — qA.

5.3.4 The electromagnetic field tensor

To obtain the Lorentz equation of motion in covariant form, we consider the action

in four-dimensional form, Eq. (5.51). The principle of least action leads to

b
0S = 5/ (—meds — qA%dz,) =0
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Recall that since ds?

Therefore ,
55 — / -

Integrating per parts, it becomes

= dz“dz,, then 6(ds) = dx“d(dz,)/ds =

(u*/c)d(dxy).

mu®d(dx,) — gA%0(dz,) — g0 A%dx,] =0

b
0S = / [mdu®dz, + qdA%dx, — g0 A%z, =0

(since dz,(a) = 0 and dz,(b) = 0). Noting that dA* = (0A*/0xp)dxs and 0A* =

(0A®/Oxp)dxp, then
[
B /b : du® B 0AB /
L _m ar ! Oz,

If we define electromagnetic field tensor F*% by

«

0S =

67

6m5

A
mdu®dx, + q (gx ) dxgdx, — q
B

mdu®dx, + q (gﬁ ) dxgdx, — q
B

04 ) u5:| driz,

0A®

(8:165) dma(ng}
AP

(8xa) da;géxal

0A%  0A~
FoP = — —— =09"A% - 9°A° (5.65)
8xa 8@3
Then the principle of least action yields
du®
— = qF*Puy 5.66
m-—=q (5.66)
The tensor F*? is antisymmetric, F*? = —F#*_ Since
1
ro(8s) a-(
ot’
its components are
, 1 [0A; E;
FU% = OPA'— A" = - (a + ‘%) =—— (1=123)
c ox; c
| o . 0A
FY = 9'AT — A = ( axj 63:]> =—Br (i,j,k=1,2,3cyclic)
As a matrix
—-E,/c —E,Jc —E,/c
E 0 —B, B
(Fo8) = / ¢ v (5.67)
E,/c B, 0 —B,
E./c —B, B, 0

93



and

0 E./c E,/c E./c
_E,Jc 0 -B. B,
—E,Je B. 0 -B,
~E.Je -B, B, 0

(Fug) = (5.68)

Using F*#, we obtain the components of the covariant equations of motion (5.66),

du® ,
mdi = qF"y; (5.69)
-
du’ i3 i0 ij ik
mo— = qF"Pug = qF " ug + qF"uj + qF" (5.70)
T

Since u® = (ye,yv), uq = (y¢, —yv), dr = dt/~, then

dy
21 = -E 71
me”— qv (5.71)
d
m (3:) = ¢[E+v xB]| (5.72)

i.e. the equation for the energy E = mc?y and the Lorentz force.

The two non-homogeneous Maxwell equations

v.E =
€o
1 OE
VXB—-—— = J
c? Ot Ho
can be written in a covariant form as
0aFP = 11gJ" (5.73)

Instead, the two homogeneous Maxwell equations

V:B =0
0B
VXE+ — =
o
become the four equations
OaFpy + 0sF 0 + 0, F o =0 (5.74)

where «,  and 7 take the values (1,2,3), (0,1,2), (0,2,3) and (0,3,1).
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5.3.5 Lorentz transformation of the EM fields

Rules of transformation

The Lorentz transform of potentials ¢ and A can be obtained easily, because A“ =

(¢/c, A) is a four-vector:

¢ = (o —cBA)
A, = (A - Bo/c)
A= A,
A = A,

The transformation of E and B can be obtained from the transformation of com-

ponents of F'*?. In general, this can be done more easily using matrices. If we take

the vector

and the matrix for the Lorentz transformation ("boost’) along z'

¥y =8 00
A |7 7 00
0 0 10
0 0 01

then 2/® = Agxﬁ can be written in matricial notation as
= Ax

-lﬂl(l 3 N ’yty A ? -lvy(i

can be written in matricial notation as
F' = AFA
where A is the transposed of A. Explicitly, we obtain

E! = E,, E; =~(E, —¢8B,), E.=~(E,+cSB,)
B, = B, B)=(B,+BE). B.=~(B.— 0B,/
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where ¢ = V is the velocity of K’ with respect to K. Notice that if B' =0 in K,
then B=V xE/c*in K. If E' =0 in K’, then E =B x V in K. In both cases, E
and B are mutually perpendicular in K. This point can be obtained more clearly
by considering the invariants of E and B.
Lorentz invariants of electromagnetic fields
We can obtain two important and useful invariants by constructing four-scalars.
First, we can easily see that F**Fy, = —F*F,5 is an invariant
N 2
Fo9Fy5 = —2(E2 + B+ B2) + 2(B2 + B} + BY)

ie.

*B* — E? = invariant (5.81)

We can construct the second invariant using the Levi-Civita pseudo-tensor e+
I taking F,ze’*"F,, as invariant. Since F,5 and €** are anti-symmetric by

interchanging any pair of indices, then
Eaﬁ‘LWFaigF L = invariant

which leads to
E - B = invariant (5.82)

Using these two invariants, we draw the following conclusions:

1. If E > c¢B in K, then E > ¢B in all other K’, and vice versa;

2. f E L Bin K, then we can find a K’ so that E = 0 if ¢2B? > E? or B = 0 if
2B? < E2.

3. f E L Bin K, then E' | B’ in all other K’ if E' # 0 and B’ # 0.

5.3.6 The covariant form of the strain Maxwell 4-tensor

From the Lorentz force in covariant form (5.66) we can define the density Lorentz
force f*:

f*=F""Jg (5.83)

IThe Levi-Civita pseudo-tensor e*##” is a tensor of rank four, completely anti-symmetric, equal
to +1 for a« = 0, 8 = 1, u = 2, v = 3 and the even permutations, equal to —1 for the odd
permutations and equal to 0 if two or more indexes are equal.
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where Jz = gnoug, where ng is the invariant number density (number of particles in

a proper volume). Then, using the Maxwell equation (5.73),
pof® = FP0F,5 = 04(F* ) — 0" (F°)

The second term can be written as

(0% ]' « « F (6% (8}
Fg0" (F*7) = 5 [Fup0"(F*°) + Fp, 0" ()] = =52 [0"(F*7) + 0% (P1)]

where we interchanged the indices # and p and used the anti-symmetry property of
FP. Then, using (5.74),

F F 1
Fy () = ==220° (P) = S50 (1) = 20° (Fys ™)
Using this expression in the density force equation,
1
pof* = OM(EysF*?) = 20 (Fus ') = —pods T

where 7% is the symmetric strain tensor:

1 1

1o = L [gp 57 4 Lo, o (589
Ho 4

From this expression we recover the conservation laws for the energy and the mo-

mentum of the electromagnetic field. The components are:

1
T = — (E*/+ B?) (5.85)
240
< 1
TOZ — E x B i 5.86
_uoc( ) (5.86)
. 1

i.e. T% is the electromagnetic energy density, ¢T'% are the components of the Poyn-
ting vector S (and so T%/c are the components of the momentum density of the
electromagnetic field g = S/c?) and —T% are the components of the strain Maxwell’s
tensor [see Eq.(1.55)].

