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K

inem
atics

K
inem

atics
is the branch of m

echanics dealing w
ith the m

otion of objects like 
particles, bodies, or system

s of bodies, w
ithout taking into consideration the 

causes (forces, m
om

ents) originating the m
otion.

It is im
portant to underline that all the description of m

otion is alw
ays based on 

w
hat is seen by an observer.

D
ifferent observers (for exam

ple characterized by a relative m
otion betw

een 
them

) w
ill describe the m

otion of the sam
e point (or body, system

 of bodies,  etc) 
in a different w

ay
(an exam

ple w
ill be show

n later).

particles
K

IN
EM

ATIC
S

bodies
system

s of bodies
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R

eference fram
e

For the reason explained, it is im
portant to rem

em
ber that w

e define the m
otion 

of a system
 w

ith respect to a reference fram
e, identified by an origin

O
, tw

o (or 
three in space) orthogonal axes

x
and y

(and z
in space), w

hose direction and 
orientation are identified by tw

o unitvectors conventionally called 𝚤and 𝚥
(and 𝑘

in space)

x

yO
𝚤

𝚥

Planar m
otion (2D

): w
e assum

e that the m
otion of any point occurs in a plane 

described by a reference system
 e.g. the one show

n above. This assum
ption 

rem
ains true throughout the course.
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R
ectangular/C

artesian coordinate(x, y): only 2 
coordinates are needed to identify the position of a 
particle (2 D

oF)in a plane. 

Polar coordinate (r, θ): defined by the radial 
coordinate r, w

hich is m
easured positive outw

ard 
from

 a fixed origin to the particle, and the transverse 
coordinate θ is m

easured counterclockw
ise from

 a 
fixed reference line to r.

N
orm

al and tangential coordinate (n, t): body fixed 
coordinate attached to and m

oved w
ith a particle 

along the path s. The coordinate t is tangent to the 
path and positive in the direction of increasing s, 
w

hile the coordinate n is norm
al to the path, and is 

positive w
hen directed tow

ard the center of 
curvature.

C
oordinates (2D

)

X

s
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The particle

m
odel

The particle m
odel is the sim

plest possible. A
 particle has the follow

ing features:

•
It has no dim

ensions => it can just be in a specific position in the plane (or in 
space). W

e need only 2 variables to describe its position (3 in space).

•
The overall m

ass of the m
odel is coincident w

ith the particle itself and it’s the 
only inertial property of the system

.

•
H

aving no dim
ensions, the particle can’t rotate.

only
have

m
anfor

a
particle
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Particle: a point m
ass w

ith negligible size and shape (unnecessary to be sm
all).

K
inem

atics of a particle: the description of m
otion in term

s of geom
etric 

aspects of a point m
ass in space (or plane 2D

) 

N
eed to specify a reference fram

e(and a coordinate system
 in it to actually 

w
rite the vector expressions).

K
inem

atics
of a particle

x

yO
𝚤

𝚥

x
P

y
P

P

3
aspect

position
velocity

acceleration
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A

pplications 

R
obot arm

A
uto Table Tennis
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describe
the
m
otion
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Position (C

artesian coord.)

Let’s consider a point P m
oving on the plane w

ith respect to the reference 
fram

e:

The vector 𝑃
and, consequently, the coordinates

𝑥
௉

and 𝑦
௉

are functions
of 

tim
e

W
e

can define
the trajectory

(path)of 𝑃
by elim

inating
the dependancy

of 
tim

e from
 the expression, thus

w
riting 𝑦

௉ (𝑥
௉ ).

x

yO
𝚤

𝚥

Px
P

y
P

Position vector 𝑃
= 

𝑃
−

𝑂
=

𝑥
௉ 𝚤+ 𝑦

௉ 𝚥

Law
 of m

otion  ቊ 𝑥
௉

=
𝑥

𝑡
𝑦

௉
=

𝑦
𝑡

w
here 𝚤and 𝚥are

unit vectors
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Position (Trajectory)

The trajectory
of P, 𝑦

௉
𝑥

௉
is

obtained
by elim

inating
the tim

e dependence

Exam
ple:

