
X R X g : X ⇥X ! R

g(x,↵1y1 + ↵2y2) = ↵1g(x, y1) + ↵2g(x, y2)

g(↵1x1 + ↵2x2, y) = ↵1g(x1, y) + ↵2g(x2, y)

x, x1, x2, y, y1, y2 2 X ↵1,↵2 2 R

g X

g(x, y) = g(y, x) x, y 2 X

g : X ⇥ X ! C

X C X g : X⇥X ! C

g(↵1x1 + ↵2x2, y) = ↵
⇤

1g(x1, y) + ↵
⇤

2g(x2, y)

g(x,↵1y1 + ↵2y2) = ↵1g(x, y1) + ↵2g(x, y2)

x, x1, x2, y, y1, y2 2 X ↵1,↵2 2 C

g X

g(x, y) = g(y, x)⇤ x, y 2 X

g(x, x)

x 2 X g

R C
R



g X

g(x, y) = 0 x 2 X =) y = 0 .

X n (ek)1kn

x =
nX

j=1

xjej , y =
nX

k=1

ykek ,

g

g(x, y) =
nX

j,k=1

x
⇤

jyk g(ej , ek) =
nX

j,k=1

x
⇤

jyk Gjk

Gjk : = g(ej , ek) g Gjk = G
⇤

kj g G

n ⇥ n

Cn

C

g(x, y) =
1

4
[g(x+ y, x+ y)� g(x� y, x� y)� ig(x+ iy, x+ iy) + ig(x� iy, x� iy)] .

R

g(x, y) =
1

2
[g(x+ y, x+ y)� g(x, x)� g(y, y)] .

x = y

g(x, x)

x 2 X

g g(x, x) 2 R x 2 X

g(x, x) x 2 X

g(x, x) � 0 8x 2 X , g(x, x) = 0 () x = 0 .

(x|y) = g(x, y)



K = C g

K = R

H

(·|·) H

||x|| := (x|x)1/2

H ||�x|| = |�| ||x|| � 2 K x 2 H

H

|(x|y)|  (x|x)1/2 (y|y)1/2 x, y 2 H .

x y x = �y � 2 K

y = 0

y 6= 0 ↵ 2 K (x � ↵y|x � ↵y) � 0 0

x = ↵y ↵ 2 K
x � ↵y ↵ ↵y

x y

↵y = (ŷ|x)ŷ = (
y

||y||
|x)

1

||y||
y , ŷ =

y

||y||
=) ↵ =

(y|x)

(y|y)

0  (x� ↵y|x� ↵y) = (x|x)� ↵(x|y)� ↵
⇤(y|x) + |↵|

2(y|y)

↵

0  (x|x)�
(y|x)(x|y)

(y|y)
�

(x|y)(y|x)

(y|y)
+

|(x|y)|2

(y|y)2
(y|y) .

(x|y)(y|x) = (x|y)(x|y)⇤ = |(x|y)|2 (y|y)

0  (x|x)(y|y)� |(x|y)|2 =) |(x|y)|2  (x|x)(y|y)

y

|| ||y

y

|| ||yx( )

yα

yα

0

y

x
x −

(a)

+x   y
x   y−

0

y

x

(b)

x

(c)
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H

||x+ y||  ||x||+ ||y|| x, y 2 H .

y = 0 x = �y � � 0

||x+ y||
2 = (x+ y|x+ y) = (x|x) + (x|y) + (y|x) + (y|y) = ||x||

2 + ||y||
2 + 2Re (x|y)

 ||x||
2 + ||y||

2 + 2|Re (x|y)|  ||x||
2 + ||y||

2 + 2|(x|y)| .

||x+ y||
2
 ||x||

2 + ||y||
2 + 2||x|| ||y|| = (||x||+ ||y||)2

Re (x|y) = |(x|y)| = ||x|| ||y||

y = 0 x = �y � 2 K

(x|y) = (�y|y) = �
⇤(y|y) = �

⇤
||y||

2
,

Re (x|y) = |(x|y)| Re (�)||y||2 = |�
⇤
| ||y||

2
� � 0

H

||x+ y||
2 + ||x� y||

2 = 2||x||2 + 2||y||2 x, y 2 H .