5.4 Fields of a uniformly moving charge*

As an example of the transformation rules, we use them to obtain the electromagne-
tic fields of a uniformly moving charge. Since the velocity of the charge is constant,

we analyze the problem in two steps:
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e Calculate the field in the reference system K’ where the charge is at rest.

e Make a coordinate transformation to the observation reference system K.

In K’ system, let a static point charge g be located at the origin 2’ =3/ = 2/ = 0.

The potentials of the charge ¢ in K’ is

/ q

= — A/ =0
Ameqr’’

We know how to transformation ¢ and A’ to ¢ and A in K:

_¢
1- B2
(B/c)¢’

V1-p?

¢ = (¢ +cpA,) =

Ay = (AL 4B [c) =
Ay, = 0
A = 0

(5.88)

(5.89)

(5.90)
(5.91)

We need one more step to express ¢ and A in terms of r instead of /. To do this,

we know that ' = /22 + y2 + 2’2 and

, x —cft
¥ =
V1= 52
y =y
Z = z

Therefore

_ 2
r = \/(Il _C§§> + yg + 22

By substitution of 7 in the equations for ¢ and A:

b = ! _
41eg \/(x —cfBt)2 4+ (2 + 22)(1 — 32)  Admeer*
Ay = (B/e)o

where

r=/(x—cBt)? + (2 + 22)(1 - B?)
Now we can calculate the fields E and B. We have

) oA 596,
BE=-Vo—5r =-Vo—T5%
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Explicitly, we have
d¢ q

3 —W(x—cﬂt) (5.98)
e L) (5.99)
% _ _ﬁor*g(l_mz (5.100)
2—(1? = - 4W€zr*3(x—cﬁt)(—cﬁ) (5.101)
By substitution we obtain
B, = m(w—cﬁt) (5.102)
E, = —4W€03*372y (5.103)
E. = mz (5.104)

To find the magnetic field B, we note that B’ = 0 in K’, hence in K system B =
v x E/c?. Lets now discuss the electric field E. Defining R = (z — ¢8t)X + yy + 22

and the angle # between R and the z-axis, then

rt = R\/0082«9+(1 — 3?)sin?0 = Ry/1 — B%sin* 0

so the electric field can be written as
L 1—p?
 dmegR3 (1 — 32sin® 0)3/2

(5.105)

For a fixed distance R, the value of the electric field maximize at 6 = w/2 (perpen-

dicular direction),

E =
+ 47ro50R27
and minimizes at parallel directions (6 =0 or 7 ),
q 1
By = 32
dmeg R?

So as velocity increases, E decreases and F| increases, i.e. the field is contracted in
the direction of motion. As 8 — 1, the denominator 1 — 32 sin? @ tends to zero within
an angle Af < arcsin(1/8). So when v > 1 an observer see a maximum electric field
when the particle passes at the minimal distance y = b, polarized along the y axis
and a magnetic field which, for non relativistic velocities, is B = (ug/47)q[vxR]/R3,
according to the Biot-Savart law. When v > 1, the transverse field increases during
a transit time At ~ b/(ycp).
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Capitolo 6

Motion of a charged particle in

assigned static and uniform fields

We describe the motion of a charge in static and uniform electric and magnetic

fields.

6.1 Static electromagnetic fields
If the potentials do not have time dependence, then
B=V x A, E=-V¢ (6.1)

Therefore, ¢ determines E, while A determines B for static electromagnetic fields.
In case of static fields, we can add to ¢ an arbitrary constant. Usually, we choose
¢(00) = 0. Also it is obvious that E and B fields are completely decoupled in case
of static fields.

For a closed system in a static EM field, the energy is conserved,

E =mc*y + q¢

If the field is constant and uniform, then simple forms of A and ¢ can be obtained.
From E = -V ¢,
p=-E-r (6.2)

From B =V X A, we can choose A to be

1
A= Bxr (6.3)
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In fact,
-V¢ = V(E-r)=E-V(r)=E
VXA = %VX(er):%[B(V-r)—(B-V)r)]:B

since V.r=3 and (B-V)r =B.

6.2 Motion in uniform static electric field

First, let us consider the motion in a uniform static E field. The equation of motion
1s
dp
i
Assuming E = EX, p,(0) =0, p,(0) = po = mcyofo and p,(0) = 0, then p, = ¢Et,

qE (6.4)

py = po and p, = 0. The kinetic energy of the particle is

B, = mc®y = \/m2ct 4 c2p? = \/m2c4 + 2p3 + (qeEt)? = \/Eg + (qcEt)?  (6.5)

where Ey = y/m2ct + ¢2p3 = mc?y is the energy at t = 0. To find the trajectory of

the particle, we need to solve

dr p &p

Y= =_= 6.6
a my  Ej (6.6)
The components of the equation are
d *Et
- a° (6.7)
dt E2 + (qcEt)?
d 2
- foc (6.8)
dt E2 + (qcEt)?

Note that as t — oo, v, — ¢ and v, — 0. By integrating dz/dt and dy/dt assuming
z(0) = y(0) =0,

o) = qiE[ E§+(cht)2—E0] (6.9)
y(t) = %Sinhl (qgod) (6.10)

To obtain the trajectory, let invert y = y(t) to obtain ¢ = t(y) and substitute in

z(t):
.- QE_E {h (qETy) _ 1] . (6.11)
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This is an equation of the “catenary”. In the non relativistic limit, pg < mec, the
solution is z ~ (a/2)t* (where a = ¢E/m is the acceleration) and y ~ (po/m)t. For
t — 00, z(t) ~ ct — (FEo/qE) and y(t) ~ (cpo/qE)In(2qEct/Ey). The accelerations

are

Qo

aoBot
W T Tt epe (6.13)

where ag = ¢Ec*/Ey and t = (¢E/Ep)ct. In fig.1 we plot v,/c, v, /vy (above) and
az/ag and ay/(apfy) versus the scaled time ¢. Notice that, since v, — 0 as t — o0,
it must exist a 'transverse’ acceleration a, also if in the non relativistic limit the

motion is uniform along y. This acceleration along y is a relativistic effect.

6.3 Motion in uniform static magnetic field

Now let us consider the motion of a particle in a uniform static B field, assuming
B = B2Z. There is no work done by B, so the energy £ = mc?y is constant. The

equations of motion are

d
d—i’ —qvxB (6.14)
Since p = m~yv and 7 is constant,
d
%:%va:va (6.15)

where Q = (¢/mvy)B = (¢B/m~)z is the precession frequency. The components of

the acceleration are

U, = Quy 0y = —Quy, 0, =0 (6.16)
from which v, = v,y. To solve for v, let ¥ = v, + iv,, so that

0 = 0, +i0, = Q, — iQu, = —iQb

from which o(t) = Doe ¥, Here 9y = v ge " is a complex constant, with o constant.

