
f : X ! Y y 2 Y f�1(y) = {x 2 X : f(x) = y}
y X S ⇢ Y f�1(S) = {x 2 X : f(x) 2 S}

S X f

y f S f

X, Y f : X ! Y

A ⇢ Y f�1(A) X

C ⇢ Y f�1(C) X

S ⇢ X S ⇢ f�1
�
f(S)

�
f(S) ⇢ f(S)

X,Y f : X ! Y f

f�1

X

D ⇢ X

D X

X D D

D D X

D ⇢ X X = D

X D ⇢ X X D = X

x 2 X x D



D ⇢ X

D = {dn 2 X : n 2 N}

p Lp

Cl(R,C) ⌘ l

Cc(Rn,C) ⌘
Sc(Rn,C) ⌘
S(Rn,C) ⌘

C1
c (Rn,C) ⌘ D(Rn,C) ⌘
Lp(Rn,C) ⌘ p

L1(Rn,C) ⌘

Cc(Rn,C) ⇢ Lp(Rn,C) (1  p  1)

C1
c (Rn,C) ⇢ S(Rn,C) ⇢ Lp(Rn,C) (1  p  1)

{ [a, b]} C([a, b]) || · ||1
C1([a, b]) C([a, b]) || · ||1
Sc(Rn,C) Lp(Rn,C) (1  p < 1)

Cc(Rn,C) Lp(Rn,C) (1  p < 1)

C([a, b],C) Lp([a, b],C) (1  p  1 , a, b 2 R)
C1

c (Rn,C) Lp(Rn,C) (1  p < 1)

S(Rn,C) Lp(Rn,C) (1  p < 1)

X K ⇢ X K

(Ai)i2I K K

K ⇢
[

i2I

Ai =) K ⇢
N[

n=0

Ain .

X X



X C ⇢ X

X,Y f : X ! Y

Y

f : X ! Y X f(X)

Y

X

x, y 2 X x 6= y Ix x Iy y

Ix \ Iy = ;

R Rn C Lp

p

Lp

X K ⇢ X

(X, d) A ⇢ X M � 0

d(x, y)  M x, y 2 A

Rn

f : D ! Y D ⇢ X X f

D D X D

D

X Y dX dY
f : X ! Y " > 0 �" > 0

dY
�
f(x), f(y)

�
 "

dX(x, y)  �"

�" x y



X Y D X f : D ! Y Y

f f : X ! Y

f f(x) = f(x) x 2 D

x 2 X (xn)n2N D x xn ! x x

D (xn)n2N
f(xn) Y

dY
�
f(xn), f(xm)

�
 " dX(xn, xm)  �"

�" xn, xm n m Y f(xn)

f(xn) ! y 2 Y

D

x x0
n ! x f(x0

n) y0 2 Y

dY (y, y
0) = lim

n!1
dY
�
f(xn), f(x

0
n)
�

xn ! x x0
n ! x dX(xn, x0

n)

f dY
�
f(xn), f(x0

n)
�

dY
�
f(xn), f(x

0
n)
�
 " dX(xn, x

0
n)  �" .

y = y0

x f : X ! Y x 2 X

f(x) := lim
n!1

f(xn) xn ! x .

x 2 D xn = x n 2 N f(x) =

limn!1 f(x) = f(x) f |D = f f f

f " > 0 �̄" > 0

dx(x, x0)  �0" =) dY
�
f(x), f(x0)

�
 "

• x, x0 2 X dX(x, x0)  1
3�"

• xn ! x x0
n ! x0

• n dX(xn, x)  1
3�" dX(x0

n, x
0)  1

3�"

dX(xn, x
0
n)  dX(xn, x) + dX(x, x0) + dX(x0, xn)  �" =) dY

�
f(xn), f(x

0
n)
�
 "

n ! 1

dX(x, x0)  �" =) dY
�
f(x), f(x0)

�
 " ,

f �̄" = �"
f f f̂ : X ! Y f

x 2 X (xn)n2N D x f

f(x) = limn!1 f(xn) f̂ f̂(x) = limn!1 f(xn)

f(x) = f̂(x) x 2 X

f f

f



Y X

D X Y = D f(x) = x f = 1D

f

x 2 X \ D xn ! x X xn = f(xn) = f(xn) ! f(x) 2 Y = D

x = f(x) 2 D

f

X = [0, 1] , D =]0, 1] , Y = R , f(x) =
1

x
: x 2 D

[0, 1]

X Y X f : X ! Y f

(X, d)

(X̃, d̃) X ⇢ X̃ d̃ X d

f (X, dX) (Y, dY )

dY
�
f(x1), f(x2)

�
= d(x1, x2) x1, x2 2 X ;

�" = " X

f(X)