g(a, a) ! ||a||
2

H

g : H ⇥H ! K
(x, y) 7! (x|y)

��(x|y)� (x0|y0)
�� =

��(x0 + x� x0|y0 + y � y0)� (x0|y0)
�� =

��(x0|y � y0) + (x� x0|y0) + (x� x0|y � y0)
��

 ||x0|| ||y � y0||+ ||x� x0|| ||y0||+ ||x� x0|| ||y � y0||

||x� x0|| ! 0 ||y � y0|| ! 0

(xn)n2N ⇢ H x 2 H

xn
n!1
����! x =) lim

n!1

(xn|y) = (x|y) lim
n!1

(y|xn) = (y|x) y 2 H .



H

H H

([x]|[y]) := lim
n!1

(xn|yn) ,

(xn) (yn) [x] [y]

(xn|yn) C

(xn) 2 [x] (yn) 2 [y]

H

H = Rn (x|y) =
Pn

k=1 xkyk

H = Cn (x|y) =
Pn

k=1 x
⇤

kyk

a, b 2 R a < b H = C([a, b],K)

(f |g) =

Z b

a
f
⇤(x)g(x) dx

a, b H = C
m([a, b],K)

(f |g) =
mX

j=0

Z b

a
f
(m)⇤(x)g(m)(x) dx

l
2

l
2 :=

�
(xn)n2N : xn 2 C ,

X

n2N
|xn|

2
< 1

 

(x|y) =
X

n2N
x
⇤

nyn .

p = 2 = q

|| · ||2 l
2

l
2

L
2

L
2(Rn) :=

�
f : Rn

2 C ,

Z

Rn

|f(x)|2 dx < 1
 

L
2

(f |g) =

Z

Rn

f
⇤(x)g(x) dx .

p = 2 = q

|| · ||2 L
2

L
2



x y x̂ = x/||x|| ŷ = y/||y||

�1 
(x|y)

||x|| ||y||
 1

R3
✓

cos(✓) :=
(x|y)

||x|| ||y||
✓ 2 [0,⇡] .

x y ✓ = 0

✓ = ⇡ ✓ = ⇡/2

cos ✓ = 0

x ? y () (x|y) = 0 .

x ? y () y ? x

x y

(x|y) = 0 =) ||x+ y||
2 = ||x� y||

2 = ||x||
2 + ||y||

2
,

||x � y|| ||x + y||

||x|| ||y||

{e� : � 2 ⇤}

�, µ 2 ⇤ , � 6= µ =) (e�|eµ) = 0 .

||e�|| = 1 � 2 ⇤

(e�|eµ) = ��µ =

8
<

:
1 (� = µ)

0 (� 6= µ) .

P
�2F ↵�e� = 0 ↵� 2 K F ⇤ µ 2 F

eµ

0 = (eµ|
X

�2F

↵�e�) =
X

�2F

↵�(eµ|e�) = ↵µ(eµ|eµ)

� = µ (eµ|eµ) = ||eµ||
2
> 0 eµ 6= 0 ↵µ = 0

µ 2 F



S ⇢ H S

S S

S
? := {x 2 H : (s|x) = 0 s 2 S} .

S \ S
?
⇢ {0} x 2 S x 2 S

?
x

S

S ⇢ H S
?

S
? = S? < H

S ⇢ T ⇢ H S
?
� T

?

hSi S ⇢ H hSi
? = S

?

S
? = S

?

S ⇢ (S?)?

y1, y2 2 S
?

s 2 S ↵1y1 + ↵2y2 s S
?

S
?
< H x 2 S?

(xn)n2N S
?

x

(s|x) = (s| lim
n!1

xn) = lim
n!1

(s|xn) = 0 s 2 S

x 2 S
?

S
?

x 2 T
?

x T S ⇢ T

S
?

S ⇢ hSi hSi
?
⇢ S

?
S
?
⇢ hSi

?
x 2 S

?

s 2 S x

s hSi
?