From 0 = v ge 4t — ¢+ ivy, we obtain
vy = vigcos(Q + ) (6.17)
vy, = —viosin(Qt + a) (6.18)
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It is clear that v, = |/vi + v7 = v o and (2 is the angular frequency. The trajectory
can be obtain by integrating dr/dt = v, which gives

r = xo+ psin(QU+ ) (6.19)
y = Yo+ pcos(Q +a) (6.20)
z = o+ vzt (6.21)

where p = v,/ is the gyro-radius. In case of v < ¢, v ~ 1 and Q ~ ¢B/m (Larmor
frequency). The motion is circular in the plane perpendicular to B, with a radius p
and versus which depends on the sign of the charge ¢. If we add the uniform motion
along the field, we have an helix with pitch (27/Q)v.o = (27my/qB)v.o.

6.4 Motion in uniform static parallel electric and

magnetic field

Let’s now consider the motion of a charge in a static uniform and parallel E = FZ

and B = Bz field. The kinetic energy varies in time due to the presence of the

electric field:
Ep = \/ E2? + (qcEt)? = Eg\/1 + (qcEt/ Ey)? (6.22)

where Fj is the initial energy. Since

dE
d—tk:qv-E:qEvz—%z(t):

E, — Ey
qF

with z(0) = 0. The equations for the transverse momentum are

dp, qc*B

= gBv, = —— 6.23
dt o0y = " Py (6.23)
dpy qc’B
Wy _ By, = — i 6.24
dt e E, 7 (6.24)

We still have p; = /p2 + p; constant. We let p = p, +ip, = pLe . with equation

dp qc*B | op
— =1 = —1
dt B, 7 b

so that
b= q’B _ ¢B qcE | Ey

Be B T+ (qeBt/Eop
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By integrating

B E
B(t) = %Sinh_l (chOt> (6.25)
with ¢(0) = 0. The inverse yields
B E¢
t= 4cE Smh(cB) . (6.26)

The trajectory is parametrized by ¢, with dt = (E}/qc*B)dg:

. E, d . d .
Do + 1Dy = C—Qa(l’ +iy) = qB@(ﬂf + i)

so that

pL . PL
x(p) = q—Bsm(da), y(9) = q—B(cos(¢) - 1)

with 2(0) = 0 and y(0) = 0. We can express also z(t) as a function of ¢:

) =2 feoh (1) -1 (6.27)

the trajectory is an helix, with p = p, /¢B: the motion is circular in the plane
perpendicular to E and B and is accelerated in the parallel direction. The pitch of

the helix increases at each period,

A(t) = f—];i VI (@Bt~ 1

and
_ qcE ct

A = Eo \/1+ (qcEt/Ey)? &

for t — 0o, whereas ¢ — 0: the helix stretches an the rotation slow down when

the time increases. The transverse velocity must decrease because the longitudinal
velocity is increasing. In the non relativistic limit ¢ = Qt and 2 = (¢E/m)t, the

motion is an helix with radius p = v, /€2 and pitch increasing with time.

6.5 Motion in uniform static perpendicular elec-

tric and magnetic field

Let’s now consider the motion of a charge in a static uniform E and B with E 1. B.
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We consider first the non relativistic limit 8 < 1, and take E = E'y and B = BZ.

For a non relativistic particle p = mv, the component of the equations are:

mi, = qu,B (6.28)
mv, = qF —qu,B (6.29)
mo, = 0 (6.30)

To solve for v, let again 0 = v, + iv,, so that

d E
d—:JriQ@:i%

where © = ¢B/m. The general solution of the equation is

, E
b = Doe "M 4 %
or letting 0y = v, e,
v, = vy cos(Q+a)+ g (6.31)
v, = —vsin(Q+ ) (6.32)

The x component of the velocity is the sum of an oscillating term and a drift term
U, = E/B. The motion in the (z,y) plane is the well-known E x B drift. In vector
form, the drift velocity is vp = E x B/B?. To find the trajectory, we integrate v,

vy and v,:
xr = zo+ psin(Qt + «) + vpt (6.33)
y = yo+ plcos(Q + a) — cosa (6.34)
z = Zz+ U0t (6.35)

where p = v, /Q and vg = E/B is the E x B drift velocity.

Let’s now consider the general relativistic case. The motion equations are

d€
4w E 6.36
kA (6.36)
d
d—lz —g[E+v x B (6.37)

These show that the particle energy £ is not constant. As a consequence, it is not
possible to obtain a simple relation for the velocity, as it has been done in the pre-

sence of the static magnetic field only. But with a suitable Lorentz transformation,
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it is possible to modify the motion equations. Let consider a transformation to an
inertial frame K’ moving with respect to K with the drift velocity vg = E x B/B?.
The Lorentz force acting on the particle in K’ is
dp’
dt
Choosing E = Ey and B = Bz, then vg = (E/B)X, with £ < ¢B (since it must be

vg < ¢) The transformed fields are

= q[E' 4+ v/ x B'] (6.38)

E; = 0, E; =~(E —vgB) =0, E; =0 (6.39)
B
B; = 0, B;/ =0, B; =~(B - UEE/CZ) = ; (6.40)
where
B2

2 2\—1/2
1=/ = e

In K’ the only field acting on the particle is a magnetic field B’ in the same direction
of B but with a module less by a factor y~1. Thus the motion in K’ is the same as
that considered in sec.6.3, namely a spiraling around the lines of force. As viewed
from the original coordinate system, this gyration is accompanied by a uniform drift
v perpendicular to E and B. The drift can be understood qualitatively by noting
that a particle which starts gyrating around B is accelerated by the electric field,
gains energy, and so moves in a path with larger radius for roughly half of its cycle.
On the other half, the electric field decelerates it, causing it to lose energy and so
move in a tighter arc. The combination of arcs produces a translation perpendicular
to E and B. The direction of the drift is independent of the sign of the charge of
the particle. The drift velocity vg has physical meaning only if it is less that the
velocity of light ¢, i.e. if E < ¢B. If E > ¢B, the electric field is so strong that
the particle is continuously accelerated in the direction of E and its average energy
continue to increase with time. To see this we consider a Lorentz transformation
from K to K” moving with a velocity u = ¢?E x B/E? relative to K. In this frame

the electric and magnetic field are

E
Bl = 0 E—o(E-uB) =, B0 (6.41)
Bl = 0, BI=0, B'=~(B-upE/c*) =0 (6.42)
with
2
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Thus in the system K” the particle is acted on by a purely electrostatic field which
causes hyperbolic motion with ever increasing velocity.

