
X Y K D ⇢ X f : D ! Y x0 2 D D

u 2 X X f x0 u

@uf(x0) = lim
t!0
t2K⇤

f(x0 + tu)� f(x0)

t

Y

X Y

K u

u

� 2 K v = �u 2 X @uf(x0)

@vf(x0)

@�uf(x0) = �@uf(x0) .

X = Kn (K = R,C)
ek = (0, . . . , 0, 1, 0, . . . , 0)

k xk 2 K

@kf(x) ⌘ @ekf(x) ⌘
@

@xk
f(x1, . . . , xk, . . . , xn) , (x =

nX

k=1

xkek) .

X Y K D ⇢ X f : D ! Y x0 2 D D

f x0 T : X ! Y T 2 L(X,Y )

lim
x!x0
x2D

||f(x)� f(x0)� T (x� x0)||Y
||x� x0||X

= 0 .

f x0

fa : x 7! f(x0) + T (x � x0) f(x) � fa(x) o(||x � x0||X)

||x � x0||X x x0 fa f

x0

f x0

T 2 L(X,Y ) f x0

f 0(x0) , Df(x0) , df(x0) .



T u 2 X

T (u) ⌘ T.u ⌘ T u .

f : D ! Y x 2 D ⇢ X f

u 2 X

@uf(x) = df(x).u .

@f(x)

@xk
= df(x).ek .

@uf(x) 2 Y df(x) 2 L(X,Y ) u 2 X

a 2 Y T 2 L(X,Y )

f : X ! Y , f(x) = a+ T.x =) df(x) = T x 2 X .

f x

x

u 2 X

D ⇢ Kn Y K x D f : D ! Y

(@kf)k=1 ...,n x x f

x

X K f : D ! K D ⇢ X f

x 2 D df(x) 2 L(X,K)

X⇤ X X K

X (ek)k=1,...,n u 2 X

u =
nX

k=1

ekuk

uk 2 K u X ⇠= Kn

x1, . . . xn xk : X ! K u 2 X

k u k

xk(u) = uk

dxk

dxk.u = uk

X⇤ n X

(ek)k=1,...,n X (ẽj)j=1,...,n X⇤

ẽj .ek = �jk , =) ẽj .u = ẽj .

 
nX

k=1

ekuk

!
= uj .



X⇤

ẽk = dxk

x u

df(x).u = df(x).

 
nX

k=1

ekuk

!
=

nX

k=1

[df(x).ek]uk =
nX

k=1

@kf(x) (dxk.u) ,

df(x) =
nX

k=1

@kf(x) dxk ,

x D f df

x 2 D df(x) 2 X⇤

df : D ! X⇤ .

! : D ! X⇤

D K X n

Cl l � 0 X ! : D ! X⇤ Cl D X⇤ X

! 2 Cl(D,X⇤)

K = R X

dx1, . . . , dxn X⇤

Cl

!(x) = !1(x) dx1 + · · ·+ !n(x) dxn =
1X

k=1

!k(x) dxk ,

n !k 2 Cl(D,R) !

f : D ! R

! D ⇢ X D f : D ! R

df(x) = !(x) x 2 D .

f df = ! !

f g ! d(f � g) = df � dg = ! � ! = 0

D

D ! : D ! X⇤ !

n � 2 !

! !

!k(x)

! f : D ! R @kf(x) = !k(x)

x 2 D k = 1, . . . , n

f D

@j@kf(x) = @k@jf(x) x 2 D .



! : D ! X⇤

@j!k(x) = @k!j(x) x 2 D , j, k = 1, . . . , n .

! : D ! X⇤ !0(x) 2 L(X,X⇤)

X

!0(x) : X ⇥X ! R , !0(x).(u, v) =
�
!0(x).u

�
.v u, v 2 X.

! !0(x) x 2 D !0(x).(u, v) = !0(x).(v, u)

!0(x)

! : D ! X⇤ x 2 D

U x D !|U

P =
Qn

k=1 Ik Rn Ik : k = 1, . . . , n

R ! : P ! Rn⇤ C1 (a1, . . . , an) 2 P

f : Q! R , f(x1, . . . , xn) :=

Z x1

a1

!1(⇠1, a2, . . . , an) d⇠1 + · · ·

+

Z xn�1

an�1

!n�1(x1, . . . , xn�2, ⇠n�1, an) d⇠n�1 +

Z xn

an

!n(x1, . . . , xn�1, ⇠n) d⇠n

!(x, y) =
Pn

k=1 !k(x) dxn P

n n = 1 R
C1 !(x) = !1(x) dx

f(x) =
R x
a !1(x) dx !

f 0(x) = !1(x) !(x) = !1(x) dx = df(x)

n = 2

f : I1 ⇥ I2 ! R , f(x1, x2) :=

Z x1

a1

!1(⇠1, x2) d⇠1 +

Z x2

a2

!2(x1, ⇠2) d⇠2 ;

f(x1, x2) !1,2

@1f(x1, x2) = !1(x1, a2) +

Z x2

a2

@1!2(x1, ⇠2) d⇠2 .