𝑡
=

𝑥
௉2

𝑦
௉

=
4

𝑥
௉4

ଶ
=

𝑥
௉ ଶ

ቊ
𝑥

௉
=

2𝑡
𝑦

௉
=

4𝑡 ଶ

x

yO
𝚤

𝚥
Px
P

y
P

Trajectory
(S

olidw
orks)



M
echanical D

esign –
A

.Y
. 2023-2024 –

B
inbin Liu

13

The trajectory can also be a function of tim
e in the norm

al and tangential 
coordinates, so the position of P

 can also be defined using the trajectory 
function s(t). 

Position (Trajectory)

x

yO

𝑡

𝑛

s
P

Position vector 
𝑃

= =
𝑃

−
𝑂

′
=

𝑠𝑡

O
’

tangentunitvector!

tim
e

tells the
direction
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A
nother useful expression to represent the position is obtained im

agining that 
the X axis

corresponds to the R
eal axis

and the Y axis
to the Im

aginary axis
of 

a com
plex plane. This allow

s a sim
ple representation of the position in P

olar 
coordinates

Position vector       𝑃
= 

𝑃
−

𝑂
=

𝑅𝑒
௜ఏ

=
𝑥

௉
+

𝑖𝑦
௉

x

yO
𝚤

𝚥

Px
P

y
P

R


From
 Polar to C

artesian     𝑥
௣

=
𝑅𝑐𝑜𝑠

𝜃
𝑦

௉
=

𝑅𝑠𝑖𝑛
𝜃

From
C

artesian
to

Polar
𝑅

=
𝑥

௣
ଶ

+
𝑦௣

ଶ

𝜃
=

atan
௬

ು
௫

ು

Position (Polarcoord.)

𝜃
describing

the rotation
of R

(positive counterclockw
ise).

N
ote:𝚤isthe

unitvector along x-axis,
 i in 𝑒

௜ఏ is im
aginary unit =

 
−

1, 
𝑒

௜ఏ=
 cosθ

+
 isinθ (Euler's form

ula)

G
enerally, both R

and 
are functions of tim

e, R
 is 

positive outw
ard, and θ is positive 

counterclockw
ise from

 a fixed reference line to R
.
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Velocity (C

artesian coord.)

Velocity (instantaneous)is a
vector representing how

 the position vector 
changes w

ith respect to tim
e

൝ 𝑣௫
=

𝑥
௉

𝑡
𝑣௬

=
𝑦

௉
𝑡

𝑣௫
and 𝑣௬

are the com
ponents

of velocity
vectoralong

x and y axis
w

e calculate them
 by tim

e derivative of 𝑥
௉

and 𝑦
௉

respectively

𝑣
=

ௗ௉ௗ௧
=

𝑥
௉

𝚤+ 𝑦
௉ 𝚥

𝑃
= 

𝑃
−

𝑂
=

𝑥
௉ 𝚤+ 𝑦

௉ 𝚥

x

yO
𝚤

𝚥

P

x
P

y
P

𝑣

𝑣௫

𝑣௬
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Velocity (C

artesian coord.)

The tim
e derivative can be seen as the lim

it for t going to zero and since 
∆P approaches the arc length ∆𝑠 as ∆t 

 0, w
e have

𝑣
=

ௗ௉ௗ௧
=

lim
∆௧→

଴
∆௉∆௧

=
lim

∆௧→
଴

∆௦௧⃗
∆௧

=
ௗ௦ௗ௧ 𝑡

=
𝑠

𝑡

x

yO
𝚤

𝚥

P
(t)

P
(t+t)

P ∆𝑠

The velocity vector is alw
ays tangent to the trajectory (norm

al com
ponent is 

null)

tangentunitvector!

tim
e
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Velocity 

ቊ
𝑥

௉
=

2𝑡
𝑦

௉
=

4𝑡 ଶ

Exam
ple:

ቊ
𝑥

௉
𝑡

=
2

𝑦
௉

𝑡
=

8𝑡

M
agnitude (speed):