The fact that a particle can move through crossed E and B field with the uniform
velocity vg = E/B provides the possibility of selecting charged particles according
to velocity. If a beam of particles having a spread in velocities is normally incident on
a region containing uniform crossed electric and magnetic fields, only those particles
with velocities equal to E//B will travel without deflection. Suitable entrance and
exit slits will then allow only a very narrow band of velocities around E/B to be
transmitted, the resolution depending on the geometry, the velocities desired and
the field strengths.
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Capitolo 7
Radiation by a moving charge

We discuss how a moving charge generates electromagnetic fields.

7.1 Liénard-Wiechert potentials for a point char-
ge

Let’s consider the radiation emitted by a moving charge. We start from the retarded
potential [see Eqgs.(1.90) and (1.91)]

Ax,t) = Z—i dx’ {%}t (7.2)

where the squared parenthesis means that the time 7 must be evaluated at the
retarded time 7 = ¢ — |x — x/|/c. We consider a charge ¢ with trajectory r(¢) and

velocity v(t) = 1(t),
px,t) = golx —r(0)],  I(x,1) = qv(t)d[x —r(t)]. (7.3)

Since we can write

p(xX',7) = /dT’é(T' —7)p(x', ")

then
- 471'60/d, - _%R—i(—;?( L (7.5)
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where R(7') = |x — r(7')|. Changing the integration variable from 7’ to 77 =
T —t+ R(T")/c,

"o / 1 aR(T/> /
Since OR(+) 5
T / _ A /
o = %|x —r(7)| = —n-v(7) (7.7)
where n = R/R, then
dr'" =[1—n-B(7)]dr. (7.8)
where 8 = v/c and
q 1 ]
x,t) = 7.9
A) dmeg {(1 —n-B)R T=t—R(7)/c i

In a similar way we can show that

=
l—mn- ﬂ)R T=t—R(T)/c

These are the Liénard- Wiechert potentials for a point charge. In these expressions,

A(x,t) = —! [< (7.10)

4mege

the quantities B, n and R are evaluated at the retarded time 7 = t — R(7)/c.
From the expressions of ¢ and A we can obtain the electric and magnetic field
of a moving charge by straightforward derivation with respect to ¢ and x. Before
proceeding in the calculations of the fields, we obtain first the covariant form of the

Lienard-Wiechert potentials.

7.2 Covariant expression of the Liénard-Wiechert

potentials

7.2.1 Covariant form of the retarded potentials.

First, we obtain the solution of the wave equation in terms of the covariant Green

function. The wave equation in the covariant form is
OAY = pgJ” (7.11)

where [J = 0,0“ and

A = (?,A> . T = (ep, d). (7.12)
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We solve Eq.(7.11) in terms of the Green function D(z — ),
A) = / 2 D(x — 2')J°(2') (7.13)
where
O.D(z) = 6W(2), (7.14)

where z = 2 — 2’ = (19 — x),x — x') and §¥(2) = 6(20)d(z) is the four-dimensional
delta function. The Green function can be written using the Fourier transform as

D(z) = (27‘1)4 / d*kD(k)e~ =

where k - z = kozo — k - z. From (7.14) we obtain D(k) = —1/(k - k) and

D(z) = — " /d‘*ke_ik'z _ ! /dke“"x /OO dhp
T (2t k- -k (2n)t o kg2

where k = |k|. The integrand function has two poles at ky = +x. We can deform

the integration axis considering kqy as a complex variable and choosing two different
paths parallel to the Re kq axis, passing above (path r) or below (path a) the two
poles. Then, depending if zy is positive or negative, we close the path by a big
half-circle in the lower or upper half-plane (as the exponential e(™*0)20 must tend to
zero when the radius of the half-circle tends to infinity). For the path r, the integral
in kg is zero for zy < 0, since there are no singularities inside the closed path, and

different from zero for zy > 0, which can be calculated by the residue theorem:

—ikozo —ikozo 2
j{dko—e = H(z)(—2mi)Res [ ¢ } = —H(zo)—ﬁ sin(kzg)
r K

ki — k2 ki — k2
where H(z) is the Heavyside (or step) function, H(z) =1 for z > 0 and H(xz) =0
for x < 0. Instead, for the path a the integral in kg is zero for z; > 0 and different
from zero for zy < 0;

e—ikozo

—ikozo 2
f{dkoﬁ = H(—zp)(2mi)Res [ ‘ ] i
a 0o K

W = H(—Zo)? Sin(liZ())

Hence, the Green functions with the two different paths r or a are

H(+£z > . :
D, q(2) ==+ 2(%2]_;)/0 dk sin(kR) sin(kz)

where R = |z| = |x — x/|. The integral in x can be expressed in terms of delta
functions:

/000 dk sin(kR) sin(kzp) = g[é(zo — R) — (20 + R)]
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Since R > 0, we obtain

D(z) = Z;'E)é(zo—]%) (7.15)
D,(z) = %5(%—1—}%). (7.16)

They can be put in covariant form using the identity?

5(2) = 8(22 — ) = d[(z0 — R) (20 + R)] = %[5(20 _R)+6(s0 + )]

So, calling D, and D, the retarded and advanced invariant Green function, we write:

Di(z—7) = %H(mo _ e)bl(z — )7, (7.17)
Du(z—7) = %H(xg = 20)o[(z — )Y, (7.18)

The step function shows that the retarded (advanced) Green function is different
from zero only on the forward (backward) light cone of the source point. Notice
that the invariance of the step function is guaranteed by the invariance of the delta

function 6[(z — 2’)?]. Hence, the covariant form of the retarded potential is
A%(x) = o / d*a'D,(x — ') J* (") (7.19)

7.2.2 Four-current for a point charge

Assuming a point charge with (7.3), we can write
) © @ / de'5( — £)3[x — r(#)] (7.20)
J(x,t) = q/dt’é(t’ —t)v(t")o[x — r(t')]. (7.21)
In covariant form, introducing the proper time dr = dt’ /7y, the four-current is
S = cq/dTu“(T)(5(4) [z — r(7)] (7.22)

where r%(7) = [er,r(7)] is the charge’s four-vector coordinate as a function of the

charge’s proper time 7 and u® = (v¢,yv) is the charge’s four-velocity.

"From the rule §[f(z)] = >, 0(x — x;)/|f'(x;)|, where z; are the zeros of the function f(z).
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7.2.3 Covariant form of the Liénard-Wiechert potentials

We are now ready to find the covariant form of the Lienard-Wiechert potentials:
using A® from (7.19) with the retarded Green function (7.17) and J* from (7.22):

Ao(y) = Sk / dh2' H(zo — )8[(x — 2')?] / drue (PO — r(r)]

2T

: % drHlwo = ro(m)Ju®(7)o{[z — (1))} (7.23)

where in the second step we integrated over d*z’. The remaining integral over the
charge’s proper time dr gives a contribution only at 7 = 7y, where 7y is determined
by the light-cone condition [z—7r(7)]? = 0 (i.e. 7o = t—R(79)/c), and the retardation

requirement, xo > ro(79). Since

d
d—[:c — (1) = =2[x — r(7))gu’ (1) = —2(x — 1) -u
-
then, integrating over d7 we obtain

a(p) = L qu®(T)
A = e [um To— r<7>1]72m' (7:24)

The significance of the conditions imposed by the step and delta functions in the
integral (7.23) is shown in fig.7.2.3: the Green function is different from zero only
on the backward light cone of the observation point at * = 0. The world line of
the particle r(7) intersects the light cone at only two points, one in the future and
one in the past, later than 75. The particle’s event in r(7p) in the past is the only
part of the word line that contributes to the field at x = 0. It expresses the causal
connection between the particle and the observer.