@1!2 = @2!1

Z x2

a2

@1!2(x1, ⇠2) d⇠2 =

Z x2

a2

@2!1(x1, ⇠2) d⇠2 = !1(x1, x2)� !1(x1, a2) =) @1f(x1, x2) = !1(x1, x2) .



I2

1x 2a( , )1a 2a( , )

1x 2x( , )

I1

0

n = 2

x2

@2f(x1, x2) = !2(x1, x2)

j < n j

(n � 1) !j(x1, . . . , xn�1, an)

@jf(x1, . . . , xn) = !j(x1, . . . , xn�1, an) +

Z xn

an

@j!n(x1, . . . , xn�1, ⇠n) d⇠n .

@j!n = @n!j

@jf(x1, . . . , xn) = !j(x1, . . . , xn�1, an) +

Z xn

an

@n!j(x1, . . . , xn�1, ⇠n) d⇠n

= !j(x1, . . . , xn�1, an) + !j(x1, . . . , xn)� !j(x1, . . . , xn�1, an)

= !j(x1, . . . , xn) .

D Rn ! 2 C1(D,Rn⇤) !

!

D x 2 D P ⇢ D

! D P ! P

! : R2 \ {(0, 0)}! R2⇤

!(x, y) =
�y dx+ x dy

x2 + y2
.

! C1

@2!1 = @y
�y

x2 + y2
=

y2 � x2

(x2 + y2)2

@1!2 = @x
x

x2 + y2
=

y2 � x2

(x2 + y2)2
.

D = R2 \ (R� ⇥ {0})
arg : D !] � ⇡,⇡[

D f ! D

g ! R2 \ {(0, 0)} f D

f 2⇡

lim
y!0+

f(x, y)� lim
y!0�

f(x, y) = 2⇡ x < 0 .



X D ⇢ X I ⇢ R
D � : I ! D C1

C1 I = [a, b] a < b �(a) �(b)

�(a) �(a) = �(b)

D �

I = [a, b] a = min(I) < b = max(I)

�1 : [a1, b1] ! D �2 : [a2, b2] ! D �1
�2 �1(b1) = �(a2)

�.� : [a1, b1 + b2 � a2]! D , [�1.�2](t) :=

8
<

:
�1(t) a1  t  b1

�2(t� b1 + a2) b1 < t  b1 + b2 � a2 .

� : [a, b] ! D

� = �1.�2. · · · .�L

�l : [al, bl]! D , �l(t) = �(t) , a1 = a , al+1 = bl , bL = b .

C1

C1

� : [a, b]! D

 �� : [a, b]! D ,  �� (t) := �(a+ b� t)

�

�xj = xj � xj�1 : j = 1, . . . , N (xj)j=0,...,N xj = �(tj)

a = t0 < · · · < tj�1 < tj < · · · < tN = b x0 = �(a) xN = �(b) D

! �xj !(xj) �xj

j = 1, . . . , N ! �

||�xj || ! 0 R
�xj ' �0(tj)�tj

Z

�
! := lim

||�xj ||!0
N!1

NX

j=1

!(xj).�xj = lim
||�tj ||!0
N!1

NX

j=1

!
�
�(tj)

�
.�0(tj) �tj .

! : D ! X⇤ C0 � : I ! D !

� Z

�
! :=

Z

I
!
�
�(t)

�
.�0(t) dt .

X ⇠= Rn

Z

�
(!1 dx1 + · · ·+ !n dxn) :=

nX

k=1

Z

I
!k

�
�(t)

�
�0k(t) dt .



!  �� �
Z

 ��
! = �

Z

�
! .

! ( �� )0 = ��0

�xj

� !

�

! : D ! X⇤ C0 � : [a, b]! D p : [c, d]! [a, b]

C1 a = p(c) b = p(d) � � p : [c, d] ! D

� c < d =) p(c) < p(d) �

!
Z

�
! =

Z

��p
! .

p c < d =) b = p(c) > p(d) = a
Z

�
! = �

Z

��p
! .

a = p(c) < b = p(d) c < d � = � � p

Z

�
! =

Z b

a
!
�
�(t)

�
.�0(t) dt =

Z d

c
!
⇣
�
�
p(⌧)

�⌘
.�0
�
p(⌧)

�
p0(⌧) d⌧ =

Z d

c
!
�
�(⌧)

�
.�0(⌧) d⌧

�0(⌧) =
d�
�
p(⌧)

�

d⌧
= �0

�
p(⌧)

�
p0(⌧) .

p c d

Z

�1.�2

! =

Z

�1

! +

Z

�2

!