(X, d) (X̃, d̃)

(X, d) X X̃ X

X̃

(X, d) (X̃, d̃)



X̃1 X̃2 X X1 ⇢ X̃1 X2 ⇢ X̃2

X fj : X ! Xj , j = 1, 2

f2 � f�1
1 : X1 ! X2

f1 � f�1
2 : X2 ! X1

f2 � f�1
1

X1 X̃2 F21 : X̃1 ! X̃2

f1 � f�1
2 F12 : X̃2 ! X̃1

F x 2 X̃1 (xn)n!N X1 xn ! x

[F12 � F21](xn) = [F12 � f2 � f�1
1 ](xn) = [f1 � f�2

1 � f2 � f�1
1 ](xn) = xn

n ! 1 F12

�
F21(x)

�
= x F21

�
F12(x0)

�
= x0

x0 2 X̃2 F21 F12

X̃1 X̃2

X̃ X

X

(xn) ⇠ (yn) lim
n!1

d(xn, yn) = 0 .

[xn] ⌘ [(xn)n2N]

(xn)n2N X X̃

X

X̃ X x 2 X

f(x) 2 X̃ xn = x 8n 2 N
f(x) = [xn = x] f(x) x f : X ! X̃

f(x) = f(x0) =) [xn] = [x0
n] =) (xn) ⇠ (x0

n) =) x = lim
n!1

xn = lim
n!1

x0
n = x0

=) x = x0 .

d̃ X̃ f

d̃([xn], [yn]) := lim
n!1

d(xn, yn) .

xn ! x 2 X yn ! y 2 X d̃([xn], [yn]) = d(x, y)

f

(xn), (yn) X

d(xn, yn)  d(xn, xm) + d(xm, ym) + d(ym, yn) =) |d(xn, yn)� d(xm, ym)|  d(xn, xm) + d(yn, ym) .

(xn), (yn)
�
d(xn, yn)

�
n2N R

R d̃

(xn) ⇠ (x0
n) (yn) ⇠ (y0n)

d(xn, yn)  d(xn, x
0
n) + d(x0

n, y
0
n) + d(y0n, yn)

=) |d(xn, yn)� d(x0
n, y

0
n)|  d(xn, x

0
n) + d(yn, y

0
n) =) lim

n!1
d(xn, yn) = lim

n!1
d(x0

n, y
0
n) ,

d̃



d̃

0 : d(xn, yn) � 0 =) d̃([xn], [yn]) = lim
n!1

d(xn, yn) � 0

1 : d̃([xn], [yn]) = 0 () lim
n!1

d(xn, yn) = 0 () (xn) ⇠ (yn) () [xn] = [yn]

2 : d̃([xn], [yn]) = lim
n!1

d(xn, yn) = lim
n!1

d(yn, xn) = d̃([yn], [xn])

3 : d̃([xn], [zn]) = lim
n!1

d(xn, zn)  lim
n!1

d(xn, yn) + lim
n!1

d(yn, zn) = d̃([xn], [yn]) + d̃([yn], [zn])

f(X) X̃ [xn] 2 X̃ " > 0 n" 2 N
d(xn, xm)  " n,m � n" d̃ [xn] xm 2 X

f(xm)

d̃
�
[xn], f(xm)

�
= lim

n!1
d(xn, xm)  " .

" > 0 d̃
�
[xn], f(xm)

�
 " m � n" [xn]

f(X)

X̃ (x̃n)n2N X̃

n 2 N yn 2 X

d̃
�
x̃n, f(yn)

�
 1

n
.

yn

d(yn, ym) = d̃
�
f(yn), f(ym)

�
 d̃
�
f(yn), x̃n

�
+ d̃
�
x̃n, x̃m

�
+ d̃
�
x̃m, f(ym)

�
 1

n
+

1

m
+ d̃
�
x̃n, x̃m

�

m,n � N" N"

[yn] 2 X̃ limn!1 x̃n = [yn]

d̃(x̃n, [yn])  d̃
�
x̃n, f(yn)

�
+ d̃
�
f(yn), [yn]

�
 1

n
+ lim

k!1
d(yn, yk)

n!1����! 0 .

(x̃n) X̃ X̃

�
C([a, b]), || · ||1

�

�
C([a, b]), || · ||2

�
C([�a, a])

fn(x) =

8
>><

>>:

0 (x < 0)

nx (0  x  1/n)

1 (x > 1/n)

f(x) =

8
<

:
0 (x  0)

1 (x > 0)

�
C([a, b]), || · ||2

�
L2([a, b]) L2([a, b])

L2([a, b]) L2(R)

l1 = {(xk)k2N ⇢ C : sup
k2N

|xk| < 1} .

l1

d(x, y) := sup
k2N

|xk � yk| , x = (xn)n2N , y = (yn)n2N 2 l1 .