In noncovariant form the light-cone constraint implies zo—79(79) = R(7) (where
R(t)=|x—r(7)]) and u- (x —r) = up(zg —ro) —u-(x—r) = cyR(1 —n-B), so that

! 1.h) } . (7.25)

AT =(9/c, A) = Amege {qR(l —n-fB)

which coincides with (7.9) and (7.10).

7.3 Electric and magnetic field from a moving

charge

We have obtained the scalar and vectorial potentials (and the covariant form of A?)
of a moving charge. Of course, the relativistic effect relies in the factor (1 —n - )

in the denominators.
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It is important to obtain now the electric and magnetic fields E and B, which
are the experimentally measurable quantities. There are two alternative ways to
obtain them:

1. Calculating the fields from the potential (7.9) and (7.10) using the relations

A
E:f%—VQ B=V XA,

taking into account that the quantities R, n and 8 depend on time and position
also via the retarded time 7 =t — R(7)/c. This makes the calculation rather

long and cumbersome, and it is reported in sec.7.3.2.

2. More elegantly, using the covariant form of A“ to obtain the electromagnetic
tensor %, whose components are related to E and B. This method is a bit

shorter, and it will be presented in the following.

7.3.1 Covariant derivation of the fields from the Liénard-

Wiechert potentials

We return to the expression of A as an integral in d7:

o _ qclo N 2
A0 = QW(/dTHh@—m@ﬂu(Tﬁﬂx—rhﬂ}- (7.26)

to obtain
FoP = 9* AP — 9P A

The derivative 0% acts on H and 6. The derivative of H gives a delta function
§(xg — ro(7)) which makes the delta function §{[x — r(7)]*} — 6(—R?) which does
not give contribution except when R # 0. Hence, excluding R = 0, the derivative

of H does not give any contribution and

948 — ?m/MHM—mhmﬂﬂWﬂh—dﬂﬂ

T
If f=[z—r(r)] then

oralf) = S llor —oey L0
but df /dr = —2[x — r(7)] - w and 0*f = 2[x — r(7)]%, so that
805[f} — [‘T — T(T)]a da[f]

w-[x—r(r)] dr
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which when inserted in the integral and by an integration by parts, yields

Clig x —r(T)]*u (1 9
AP — %}-/dﬂﬂm—waﬂri{[ ()] ()}5ﬂx—dﬂ]}

T dr w(r) - [x —r(7)]

This equation has the same form of the equation for A% in (7.26) with the substitu-

o 4 (I = rur)
o d Jlz—r(r “u(r
0 e e o)
From the corresponding retarded solution (7.24) we obtain
o 48 _ HoC g d[x—r
oA A {u-(x—r)dT {u-(m—r) S (7.27)
and
1 d [(z—r)u’ — (x —r)u”
pop = Mol — . 2
Ar |\ u-(z —r)dr u-(z—r) S (7.28)

This is the solution in covariant form. To obtain E and B we must calculate the

derivative with respect to 7. We have the following relations:
d

E[u (2 —=7)] = —uqu®+ (r—1)w* =+ (x—71) w (7.29)
and
r—7r)u’ — (z —r)Pu® A+ (x—r)w
% ( )u. @ ! ) ) } - [u—«k((a: - r))]2 (@ =) = @ = )]
P Y (;_ m [—uu” + uPu® + (2 — r)*w” — (x — r)Pw"]

where w® = du®/dr is the charge’s four-acceleration. With these relations,

af Hocq 62_(1’,_71).1'0 x_rau,@_ x—r'@ua
por - M {[u%x_ﬂP (@ =)o = (@ —r)Puc]
—1 x—r)w’® — (x — r)Puw®

We can separate the terms which depend on the velocity uw only from those which

depend on the acceleration w:

By) = Hocq ¢ z—1r)%f = (x —r)Pu®
P = B el el

FQ'B(U,U}) _ /:(L)Cq
™

(x —r)w? — (x — r)Pu®

X {—m[(aﬁ — )’ — (z —r)Pu®] +

- (z =7)P? [w- (z =7))?
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We remember that
u-(x—r)=uy(r—r)*=vR(1l—n-B)

Let’s consider first the 'velocity’ field: the components of the electric field are

B = cF%%u) =2 {[u.(CQ P[(x"—ri)uo—(wo—ro)ui]}ﬁm

" dme T —r)

q n; — Bi
dmeg | V2R2(1—m-B)3 ) .,

whereas these of the magnetic fields are

B = —Fu) =52 { - (5 - ppl = = - Tj)uz]}mo
_ Hocq niBj — n;pB; _ Hocq (n % B)s
4 72R2(1_n'ﬁ>3 ret B 4r 72R2(1_n'ﬁ>3 ret
Therefore:
_ o q n—p _1
E= o {72]%2(1 . 5)3]1@’ B = B mxE] . (7.30)

Let’s now obtain the electric and magnetic fields from the part depending on the

acceleration w®. The four acceleration is

= (o2, 20

- ch,c dr

) = (3,78 + 9B)
where the dot stays for a derivative with respect to ¢. Since y = ~*(8 - ,8), then
w® = (V8- B),B+°(8-B)B)
and
(¢ =7)-w=cRy"(B-B)[l —n-B] - cRy*(n-B)

Using these relations, the electric field components are

q
4deq

X _M =Yl — (r — )0 (z —r)uw® — (z — 7)o’
{ [u- (x — r)]?»[( ) ( ) u'] + [ (z— ) }T_TO

E = cFu,w) =

g {(n-ﬁ)(m —B) + (1 —n-ﬂ)ﬁg}
47T R(l - IB)S ret
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a similar calculation gives the components of the magnetic field. In summary, we

obtain collecting both the 'velocity” and ’acceleration’ fields:

n x [(n - B) x f]

E = R B Lt (7.31)

q n—pj q
dmey [ VPR?2(1—m-B)3| . 4mec

1
B = —[nxE]
c

(7.32)

ret *

7.3.2 Straightforward derivation of the fields from the Liénard-
Wiechert potentials *

We calculate now the fields directly from the potential (7.9) and (7.10) using the
relations 9A
E = 5 Vo, B=V XA, (7.33)

taking into account that the quantities R = |x — r|, i = R/R and B depend on

time and position also via the retarded time 7 =t — R(7)/c. We need the following

relations:
a)
so that 97 )
5 T 53 (7.34)
b)
V1 = —% (VR#—%VT) = —%VR—l—ﬁ-ﬂVT: —%—i—ﬁ-ﬂVr
so that R
Vr = —% (7.35)
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Using (7.9) and (7.10) the electric field is