S ⇢ S S
?

⇢ S
?

y 2 S
?

y

x 2 S (xn)n2N ⇢ S xn
n!1
����! x

(x|y) = ( lim
n!1

xn|y) = lim
n!1

(xn|y) = 0 .

s 2 S s S
?

s 2 (S?)?

(S?)?

S S hSi

S

S
?? = hSi .

M < H H

M

M M

M (xn)n2N M H

x 2 H xn ! x M xn ! x x 2 M M

M

M x 2 M xn ! x xn 2 M n 2 N
(xn) M x 2 M

n Kn



M H

M
?

H M M
?

H M x 2 H

yM 2 M x

d(x,M) := inf
y2M

||x� y|| = ||x� yM || .

x 2 M yM = x d(x,M) = 0 M

x ||x�y|| y 2 M

d = d(x,M) (yn)n2N M ||x�yn||
n!1
����! d

||yn � ym||
2 = ||yn � x� (ym � x)||2

= 2||yn � x||
2 + 2||ym � x||

2
� ||� 2x+ yn + ym||

2

= 2||yn � x||
2 + 2||ym � x||

2
� 4||x�

yn + ym

2
||
2

 2||yn � x||
2 + 2||ym � x||

2
� 4d2

m,n!1

�����! 2d2 + 2d2 � 4d2 = 0

(yn + ym)/2 2 M

||x � (yn + ym)/2|| � d (yn) M

(yn) yM 2 M

yM = lim
n!1

yn 2 M , ||x� yM || = lim
n!1

||x� yn|| = d(x,M) .

z := x � yM M y M ↵ 2 K
yM + ↵y 2 M

d
2
 ||x� (yM + ↵y)||2 = ||z � ↵y||

2 = d
2
� 2Re

�
↵(z|y)

�
+ |↵|

2
||y||

2

=) |↵|
2
||y||

2
� 2Re

�
↵(z|y)

�
.

↵ 2 R
↵
2
||y||

2
� 2↵Re (z|y) =) Re (z|y) = 0 .

↵ = �i� 2 I

�
2
||y||

2
� 2�Im (z|y) =) Im (z|y) = 0

(z|y) = 0 y 2 M z 2 M
?

x = yM + z yM 2 M z 2 M
?

M \M
? =

{0} M M
?

x 2 M

H M

H = M �M
? =: M �M

?

x = xk + x?

x 2 H xk 2 M

x? 2 M
?



xk x M x?

M
?

PM : H ! H , PM (x) = xk

M

H M < H M (M?)? = M

(en)n2N H

X

n2N
cnen

X

n2N
|cn|

2
< 1 .

xc :=
X

n2N
cnen 2 H ,

cn = (en|xc)

||xc||
2 =

X

n2N
|cn|

2
.

SN :=
NX

k=0

ckek , �N :=
NX

k=0

|ck|
2

M,N M < N

||SN � SM ||
2 =

�����

�����

NX

k=M+1

ckek

�����

�����

2

=

✓ NX

j=M+1

cjej

����
NX

k=M+1

ckek

◆

=
NX

j,k=M+1

c
⇤

jck(ej |ek) =
NX

k=M+1

c
⇤

kck =
NX

k=M+1

|ck|
2 = �N � �M

H C



M = 0 N ! 1

||xc||
2 =

�����

�����

1X

k=0

ckek

�����

�����

2

= lim
N!1

||SN ||
2 = lim

N!1

�N =
1X

k=0

|ck|
2
.

xc n

xc en N � n

(en|
NX

k=0

ckek) =
NX

k=0

ck(en|ek) =
NX

k=0

ck�kn = cn

N ! 1

x =
1X

n=0

ckek , y =
1X

k=0

cp(k)ep(k) ,

p : N ! N N {ep(k) : k 2 N}

||x||
2 =

1X

k=0

|ck|
2 =

1X

k=0

|cp(k)|
2 = ||y||

2

||x� y|| = ||x||
2 + ||y||

2
� (x|y)� (y|x) .

||x||
2

||y||
2 (x|y)

(x|y) = lim
N!1

NX

k=0

c
⇤

k(ek|y) .

k jk k = p(jk)

(ek|y) = lim
M!1

MX

j=0

cp(j)(ek|ep(j)) = cp(jk) = ck .

cn en

(x|y) =
1X

k=0

c
⇤

kck =
1X

k=0

|ck|
2 = ||x||

2
.