� : [a, b] ! D D g : D ! R C1

f := g � � : [a, b]! R C1

g(b)� g(a) =

Z b

a
g0(t) dt =

Z b

a
f 0
�
�(t)

�
.�0(t) dt

g0(t) = f 0
�
�(t)

�
.�0(t) t 2 [a, b]

f 0
�
�(t)

�
2 X⇤

�0(t) 2 X � t !(x) := f 0(x)

f
�
�(b)

�
� f

�
�(a)

�
=

Z b

a
!
�
�(t)

�
.�0(t) dt



a < b

! = f 0

� f

D X ! 2 C0(D,X⇤)

! D

� � D
R
� ! =

R
� !

� D
H
� ! = 0

� �

[a, b] � t = m⌧ +q m > 0 q

) ! f

f
�
�(b)

�
� f

�
�(a)

�
=

Z

�
! , f

�
�(b)

�
� f

�
�(a)

�
=

Z

�
! .

�(a) = �(a) �(b) = �(b)

) � �(a) = �(b) = x0 2 D
H
� ! = 0

� x0 x0 �(t) = x0 t 2 [a, b] �0(t) = 0

t 2 [a, b]
R
� ! = 0 � �

) � � �.
 �
�

�(a) = �(a)

0 =

Z

�.
 �
�
! =

Z

�
+

Z

 �
�
! =

Z

�
! �

Z

�
!

R
� ! =

R
� !

) Dc D

p0 2 Dc x 2 Dc

�x Dc p0 x f(x) =
R
�x

!

p0 x � x0 2 Dc f 0(x0)

!(x0) x0 � B(x0, �[⇢ Dc [x0, x]

Dc x 2 B(x0, �[

f(x) =

Z

�x0

! +

Z

[x0,x]
! = f(x0) +

Z

[x0,x]
!

�x0 p0 x0 [x0, x] [0, 1] 3 t 7! x0 + (x� x0)t

g(x) =

Z

[x0,x]
! =

Z 1

0
!
�
x0 + (x� x0)t

�
.(x� x0) dt

g0(x0) = !(x0) f 0(x0) = g0(x0) = !(x0)

lim
x!x0

g(x)� g(x0)� !(x0).(x� x0)

||x� x0||X
= 0 .

g(x0) = 0 !(x0).(x�x0) =
R 1
0 !(x0).(x�x0) dt

�����

Z 1

0

⇥
!
�
x0 + (x� x0)t

�
� !(x0)

⇤
.(x� x0)

||x� x0||X
dt

�����


Z 1

0

����
⇥
!
�
x0 + (x� x0)t

�
� !(x0)

⇤
.
(x� x0)

||x� x0||X

���� dt


Z 1

0
||!
�
x0 + (x� x0)t

�
� !(x0)||X⇤ dt



γ a(  )β a(  ) =

γβ (  ) =b (  )b

β

γ

D

D

x! x0

! x0

g0(x0) = !(x0)

! x0

! 2 C0(D,X⇤) x0 2 D � > 0 B(x0, �[⇢ D g : B(x0, �[! R

g(x) =

Z

[x0,x]
! =

Z 1

0
!
�
x0 + (x� x0)t

�
.(x� x0) dt

x0 dg(x0) = !(x0)

! ! ! x0

x [x0, x] g(x)

!(x0)

[a, b] a < b

�, � : [a, b] ! D � � D

h : [a, b]⇥ [0, 1]! D

h(t, 0) = �(t) h(t, 1) = �(t) t 2 [a, b]

h(a,�) = h(b,�) � 2 [0, 1]

� 2 [0, 1]

�� : [a, b]! D , ��(t) = h(t,�)

� (��)�2[0,1] � = 0 �0 = �

� = 1 �1 = �

D

! D � � D

Z

�
! =

Z

�
!



t
K

t
0

t
t
k −1

k
=

λm −1

λ
M

λ
m

λ
0

D

D 0 = �0 < �m�1 < �m < �M = 1

h : [a, b] ⇥ [0, 1] K · M
Qkm = [tk�1, tk] ⇥ [�m�1,�m] a = t0 < t1 < · · · < tK = b 0 = �0 < �1 < · · · < �M = 1

h(Qkm) ⇢ D !

!

��m�1 ��m �m�1 �m k

! (Qkm)k=1,...,K ��m�1 ��mR
��m�1

!�
R
��m

! ��m�1

tk h(Qk�1,m) h(Qkm)

(m � 1) m

(m� 1)

m
R
��m�1

! =
R
��m

! m = 1, . . . ,M
R
� ! =

R
� !

D ⇢ X D

D X ! 2 C0(D,X) !

C1

D

! ! D

!

C1

!

!

D

! ! n

C1

D X ⇠= Rn ! : D ! X⇤ !