𝑣
=

𝑥
௉ ଶ

+
𝑦

௉ ଶ

𝑦
௉

x

yO
𝚤

𝚥
P

x
P

y
P

𝑣

𝑥
௉

𝜶

𝑡𝑎𝑛
𝛼

=
𝑦

௉

𝑥
௉

A
ngle:

Tangent versor:
𝑡

=
cos𝛼

𝚤+
sin

𝛼
𝚥

It can be seen that the
velocity represents how

 fast the position of point P 
changes along the trajectory and can be w

ritten by using m
agnitude and 

tangent unit vector as:

𝑣
=

𝑣
𝑡

𝑣
=

𝑣𝑡
or

position
velocity

i

Sylar quantity
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R
em

em
bering the expression of position in polar coordinates, it is possible to 

calculate the corresponding velocity by applying the tim
e-derivative of the 

position expression. R
em

em
bering that in general both R

and 
depend on tim

e, 
the tim

e derivative is the sum
 of tw

o com
ponents

The total velocity w
ill be the vector sum

 of the tw
o com

ponents

Position vector      𝑃
= 

𝑃
−

𝑂
=

𝑅𝑒
௜ఏ

=
𝑥

௉
+

𝑖𝑦
௉

Velocity
(Polarcoord.)

Velocity vector 
𝑣

= ௗ
௉ି

ை
ௗ௧

=
𝑅𝑒

௜ఏ
+

𝑖𝑅
𝜃𝑒

௜ఏ
=

𝑅𝑒
௜ఏ

+
𝑅𝜃𝑒

௜(ఏା
ഏమ )
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•
The first com

ponent (red) represents how
 fast P

 changes its distance from
 

the origin

•
The second com

ponent (lightblue) represents how
 fast the angle 

associated w
ith the position vector, is changing

Velocity
(Polarcoord.)

Velocity vector       𝑣
= ௗ

௉
ି

ை
ௗ௧

=
𝑅

𝑒
௜ఏ

+
𝑖𝑅

𝜃𝑒
௜ఏ

=
𝑅𝑒

௜ఏ
+

𝑅
𝜃𝑒

௜(ఏା
ഏమ )

x

yO
𝚤

𝚥
P

(t)

𝑣

𝜃
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in break! See you soon…

.



M
echanical D

esign –
A

.Y
. 2023-2024 –

B
inbin Liu

21
A

cceleration (C
artesian

coord.)

A
cceleration is a

vector considering the variation of velocity vector w
ith 

respect to tim
e

൝ 𝑎
௫

=
𝑥

௉
𝑡

𝑎
௬

=
𝑦

௉
𝑡

𝑎
௫

and 𝑎
௬

are the com
ponents

of acceleration
vectoralong

x and y 
axis.  
W

e
calculate them

 by tim
e derivative of 𝑥

௉
and 𝑦

௉
respectively

𝑎
=

ௗ௩ௗ௧
=

𝑥
௉

𝚤+ 𝑦
௉ 𝚥

𝑣
=

ௗ௉ௗ௧
=

𝑥
௉

𝚤+ 𝑦
௉ 𝚥

𝑃
= 

𝑃
−

𝑂
=

𝑥
௉ 𝚤+ 𝑦

௉ 𝚥
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A

cceleration

A
cceleration is a

vector considering the variation of velocity vector w
ith 

respect to tim
e

Total acceleration is notnecessarily 
tangent to velocity. 
In the exam

ple velocity and 
acceleration create 𝛽

angle

x

yO
𝚤

𝚥
P

x
P

y
P

𝑣𝑣௫

𝑣௬ 𝑎𝛽

𝑎
=

ௗ௩ௗ௧
=

𝑥
௉

𝚤+ 𝑦
௉ 𝚥
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A

cceleration –
an exam

ple

ቊ
𝑥

௉
=

2𝑡
𝑦

௉
=

4𝑡 ଶ
ቊ

𝑥
௉

𝑡
=

2
𝑦

௉
𝑡

=
8𝑡

position 
velocity

A
s explained before, it is possible to see that the acceleration is not tangent to 

the trajectory, but w
e can identify an angle betw

een velocity and acceleration.