OA
T
g 1 . g 9 p
B 47reOR2(1—ﬁ-,B)2V[R(1 o-p) 4regc Ot R(1 — 1 - B)
q 1

T dreo RA(1—1- ﬂ)zV[R(l —1-pB)]

q 1 0B 0 1
B 47reoc{R(l—ﬁgB)a—i—'BEP&(l_ﬁ'ﬂ)}

_ q 1 .
© 4meg R2(1 — - ﬁ)zV[R(l - fB)]

q ﬂ or ,B ) X
_ 471'50(:{R(l_ﬁ.ﬂ)a_ma[R(l—n.ﬂ)]}

Now we need to calculate:

a)  VI[R(1—1n-B)
0

b o lRO—5-B)

VIR(1-f-B)] = VR-V(Ri-B)=—cVr—V(R:B)

=»

= {=np VA R-VR S

= =

- —~B-RVT - B +cf*Vr

1 —

i)

=» =

B : n/c

T o1- -ﬁ+ﬁ'R1—ﬁ-ﬁ
2 ,B~R

28 R +T]—ﬂ

=

=

1 —

=»

where R = Rii and we used R = ¢(t — 7).

b)

2 n
L

A~

B

0 OR 0 _OROT (8[3 R

ot ' at_ﬁ( 'ﬁ)_Eat_
B-R cf3?

)
- 1—ﬁ-ﬁ_<1—ﬁ-ﬂ_1—ﬁ-ﬁ
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with these expressions,

E

+

dreg R?(1—n-B)2 |1—1n-p

q B
dmege | R(1 —n - fB)?

q 1 { i [1_52+/3.TR

,B A~ c 2
47Tq€(]CR2(1 —1n-p)3 {—c(n-ﬁ) —B-RAh }
q 1

dregR?y2(1 — 11 - B)3 {8 -8}

47r€cf]cR(1 — 1}1[3)3 {ﬁ <8 —B) ﬁ]}

which coincides with Eq.(7.31). About the magnetic field,

B

7.4

The important result (7.31) and (7.32) deserves a detailed discussion.

V X A= d VX{L}

4megc

(1-n-B)R

B-R

q 1 1
e (Y < [l )

q 1 ; B o 2
4ﬂeoc{(1_n.ﬁ)RV7Xﬂ+mX n<1—5 +
s ) B - B ~ BB-n)
dege V?R?2(1—1n-B8)2 cR(1-n-B)2 cR(1—1n-p)3

(P i-f  B-n-B)+B(B A
Adegc V2R%2(1 —h-B)3 cR(1—n-B)3
%(an).

Velocity and radiation fields

7.4.1 Velocity field

)l

The velocity field (7.30) is essential a static field decreasing as 1/R? and it does

not radiate. This because, if we consider the flux through a spherical surface with

radius R around the source, the Poynting vector goes as 1/R* and the flux decreases

as 1/R?, so it becomes negligible far from the source. This is in contrast with the
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second term of (7.31), where the electric field decreases as 1/R and the flux through
the sphere of radius R does not decrease far from the source and transport energy
to infinity. This term is the radiation field, which propagates.
The velocity field must be the same as that obtained in sec. 5.4 as the field from
a uniformly moving charge:
q n
"~ dre Y2R%(1 — 32 sin? 0)3/2

where 6 is the angle between n and 8. It was obtained by a Lorentz transformation
of the static Coulomb field. The apparently different form of the two expressions
is due to the fact that (7.30) is evaluated at the retarded time. The proof of their

equivalence is reported in the next section.

Equivalence of the velocity field (7.30) and the field from an uniformly
moving charge*

We demonstrate that the field (7.30)

q n—pj
E= 7.38
tres [T =BT 75
for an uniformly moving charge is the same as that obtained by Lorentz transfor-
mation of the static Coulomb field, as calculated in sec. 5.4:

_ 4 n
 dmeg Y2 R2(1 — 2 sin® 0)3/2

(7.39)

where @ is the angle between n and , which is supposed uniform and directed along
the z-axis. In (7.38) the quantities n and R are evaluated at the retarded time
t — R/c, whereas in (7.39) they are evaluated at the time ¢. The different positions
of the charge for the two fields are shown in fig.7.4.1 as the points P for (7.39) and
P’ for (7.38). Their distances from the observation point O are R and R’ and the
angle between R and R’ and the velocity directed along the z-axis are € and €'.

Considering the parallel and transverse components x and y, the field (7.38) is

q R'(cosb' — )
dmegy? RB3(1 — [ eos)3
q R'sin¢/
E = 41
v dmeqy? RB3(1 — B eos )3 (7.41)

E. (7.40)
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Figura 7.2: Different positions P for (7.39) and P’ for (7.38).

whereas the field (7.39) is

q cos 0
E, = 7.42
4regy? R2(1 — B2sin? )3/2 (7.42)
B, = 1 sin (7.43)

4regy? R2(1 — B2sin? §)3/2

From the fig.7.4.1 Rsinf = R'sinf’. The distance between P’ and P is SR’ (equal
to the distance traveled by the charge in the retarded time R’/c). The distance P'Q
is SR’ cosf'. Therefore the distance QO is R'(1 — S cos’). Since PQ = SR/ sinf' =
BRsinf and (QO)? + (PQ)* = R?, we have R'(1 — Bcosf) = R(1 — B%sin?6)'/2.
Furthermore, we have R’ cos ¢’ = SR’ + Rcos . By substituting them in £} and £,

q Rcosf
E = =FE, 7.44
’ dregy? R3(1 — [(2sin® §)3/2 (7.44)
E = 1 fisind — (7.45)

dreqy? R3(1 — B2 sin? 0)3/2 Y
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7.4.2 Radiation field

The second term of (7.31) is the radiation field

n x [(n—B) x f]
R(1—m-p)3 i

q
4mege

E (7.46)

It is proportional to the charge acceleration and it vanishes for an uniform motion.
Since it decreases as 1/R, it transports radiated energy to infinite. In general, we
can say that radiation is generated by accelerated charges only.

For a non relativistic motion, the radiation field is

n x (n x B)
R

q
4megc

E

(7.47)

ret
If we remember the field emitted by an electric dipole oscillating at the frequency
w = ck at long wavelength [see Chap. 4, Eq.(4.39)], we see the relationship between
the two expressions in a case of an oscillating charge with position r(¢) = r( cos(wt).
Its acceleration is a = —w?r so that, taking into account the retarded time 7 =
t — R/c defining the electric dipole as p = gr, gives

L2 oikR

= e R [(n x p) x n]e™™" (7.48)

in agreement with the Eq.(4.39).