S ⇢ l1 0, 1, . . . ,K

S S l1

l1

0 d

1 xk = yk k

x y

2 |xk � yk| = |yk � xk|
3 x, y, z 2 l1

d(x, z) = sup
k

|xk � zk| = sup
k

|xk � yk + yk � zk|

 sup
k

|xk � yk|+ sup
k

|yk � zk| = d(x, y) + d(y, z) .

l1 (x(n))n2N x(n) = (x(n)
k )k2N

d(x(n), x(m))  " n,m � n" 2 N

n" " k n 7! x(n)
k = (x(n)

k )n2N

|x(n)
k � x(m)

k |  sup
k

|x(n)
k � x(m)

k | = d(x(n), x(m))  " n,m � n" .

C k

lim
n!1

x(n)
k =: yk ,

y = (yk)k2N n ! 1

|yk � x(m)
k |  " m � n"

k 2 N

d(y, x(m))  " m � n" .

y y 2 l1 (x(m))m2N y

l1

S x, y 2 S (xk), (yk)

xk � yk
k̄ 2 N

d(x, y) = sup
k

|xk � yk| = |xk̄ � yk̄| .

x 6= y d(x, y) 6= 0

K

S X x 2 X

S S S

l1 x = (1/2, 0, 0, . . . ) B(x, 1/4]

S

S

[0, 1] K

S

S 1/3

S D ⇢ l1

D

l1



C Rn

V K

• V + : V ⇥ V ! V V

• · : K⇥ V ! V

k · (v1 + v2) = k · v1 + k · v2 8 k 2 K , 8 v1, v2 2 V

(k1 + k2) · v = k1 · v + k2 · v 8 k1, k2 2 K , 8 v 2 V

(k1k2) · v = k1 · (k2 · v) 8 k1, k2 2 K , 8 v 2 V

1K · v = v 8 v 2 V .

k · v
kv vk

U V K

x, y 2 U =) x+ y 2 U

↵ 2 K , x 2 U =) ↵x 2 U .

U < V U V U = V

U 6= V

U 6= {0}



U1 U2 V

X K I ⇢ X

I

xk 2 I , ck 2 K , k = 1, · · · , n
nX

k=1

ckxk =) ck = 0 8 k = 1, · · · , n .

I

I I

I

n

• n

n

•

X B ⇢ X

B X B

x 2 X

B

B = {e↵ 2 X : ↵ 2 A} B x 2 X B

d d↵ : ↵ 2 A
dx+

P
↵2A d↵e↵ = 0 d 6= 0 d↵ = 0

x =
X

↵

�d↵
d

e↵ =:
X

↵

c↵x↵ .

B

c↵ x e↵



X

S X S

S X S

S ⇢ X X S

S

hSi :=
\

U�S
U<X

U .

hSi S

hSi
S

hSi =
�
x 2 X : x =

nX

k=1

cksk , ck 2 K , sk 2 S , n 2 N
 

S

U S

S

S S n

hSi n S S

n hSi
 n

S

(S)

R2 R3

i, j, k x y z

X E,F < X X

A B

X = A�B ,

x 2 X a 2 A

b 2 B

8x 2 X 9 ! a 2 A , 9 ! b 2 B : x = a+ b .

a b x

A \ B = {0} x 6= 0

a = �x b = (1� �)x � 2 K



x = a+ b = a0 + b0

a � a0 A b � b0 B

a = a0 b = b0

A1, · · · , An

X = A1 �A2 � · · ·�An =
nM

k=1

Ak

x 2 X

x =
nX

k=1

xk , xk 2 Ak , k = 1, · · · , n .

Ak \Am = {0} k,m 2 {1, · · · , n} , k 6=
m

X = RR

Ap = {f : R ! R : f(x) = f(�x)} Ad = {f : R ! R : f(x) = �f(�x)}

f

f(x) =
f(x) + f(�x)

2
+

f(x)� f(�x)

2
=: fp + fd ,

RR = Ap �Ad

X A < X A 6= X A 6= {0}
B < X X A B

X A < X

B < X X = A�B

X x ⇠ x0 x� x0 2 A

X/Y

X/Y ⇤ � 2 ⇤

b� 2 X

b� B = h{b� 2 X : � 2 ⇤}i

1

||x|| = 0 () x = 0

1 0

|| · || || · ||sn

R3

||x||sn :=
q
x2
1 + x2

2 , (x1, x2, x3) 2 R3 .

(0, 0, x3)

Lp(Rn) Lp(Rn)



|| · ||sn X N x

||x||sn = 0 X/N

[x]

||[x]|| := ||x||sn , x 2 [x] .