C
onsequently, the acceleration vector can be expressed as the sum

 of one 
com

ponent parallel to the velocity (tangent acceleration) and one other 
com

ponent orthogonal to the velocity (norm
al or centripetal acceleration)

acceleration

ቊ 𝑥
௉

𝑡
=

0
𝑦

௉
𝑡

=
8

x

yO
𝚤

𝚥
P

x
P

y
P

𝑣𝑣௫

𝑣௬ 𝑎

𝛽

catch
m
e

outside
how
bout

that
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A

cceleration (n,tcoord.)

D
escribing

totalacceleration
𝑎

as the sum
 of 𝑎

௫
and 𝑎

௬
term

s
is

generally
not

useful. It’s
betterto describe

it
as

the sum
 of tangentialand norm

alterm
s

𝑎
௧ and 𝑎

௡

𝑎
=

ௗ௩ௗ௧
=

𝑥
௉

𝚤+ 𝑦
௉ 𝚥

𝑎
=

𝑑𝑣𝑑𝑡
=

𝑑
𝑣𝑡

𝑑𝑡
=

𝑑𝑣𝑑𝑡
𝑡+

𝑣
𝑑𝑡𝑑𝑡

tangentunitvector!

tim
e

ௗ
௧⃗ௗ௧   ?
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A

cceleration (n,tcoord.)

𝑎
=

𝑑𝑣𝑑𝑡
=

𝑑
𝑣𝑡

𝑑𝑡
=

𝑑𝑣𝑑𝑡
𝑡+

𝑣
𝑑𝑡𝑑𝑡

tangentunitvector!

tim
e

|𝑑𝑡|  = 1
ȉ𝑑𝜃

𝑑𝑡
= 𝑑𝜃

𝑛
=

ௗ௦ఘ
𝑛

ௗ
௧⃗ௗ௧

= ଵఘ
ௗ௦௡
ௗ௧

=  ଵఘ 𝑣
𝑛

ௗ
௧⃗ௗ௧  ?

𝑎
=

𝑑𝑣𝑑𝑡
𝑡+

𝑣
𝑑𝑡𝑑𝑡

=
𝑣𝑡+

𝑣
ଶ𝜌

𝑛

•
𝑛

represents
the unitvectororthogonalto the trajectory

•
𝜌

represents
the radius

of the so-called
osculating

circle, w
hich

is
the 

circle
approxim

ating
the trajectory

in the neighborhood
of point P

𝑑𝜃
x

yO

P 𝑡

𝑛

𝑡′

𝑛′

𝑑𝜃

𝑑s

𝜌

𝑑𝑡
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A

cceleration (n,tcoord.)

Total acceleration
𝑎

can be seen as the sum
 of tangentialand norm

alterm
s

𝑎
௧ and 𝑎

௡

𝑎
=

ௗ௩ௗ௧
𝑡+

𝑣
ௗ

௧⃗ௗ௧ =
𝑣𝑡+

௩
మఘ

𝑛
=

𝑠𝑡+
௦̇ మఘ

𝑛
=

𝑎
௧ 𝑡+

𝑎
௡ 𝑛

Tangentialacceleration
𝑣 (𝑜𝑟 𝑠)is parallel to the 

velocity (i.e. tangent to the trajectory) w
hich 

indicates the variation of the m
agnitude of the 

velocity vector. 

N
orm

alacceleration
௩

మఘ  (or ௦̇ మఘ ) is orthogonal to the 
velocity w

hich indicates the variation of the 
direction of the velocity vector.

x

yO

P

𝑣

𝑎

𝑎
௡

𝑎
௧

𝑡
𝑛
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W
hile norm

al and tangential coordinates are m
ore intuitive from

 a physical point 
of view

, polar coordinates allow
 a sim

pler m
athem

atical expression. 

A
cceleration (Polarcoord.)