(y|x) =
1X

k=0

|ck|
2 = ||x||

2

||x� y||
2 = 0 =) x = y .

(en)n2N

x =
1X

n=0

cnen cn = (en|x) .

{e� : � 2 ⇤} ⇤



{e� : � 2 ⇤}

H x 2 H (en|x)

� 2 ⇤x

X

�2⇤x

|(e�|x)|
2
 ||x||

2
.

� 2 ⇤x

X

�2⇤x

(e�|x)e�

x

(e�)�2⇤

H

(e�)�2⇤ H

(e�)�2⇤

H h(e�)�2⇤i = H

x 2 H

x =
X

�2⇤x

(e�|x)e�

� 2 ⇤x (e�|x) 6= 0

x 2 H

||x||
2 =

X

�2⇤x

|(e�|x)|
2

x, y 2 H

X

�2⇤x

(x|e�)(e�|y) = (x|y)

M := h(e�)�2⇤i

)

H = M �M
?

M
? = {0}

M
?

M = H

) M = H

M = H



)

||x||
2 = (x|x) = lim

N!1

NX

k=0

(x|e�k)(e�k |x) =
X

�2⇤

|(e�|x)|
2
.

)

x =
X

�

(e�|x)e� , y =
X

�

(e�|y)e� ,

(x|y) = lim
N!1

NX

k=0

(x|e�k)(e�k |x) =
X

�2⇤

|(e�|x)|
2
.

) y = x

(xn)n2N
H (ek)k2N

xn e1, e2, · · · , en n 2 N
(xn) (ek)

(xn)n2N
n 2 N xn

{xj : j < n} (xn)n2N

ek : k 2 N

u0 := x0 e0 :=
u0

||u0||

u1 := x1 � (e0|x1)e0 e1 :=
u1

||u1||

uk := xk �

k�1X

n=0

(en|xk)en ek :=
uk

||uk||

x0 xk

uk

ek (ek)k2N

k 2 N xn : n  k

en : n  k uk xk



xn : n < k ||uk|| 6= 0 ek h(xn)nki = h(en)nki k ! 1

h(xn)n2Ni = h(en)n2Ni

H H H

H (en)n2N
N D ⇢ H

D

H

H D =

(xn)n2N xn

(en)n2N

h(xn)n2Ni = h(en)n2Ni .

H = (xn)n2N ⇢ h(xn)n2Ni = h(en)n2Ni ,

(en)

l2

n 2 N e
(n) = (e(n)k )k2N n

k = 0

e
(0) = (1, 0, 0, 0, · · · )

e
(1) = (0, 1, 0, 0, · · · )

e
(2) = (0, 0, 1, 0, · · · )

· · ·

e
(n) = (0, · · · , 0, 1, 0, · · · )

· · ·

e
(n)
k = �nk l

p : 0  p  1

x = (xk)k2N (xk) =
P

n2N xke
(k)

xk l
1

l
p 1  p < 1

lim
N!1

NX

n=0

xke
(k)

! x



p E = {e
(n) : n 2 N} ⇢ l

p
l
p

x 2 l
p

xk

E

l
2

E

(e(n)|x) =
X

k2N
e
(n)⇤
k xk =

X

k2N
�nkxk = xn

=)
X

k2N
(e(n)|x)e(n) =

X

k2N
xke

(k) = x .