N X

x

[x]

0 2 3

[0]

C([a, b])

p

X

X̃

X̃

X X̃ X̃

X̃

(xn)n2N (X, || · ||)
(xn)

1X

n=0

xn = x0 + x1 + x2 + · · · ,

s 2 X s

SN :=
NX

n=0

xn , ||SN � s|| n!1����! s .



P1
n=0 xn R

xn X

n2N
||xn|| < 1 .

n > m

||Sn � Sm|| =

�����

�����

nX

k=0

xk �
mX

k=0

xk

�����

����� =

�����

�����

nX

k=m+1

xk

�����

����� 
nX

k=0

||xk||

R n,m ! 1

X

X X

X

|| · ||1, || · ||2 X

a, b > 0

a||x||1  ||x||2  b||x||1 x 2 X .

X

Rn x = (x1, · · · , xn) 2 Rn

||x||1 :=
nX

k=1

|xk|

||x||2 :=

 
nX

k=1

|xk|2
!1/2

||x||1 := max
k

|xk| .

a, b R2

Lp

Lp

p 1  p  1
p

p > 0 Lp



Rn ! C Lp

Lp

f, g 2 Lp p � 1 f + g

|f(x) + g(x)|p  2p�1
�
|f(x)|p + |g(x)|p

�
(p � 1) ,

t 7! tp t � 0 a, b

p

✓
a+ b

2

◆p

 ap + bp

2
(p � 1) ,

0 < p < 1

|f(x) + g(x)|p  2p
�
|f(x)|p + |g(x)|p

�
,

p

a+ b

2
 max{a, b} =)

✓
a+ b

2

◆p


�
max{a, b}

�p  ap + bp .

p � 1 Lp

|| · ||p

a, b, p, q a, b � 0

1 < p, q < 1 1

p
+

1

q
= 1 .

ab  ap

p
+

bq

q

ap = bq

q = p
p�1

a 7! f(a) :=
ap

p
+

bq

q
� ab ,

b, p, q a

f(0) =
bq

q
> 0

f 0(a) = ap�1 � b =) f 0(a) = 0 () b = ap�1 () bq = ap

f 00(a) = (p� 1)ap�2 � 0 a � 0

fmin = f
�
bq/p

�
=

✓
1

p
+

1

q

◆
bq � b

q
p+1 = bq � bq = 0 ,

f(a) � 0 a

p, q 1  p, q  1

1

p
+

1

q
= 1 .

f 2 Lp(Rn) g 2 Lq(Rn) fg 2 L1(Rn)

||fg||1  ||f ||p ||g||q .



x 2 Rn

|f(x)g(x)|  1

p
|f(x)|p + 1

q
|g(x)|q ,

1 < p < 1 fg

Rn

Z
|fg|  1

p

Z
|f |p + 1

q

Z
|g|q =) ||fg||1 

||f || pp
p

+
||g|| qq
q

f/||f ||p g/||g||q
����

����
f

||f ||p
g

||g||q

����

���� 
1

p
+

1

q
= 1

p = 1 q = 1 fg

|f(x)g(x)|  |f(x)|||g||1 =) ||fg||1 =

Z
|fg|  ||g||1

Z
|f | = ||g||1||f ||1

p = 1 q = 1

p = 2 = q

Rn

|| · ||p

f, g 2 Lp(Rn) 1  p  1

||f + g||p  ||f ||p + ||g||p .

p = 1 p = 1

1 < p < 1 f, g 2 Lp f + g 2 Lp

Z
|f + g|p =

Z
|f + g| |f + g|p�1 .

|f+g| 2 Lp |f+g|p�1 2 L
p

p�1 = Lq q = p/(p�1) 1
p +

1
q = 1

||f + g|| pp 
Z

|f | |f + g|p�1 +

Z
|g| |f + g|p�1  ||f ||p || |f + g|p�1||q + ||g||p || |f + g|p�1||q

=
�
||f ||p + ||g||p

�✓Z
|f + g|(p�1)q

◆1/q

=
�
||f ||p + ||g||p

�✓Z
|f + g|p

◆ p�1
p

=
�
||f ||p + ||g||p

�
||f + g|| p�1

p .

||f + g|| p�1
p

p

p 1  p < 1 Lp(Rn)

Sc(Rn,R) Lp(Rn,R)
Sc(Qn,Q)

Sc(Rn,R) Sc(Qn,Q) Lp(Rn,R)
Lp(Rn,C)
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Lp p lp

p

lp :=
�
(xn)n2N 2 CN :

X

n2N
|xn|p < 1
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||x||p :=

 
X

n2N
|xn|p

!1/p

, (xn) 2 lp .
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xn

Lp lp
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