Velocity vector 
𝑣

= ௗ
௉

ି
ை

ௗ௧
=

𝑅
𝑒

௜ఏ
+

𝑖𝑅
𝜃𝑒

௜ఏ
=

𝑅
𝑒

௜ఏ
+

𝑅𝜃𝑒
௜(ఏା

ഏమ )

A
cceleration vector 

𝑎
= ௗ

௩ௗ௧
=

𝑅𝑒
௜ఏ

+
2𝑖𝑅

𝜃𝑒
௜ఏ

+
𝑅𝜃𝑒

௜(ఏା
ഏమ )+

𝑅𝑖𝜃
ଶ𝑒

௜(ఏା
ഏమ )

=
𝑅𝑒

௜ఏ
+

2𝑅𝜃𝑒
௜(ఏା

ഏమ )+
𝑅𝜃𝑒

௜(ఏା
ഏమ )+

𝑅𝜃
ଶ𝑒

௜(ఏା
గ

)

Lo
RèIriòeitikàettirfò

D
ice

È
Eteroètipioètirò

è
torre

R
iot
2iròettréeitate

ritira
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A

cceleration (polarcoord.)

A
cceleration vector 

𝑎
= ௗ௩ௗ௧

=
𝑅

𝑒
௜ఏ

+
2𝑅

𝜃𝑒
௜(ఏା

ഏమ )+
𝑅

𝜃𝑒
௜(ఏା

ഏమ )+
𝑅

𝜃
ଶ𝑒

௜(ఏା
గ

)

x

yO
𝚤

𝚥
P

𝑣

𝑡
𝑛



𝑎

•
𝑅

𝑒
௜ఏ

: represents the contribution due to the variation of the speed of the 
m

agnitude of the position vector of the point P
•

𝑅
𝜃𝑒

௜(ఏା
ഏమ ): represents the variation of angular speed of the vector associated 

w
ith the position of point P

•
𝑅

𝜃
ଶ𝑒

௜(ఏା
గ

): represents the contribution due to the rotation of the vector 
associated w

ith the position of point P
•

2𝑅
𝜃𝑒

௜(ఏା
ഏమ ): called C

oriolis acceleration, is due to the contem
porary presence of 

a variation of the m
agnitude and the orientation

R

C
oriolis effect
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M

otion of a particle

•
B

asic
concepts

•
The

particle
m

odel

•
K

inem
atics

ofa
particle

•
M

otion
ofa

particle
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M

otion of a particle

R
ectilinear m

otion: refers to the m
otion of an object along a straight line.

S
ource: P

in on P
ractical E

xam
 (P

hysics) 
(pinterest.com

)
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M

otion of a particle

In this exam
ple, the vertical com

ponents of 
the velocity 𝑣௬

and acceleration 𝑎
௬

are both 
null. The tangential com

ponent of the 
acceleration 𝑎

𝑡 = 𝑎
𝑥 .

R
ectilinear m

otion: both velocity and acceleration are tangent to the trajectory. 
The norm

al com
ponent of the acceleration 𝑎

n = 0, w
hich m

eans the direction of 
the velocity does not change w

ith tim
e.

Exam
ple 
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M

otion of a particle

C
urvilinear m

otion: refers to the m
otion of a particle along a curve (the 

trajectory is curved).

circular m
otion

G
eneral curvilinear m

otion
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M

otion of a particle

Exam
ple 

In this exam
ple, both tangential and 

norm
al com

ponents of the acceleration are 
non-zero, and the m

agnitude and 
direction of the velocity are both changing 
w

ith tim
e.

C
urvilinear m

otion: The norm
al com

ponent of the acceleration 𝑎
n ≠ 0, w

hich 
m

eans the direction of the velocity changes w
ith tim

e.
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Indicate the directions of acceleration a
t, a

n of the red particle on its trajectory
.

Practice 

H
ints:

Tangential acceleration a
t is parallel to the velocity (i.e. tangent to the trajectory) w

hich 
indicates the variation of the m

agnitude of the velocity vector. 
N

orm
al acceleration a

n is orthogonal to the velocity w
hich indicates the variation of the 

direction of the velocity vector.

Increasing 
speed

F
T

a

Io


