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Exercise #1

Consider A Second Order Dynamic System Described In S . S :

F = [i] -[i] H = [ = ]c = to

S

STRICTLYPropor

Compute The Hanrel Matrix of order 3

up = Op . Rp whome

Ope] CS
PxP

em
Let's computer Hy :

:Ern

-

03 .[i] I:SJS :M
n . F G F . G F . Fo G

n . F F

103[n]T]

· ])

·j 7/2



=Compute his using the system impulso response data

w() w(z) w(z)
Hy = iw(z) w(s) w() I W(K) : I . R . DATA

w(z) w() w(z)

LOT's compris u(K) : w(kz1) =
H--G

w(o) = 0 since The system is strictly propom

w()
=
MC

= [003T] =
w() =

H .F - G
= [03[2]T =[]

w(z) = n . F . F - C = [1 ob][is]
I H . F

= ton]T = =

w() = HFFFG =[ ]]]
·
To 2][]TE] St]=H . F

w(b) =
H

. FFFF. =[ ]]]]
HFF

· [s]Ti]t]: [ S] = 38

FINALLY we care Build Hy :

-

7/2Ha 23/2
~

The previous one !j
7/2 23/2 38

I IDENTIAL To



= Factorizw The Mankel Matrix : Hy=y
· Re

S S S

3x3 3x2 2x3

NOTE : The factorization is not unique !

IDEA :

Es ↑
3

43 = [F , /Fin] = [n , 152] · [ ]
com

us

S
S

3x2 2x3

a- F + b . F2 = E3 CONSTRAINT

=> important !: This procedure can be applica only to singular

Jdet Mx = 0) MATRIX .

INDOOD We And Imposing That The COLUMN

F is A Linear Combination ofThe other Two

COLUMNs OF M.

In our case we Are suro That clet Hy = 0,

310C6 The System's Order IS m = 2

dr (Hmr) = 0

Let's Foo "a"And "b" :

· [] + b=
a. 1 + b . Fi = Es

· wa #1 : (a + b = 7/2

·Q #2 :

· #3:]] =]
He

Yet[]



chock usin on #1: 1 + 3 = 7/2
S ↳

Eventually ,
The factorization of the Hankel Matrix is :

↑ [ JMs



Exercise #2

CONSIDER THE SAMPLOS OF A LTI SYSTEM I . R . ;

wo
,
who

,
wa a

,
w() = - / , w() = 14

w(5)= % ,

w(6) = "

= Find ous possible state-space representation of The SysTOM

STUP #1 : ESTIMATE SYSTOM's Order

wa compute increasingly Larger HANkeL MATRIX
,
wil The

RANK STOPS INCREASING

Hi =
[ w()] = 0 -- rank = 0

Mn = [ciw] = [] det= Ran

Hz =
w() w(z) w(y) - 12

iWww ↓- I
act Hy = 0 - 10 det [i] at [ii]

I

=
- . [ - y + y8] - 1 · [ = ] = 0 oran = z

TheRank IS Non-increasing
,

so Hy = Hm
+

=D M = 2

STUP #2 : FACTORIZE HANKOL MATRIX

Hz = ]I 1 I
Els

a . # + b . F = Fe constraint



* SEE END OF NOTOS

·

i 7=
STEP #3 : FIND S

. S. Matrices

Hun = T ((2 =2 ... )
S

Ru+1

S

On
+ 1

·
H = [1 of First now of Oz

· G = [0 First caurno

· (1 : end-1 ,: ) · F = 03 (2 : end,) F -O . Os

· FoRz( :, 1 : end) = Rs( :, 2 : end)
*

F = Ry · Rat

LOT's Use The OBSERVABILITY MATRIX:

F=100]

·To



* H3 factorization

Ho-i - 2 "4 I
We HAVE To IMPOSS TAT :

F2
=

a F
, rbE

⑪
F

, Es

a . to 1 - ] + bl-2 y -4) =
[1 - i ]

USIG Eaton #1 wo have : - Mb
=

1 = b =
- 2

Using Equation #3 wo have:
-12a+4 =1 a = 0

Usin Quaron #2 To crock : a + b
=

-Y

So The FACTORIZATION IS

Ho=s 1I