7.4.3 Radiated energy.

The Poynting vector for the fields (7.46) and (7.32) is

n % [(n - B) x B

(1 —n B ] - n (7.49)

1 q
S=—ExB= E[’n =
Lo céolEf™n 1672ceq

where we used ¢ = (egj10) . The Poynting vector is the amount of energy passing
through the unit area in the direction n in the unit time. Therefore, the energy

radiated from t; to ty is

)
AS:/ S-ndt
t1

Since the fields must be evaluated at the retarded time 7 = ¢t — R(7)/¢, changing
the integration time from ¢ to 7 with dt = (1 — n - B)dr,

Agz/ S-n(l—n-pg)dr.
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The energy radiated in dr through a surface d¥ = R2dSQ, where dQ) = sin 0dfd¢ is
the solid angle, is
d€ =S -n(1—n-B)R*dQdr.

The radiated power per solid angle is
dP
aQ

With (7.49), the radiated power per solid angle is

P _ ¢ |nx[(m-p)x B>
dQ  1672ceg (1—-n-pB)>°

S-n(l—n-B)R? (7.50)

(7.51)

We can see that there are two types of relativistic effects present. One is the specific
spatial relationship between the charge’s velocity and acceleration vectors, which
will determine the detailed angular distribution. The other is a general, relativistic
effect arising from the transformation from the rest frame of the particle to the
observer’s frame and manifesting itself by the presence of the factor (1 — n-f) in
the denominator of (7.51). For ultra-relativistic particles the latter dominates the

whole angular distribution.

7.4.4 The radiation of a slow charge

For a non relativistic charge, f < 1 and

dP q* . q>
a0 1672 ceq I (nx B)f =

52 oo 2

= sin“ © 7.52
1671'26606 ( )
where © is the angle between n and ,B . This is the well-know result that the power
is maximally emitted in the direction perpendicular to the acceleration, with the
typical sin? © distribution. The radiation is polarized in the plane containing n and

B. The total power is obtained integrating over all solid angle?,

2

q 2
P= a
6megc?

(7.53)

where a = ¢f is the charge’s acceleration. This is the Larmor’s formula, which
states that the power radiated by a non relativistic point charge is proportional to

the square of its acceleration.

2The integration over the solid angle gives fo% de [ dfsin® 6 = 8 /3.
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7.5 The radiation of a relativistic charge.

For a fast particle with 5 ~ 1, we cannot ignore 8 or ﬂ in Equation (7.51) and
things in general are complicated. Here we first discuss two special cases where 8

and ,B are parallel or perpendicular.

7.5.1 Parallel velocity and acceleration.
If B is parallel to B, then Equation (7.51) becomes

dP ¢ |nx(nxp)J

il 7.54
dQ  16m2%¢pc (1 —n-pB)° (7.54)
If 0 is the angle between n and S,
dP 2 22 12 0
q p~sin (7.55)

A0~ 16m2€c (1 — Bcosh)®

Note that the angular distribution of the radiated power is independent of the sign
of the acceleration (i.e. whether the particle is accelerating or de-accelerating). For
instance, when the particle hits a target, it radiates ("bremsstrahlung’ or ’braking’
radiation).

For 8 < 1 this is the Larmor’s result. But as § — 1, the angular distribution
is tipped forward more and more and increases in magnitude. Since 1 — 3% = 1/42,
for y>1

Bl
2y?

Furthermore, if § < 1 then cos ~ 1 — 6?/2 and

1
1—pBcos ~ 2—72(1 + 7%6%) (7.56)

so that
AP 2¢° ., 5 70

dQ " e 7 (1 +~262)°
The natural angular width is evidently 6 ~ 1/, which is typical of the relativistic

(7.57)

radiation patterns, regardless of the vectorial relation between 8 and ,B . The angular
distribution is shown in Fig.7.3 for § = 0 (non relativistic case) and § = 0.8. The
acceleration and the velocity are directed along the horizontal axis.

The total power for the case of parallel velocity and acceleration is
292 27 2
q B sin® 0d# 7 9 6
P = = 7.58
| 167‘(’2606/ ¢/ (1 —Bcosb)? 671'6005 7 ( )
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Figura 7.3: Angular dependence of Eq.(7.55) for § < 1 (non relativistic case) and
B =0.8 (y =1.66), the non relativistic one having been multiplied by a factor 50.

Sometimes it is convenient to express the radiation power in terms of the force felt

by the particle. For parallel velocity and acceleration, the force is

F=p=mc’B

where we used the relation 4 = +®83. Therefore in terms of force F, the total

radiation power for parallel velocity and acceleration is

P = < <£>2. (7.59)

6mege \ me

For a given applied force the radiated power is independent of v for a given force.
Furthermore, it depends inversely on the square of the mass of the particle involved.
Consequently these radiative effects are largest for electrons. In a linear accelerator
the radiation loss will be unimportant for typical energy gain d€/dx = F' less than
10 MeV/m. In fact the ratio of power radiated to power supplied by the external
source is:
ul
(d€/dt)

_ g [ i } (dE Jdz). (7.60)
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where we approximated d€/dx ~ (1/c)dE/dt, ro = €*/(dmegmc?) = 2.8 x 107°m is
the classical electron radius® and mc? ~ 0.511 MeV for electrons. For d€/dx < 10
MeV /m this ratio is less than 10714 !

7.5.2 Perpendicular velocity and acceleration.

We now consider the case where 8 and ,B are perpendicular. Taking a coordinate
system where 8 = [z and ,B — B%, then in polar coordinates (R,0,¢) we have
n-B=_p3cosb, n-B=Lsinbcos and

nx[n-B)xpf = (m-B)n—B)—Mn-(n-p)B
= ﬂsin@cosgb(n—ﬁ)—(1—@0059),3.

From that it is straightforward to obtain:
nx[(n—B)x B> = A[(1-Bcost)’ — (1 — ?)sin® 0 cos” ]

and '
ar ¢ P*(1—Bcosh)? — (1 — pB?)sin® 6 cos® ¢
dQ 1672 (1 — Bcosh)®

The angular distribution is shown in Fig.7.4 for 5 = 0 (non relativistic case) and

(7.61)

f = 0.8. Integrating (7.61) over the all solid angle we obtain the total power

2
4 524

P =— 7.62

il 671'0606 Y ( )

This results was first obtained by Liénard in 1898. Since the applied force F = p

in this case is perpendicular to the velocity, then the energy mc?y is constant, and

p= mC’y,B . The radiation power in terms of the force felt by the particle is

J (ﬂ)Q. (7.63)

6mege \ me

Therefore for a given force, the radiation increases as the energy squared.