E y 2 l
2

E

0 = (e(n)|y) = yn n 2 N =) y = 0

L2
2⇡(R,C)

L
2
2⇡(R,C) R C � = 2⇡ k = 1

(f |g) :=

Z ⇡

�⇡
f
⇤(x)g(x) dx

x 7! einx : n 2 Z

1/
p
2⇡ 1/(2⇡)

E = {e
(n) : R ! C , n 2 Z} , e

(n)(x) =
1

p
2⇡

einx

L
2
2⇡(R,C)

f 2 L
2
2⇡ E

f ? E f ? e
(n)

n 2 Z f

fn := (e(n)|f) =

Z ⇡

�⇡

e�inx

p
2⇡

f(x) dx = 0

fn =
p
2⇡cn cn F f

F (x) =

Z x

�⇡
f(t) dt+ C

f n 6= 0

Fn := (e(n)|F ) =
1

p
2⇡

Z ⇡

�⇡
dx e�inx


C +

Z x

�⇡
dt f(t)

�
=

1
p
2⇡

Z ⇡

�⇡
dt f(t)

Z ⇡

t
dx e�inx

=
1

p
2⇡

Z ⇡

�⇡
dt f(t)

e�in⇡
� e�int

�in
=

1

in
[fn + (�1)nf0] = 0

F0

F0 =
1

p
2⇡

Z ⇡

�⇡
dx


C +

Z x

�⇡
dt f(t)

�
= C +

1
p
2⇡

Z ⇡

�⇡
dt f(t)

Z ⇡

t
dx

= C +
1

p
2⇡

Z ⇡

�⇡
dt f(t)[⇡ � t] = C + ⇡f0 �

1
p
2⇡

Z ⇡

�⇡
dt tf(t) .



C F0 Fn = 0 n

F (⇡) =

Z ⇡

�⇡
f(x) dx+ C =

p

2⇡f0 + C = C = F (�⇡)

F (x) = 0 x

[a, b] ⇢ [�⇡,⇡] Z b

a
f(x) dx = F (b)� F (a) = 0 ,

f [�⇡,⇡]

f

2⇡ L
2

�

e
(n)(x) =

1
p
�
eiknx k =

2⇡

�
.

L
2
�

L2([a, b],C)

a, b 2 R a < b L
2([a, b],C)

f : [a, b] ! C � = b� a

f : [a, b] ! C b � a

pf : R ! C [a, b] f pf |[a,b] = f

p : R ! C b� a fp : [a, b] ! C
p [a, b] L

2([a, b],C) L
2
b�a

L
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L
2([a, b])
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NX

n=�N
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f 2 L
1
�

f
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1
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����! 0 ,

f(x) = g(x)

l
2

x

(en|x) l
2

l
2

f(b) 6= f(a) f b f(b) = f(a)



H H

l
2

H (en)n2N

A : H ! l
2
, x 7! (x0, x1, · · · , xn, · · · ) : xn := (en|x)

(xn)n2N l
2

A(x) = 0 2 l
2

x = 0 2 H (xn) l
2

x =
P

n2N xnen

H ||x||H = ||(xn)||2

n � 2 L
2([a, b])

{1, x, x2
, · · · , x

n
, · · · } L

2([a, b]) a b

a0 + a1x+ a2x
2 + · · ·+ aNx

N = 0 8x 2 [a, b] () a0 = a1 = · · · = aN = 0 .
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2([a, b])

(e(n)|u) e
(n) (b� a)/n

u = 0

L
2([�1, 1])

Pl : [�1, 1] ! R l 2 N



Pl(1) = 1

P0(x) = 1 P1(x) = x

P2(x) =
1

2
(3x2

� 1) P3(x) =
1

2
(5x3

� 3x)

P4(x) =
1

8
(35x4

� 30x2 + 3) P5(x) =
1

8
(63x5

� 70x3 + 15x)

Pl(x) =
1

2ll!

dl[(x2
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=
1

2ll!
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✓
l

n

◆
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,
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2)P 00
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l (x) + l(l + 1)Pl(x) = 0

P0 P1

(l + 1)Pl+1(x) = (2l + 1)xPl(x)� lPl�1(x) .

(Pm|Pn) =
2

2n+ 1
�mn ,

{ l =
p

(2l + 1)/2Pl : l 2 N} L
2([�1, 1])

L
2(]a, b[; dµ) a, b
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