The above results for Pj and P, are important for the design of accelerators.
There are at least two types of accelerators: linear accelerators (v || v ) and circular
accelerators (v L v ). For a given force, P| = +*P). Therefore the radiation power

loss in circular accelerators increases much more when the particle energy increases.

3Remember that r, = a()\./27) = a?ag, where \. = h/mc is the Compton wavelength, o =
e?/(4meghc) =~ 1/137 is the fine-structure constant and ag = 4wegh?/me? is the Bohr radius.
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Figura 7.4: Angular dependence of Eq.(7.61) for § < 1 (non relativistic case) and
B =0.8 (y =1.66), the non relativistic one having been multiplied by a factor 50.

So, in principle it is more efficient using linear accelerators to accelerate particles to
very high energy. On the other hand, circular accelerators have a very important
application as source of the high-frequency radiation which is called synchrotron
radiation. We will study the spectrum of this kind of radiation in the next section.

Before that, we calculate first the power radiated by a charge in arbitrary motion.

7.5.3 Radiation from a charge in arbitrary motion
The electric and magnetic field satisfy the superposition principle. Since
Eoxnx[(n—p8)xfl,
if we write ,B = B” + BL, where || and L are with respect to B, then we can write
E(8) = EB)) +E(B.) =B +E,
and
E*=E{+E} +2E-E,
and for (7.51)

dp dP; = dP, ¢ \’{nx[m-B)xB|}-{nx[n-8)xB.]}
d_Q_dQ+dQ+<4 ) (I—n-B)o

m2ceg
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It is possible to demonstrate that when integrated over all solid angle the last term

vanishes, so that

2
q . .
P=P+P =c— v [v%ﬁ + ﬁﬂ (7.64)

More generally, it is possible to show that the total radiated power can be written

in a Lorentz invariant form:

2
g~ 1 [dpqdp®
P—_ 7.65
6mceg m? ( dr dr ) (7.65)
which, when expressed in terms of the velocity and the acceleration 8 and ,B , takes
the form: )
4q 6132 212
P= — |8 x 7.66
(3~ 1B x AP (7.6

Since |8 x ('BII + B> =523 and B* = 5ﬁ + (32, (7.66) is equal to (7.64).

7.6 Frequency distribution of the radiation by a

charge in a ultra relativistic motion

Since the radiation power emitted by an accelerated charge in a extremely relativistic
motion, v > 1, is much larger for transverse acceleration rather than for longitudinal
acceleration, we can neglect the power due to the longitudinal component of the
acceleration and assume that the power depends on the instantaneous curvature

radius p of the charge trajectory, given by

p=——=-——

v Uy
The radiation is emitted in a narrow cone along the instantaneous velocity vector
of the charge. For instance, a charge in a circular motion emits radiation along
the tangent to the conference in all the directions. An observer along the tangent
direction will detect a radiation pulse of very short duration in the short time the
electron travels along the circumference arc subtended by the radiation, with an
angle 0 ~ 1/~. The time duration of the pulse depends on the charge ’s energy.
In fact, radiation is continuously emitted in an interval time At during which the
charge travels on the circumference arc d = pf ~ p/~. Supposing the charge emits

a rectangular wave of length L, its time duration will be L = D — d, where

cd p

D=cAt=— =—
v B

129



is the space traveled by the light’s front in the time At during which the charge
travels through the arc d = p/~. The light pulse ends after the distance d. Therefore,

L:D—d:(§—1)d:<%—1>§z2%

where the last expression holds for v > 1. Therefore the duration of the light pulse

the pulse length is

1S

0T ~ L (7.67)

2cy3

and, for the Fourier theorem, the maximum frequency of the radiation spectrum is

21 2mey?
orT p

where wy ~ 27m¢/p is the rotation frequency for a circular motion with radius p. The

~ woy? (7.68)

We

frequency w ~ wyy? is called critical frequency of the synchrotron light. It means
that a relativistic charged particle (for instance an electron) emits a broad spectrum
of frequencies, up to ¥3 times the fundamental rotation frequency wy. Therefore,
the synchrotron radiation spectrum is very wide, covering many frequency decades,
dropping exponentially to zero for w > w,. For instance, a synchrotron with p ~ 30m
has wy ~ (2m)10MHz. For an electron energy E = 5GeV, then v ~ 10* and
we = (2m) x 10" Hz, i.e. X-rays with energy up to of about 50 keV.

7.7 Radiation from an undulator

It exists a method to avoid the broad spectrum of the radiation emitted by an elec-
tron in a circular motion, as in a synchrotron light source. It consists of forcing the
electron to move along an oscillating trajectory, making an angle with respect to
the axis smaller than the angle 1/v of the emitted radiation cone. In this way, other
than collimated in the forward direction, the radiation is also quasi-monochromatic.
In order to determine qualitatively the spectral features of the undulator radia-
tion, let consider the oscillating motion due to a transverse magnetic field, varying

sinusoidally along the propagation axis z:
B(z) = By cos(ky2)y (7.69)

where \, = 27/k, is the undulator period. It is easy to see that the electron

transverse velocity is

K
v, =cfXx = s sin(k,z)X (7.70)
f)/
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where K is the undulator parameter:

eB,
K = 2 ™ 0.93 Bo[T] Ay [cm]. (7.71)

me?ky,

If K < 1, the angle the trajectory makes on the z-axis, v,/v, ~ [, ~ K/~, is
smaller than the light cone angle 1/v, and the light radiated by the electron while
it pass through the undulator remains in phase over different periods A,. On the
contrary, if K > 1 the radiation bursts emitted during each undulator period are
phase-uncorrelated, and each burst of light emitted during each undulator period
has a duration equivalent to that by a single bending magnet. Hence for K > 1 the
spectrum of the emitted radiation is very broad and similar to that of a synchrotron
source. In the following we focus on the first regime only, i.e. on the undulator
radiation obtained for K < 1.

Let now evaluate the time delay of the light accumulated during the passage of
the electron through an undulator period. Since the electron travels at velocity v,

and the light at the velocity ¢, the time delay between the electron and the light is
AT — )\_w _ Ay COs 0

v, c

where 6 is the angle of observation with respect to the z axis. The radiation remains
in phase with that one emitted in the previous undulator periods only if AT = \/c.

This yields a formula for the resonant wavelength:
Aw K? 99
Ar:)\w(——cose)%2—72<1+7+’ye) (7.72)

where we assumed (3, ~ 1 —1/2v% v = +%(1 + K?/2) and cosf ~ 1 — 6?/2. After
L, = Ny\y, the observer will receive a train of pulses with a duration N\, /¢, so

that from the Fourier’s theorem the relative width of the spectrum is

Aw 1
—_—~ 7.73
w 2N, ( )
The exact expression on-axis is
d[ - Wr
0 > 2N?2~*K?sinc? [WNU, (w wrw )} (7.74)

where w, = 27/\, is the resonant frequency and sinc(z) = sin(z)/x.
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