
ElGENVALUES AND EIGENVECTORS

Ax =AX

s{A)-{A4, A2,..,.n} s() spectrum

XeN(A-21) N(a-21)-ergonspoee

(2,X)+ eugenpatr

or 2x2 matuces: Ai - Trace(A)

Ihe eqeNaluesfA are thesamefAT

Is an ergenvalue of A4 Pe):= max |al} g(4)- spetal rookus

SIILARITY

Cool: transfom nto anotther mathx of easer struoture (th. erduag-)

SAS- B sAS=Simlarty transfomaton

If A nxn wth n unearly indapendent euqenveators ,-.,Xny

sAS-A:(a) n dstnet eugenvaues -ndist. e.eetors

ALGEBRAIC AND GEOHETRIC MULTLPLIeTY

Alg. nult.-umbe of tmes an eugenValue Is a root fthe ch.poynomal.
Geo.mult. - dumensIon of the enspae dum(NA-a)

nqeneral, po.mut salg.mult

When eqeuralues are all dustnet � ai Simple

Simple or sami-Simpe � sot of uneary undependent eugeNeetors



DIAKONALIZABILITY

Queston: whew A is Similar to a duag. matux? A: complete set of evect.

JORDAN CAN ONIeAL FORH

3-daag(3(),J(a2), -,3(20)) 3(2:)-Jordan seaments

i= 9e0.mult. of A:
S(,):=

ti =

T[A)= dag elements of J

() #2z =alg.mulb of

Not sum�ilar to duogonal matx

Given Nn With Nk=o with k>0

defetve matx > nlpotent matux

N hilpotert

CORE-NILAOTENT ELOPOSITON

A snqularmatux of index k Sueu Hiot rank(*)-r

C- hon-Sinqular, N- nipotunt of index koN

Irdex = analestnon negatve integer k sueu tact rank(A)=fank (aka')

How to eonstruet a coe-nlpotent deeomposton for 2x2

H. Determine ndex(A)=k

2. Compute rank(A)-r

3. Construct a-(x|) wth X-R(A), y- N(A)
4. Compute a4
5. ompute ar4A& to wony

ATA-AAT= normal m.



OATHOGONAL MATRICES

AeRm

� unitary m. fcOxn

EUEHENTARU ORTHOCONAL PROJEORS

ueR |ul,4 AI-uut 4-elemertany ptoqeetor (ortrogonal)

InJn geneal, if lulg +d A-I-u
uTU

I

ELEMENTARY REFUECTORS (HOUSEHOLDER T.)|

R=I-2
uTu R-elemetary refleetor

R=I-2uuT

ORTHOGONAL REDUCTION (THEOREU)

tor ewery matux Aecmn(Rmxn) here exts a
unitary matux

orthogonal and upper trapezoidlad matux T Sucu Hhat A=UT

U and an

� AR foctorzaton

GivENS ROTATION

G orthogonal

X



LEAST SAUARE ROBEH

min |Ax-bl A= 6R with a-(a4ae) RxA4b > ATA -R

a(ale) -(aTa|ae))(a)) Solve Rx= a}b

COHPUEWENTARY SueSAAOES|

X,9 subspoces Xev
=direct sum

X= projecton of v onto X along

y- progeton of v orto along X
V=X*y

XeX
veV

ORTHOGONAL COMPLEHENTARY SUBSAARE

< xly>-0 � Xyorthogonal xy=0
Let ueV a subget ofVsubet of V > XxeH, ye4,xTy=0

R(A)>LN(er) V-RM- R(4)NAr)
R(A) N(e) V-RR()eN()

HeH V

AR fastorzaton � informoaton about R(A), N (AT)

URV facto žaton infomaton about R(A),R(A),N(A),N(Ar)



URV FACTORIZATION

Gven AE Rn wth rank(A)=r there exst two orthogonal mathees
VeRmm and Ve Rnxn and a non-sinqular mathx CeR sucuthat

= URVT

.\he first rooumnsfU are an orthonormol bass for R(e)2.The first r columns of V are, an orthonorma bomsfor R(A)3. The last m-r columns of U are an orthonormol basIs for N(A')4. The Last n-r coumns of V are an orthonomal bass for N(A)

b.R(A) b.N() hR(A) b.N(e)

SINGULAR VALUE
DECOHPOSITION

Any matux AeRMA With rank(A)-t Can be factorzod as
AeRmxn

D- dag T,.,)
U= left-hond singular vedtors

V=right-hand sungular vectors
*=rank(A) � UUT=TU-I

VWT=VV=I

|Al Ta Jst singular value Amax



ECkART-yoUNG (THEOREH)

Let AeR Mxn with rank (A)=r oand fix-k<r,then the mathx approx.

problem min |A-l, wih rank(2)=k has tue souton

= Ak = Fu;

and the voue ofheAnmumn is

RELATION WITH EliENVALWES

ATA =Vž'0T UEV=V52yT =VAV
I

s(ATA)=4,..„}- T (AAr)

PRINCAPAL COMAONENT ANALUSIS

Croal: q pnepal axs that return maximol varanee urdler Prageeton

We assume to have centred data Xy=ty- mean(t) 34j., N

� mean(xg)=0 > var( xg)= 3*3 � stu(x)
Vvar(x3

m

X-(xu|xal.--|x) XeRn > (svD) X=VEV with rank()-t

Vi pinepal compoent dureetons

ui =nomalžed prnpal components

Couarance matx�
m-4

Vestor with largs
Sample vanane

4ER() among all un.comb. fX

ta-Ho
-> XX corelatuon matuxstal()



PROJECTION MATRIX

x,yCV subspaces V=Xey veV > V=x+y xe,yetxe'X

Po progecton matx > Prex ptlogedton ofw ontoX along 9

Xspan�x, -,xr} -span4y--ym}

PB =P(xl3) -(Px |P)-(xlo) > Pee-(xlo)e

� P-B(Ir oje progector onto X alorg 9lo o

I-P- e(o o\B progector orto y. XB
longO Ir/

R(e)-{x\ Py-x}• N(e) -R(I-)

P-(xlo)e

Trom SND or URV factorzaton:

PRCG)=U�T PR(A =PN(a)-I-R(A)

PelenPN(a)- I-PR(A)

PR(e)= M(MTH)HT

M-R(A)

WTIDIHE NSIONAL CALeWLUS

x.4) = functon of two varables -bles-surfaee/plane

ATAx=ATb � normal eq uatuon => cota�ned by partal dervatves

Ax>o Ax dx

Ay

Second
partual derwatves � 2



HESSIAN MATRIX

ihe tessan matkx of

H H=HT > summethe
P()-|4x-bl, s equal to

|�xy ay
t-2ATA

IF () with x() then

The vactor that coect all tne frst dernvat�ves (partuol)ste
RADIENT VEUTOR VP

�Xn

TANGENT LINE

yP(xo)+p(x«\(%-x) Xo =Stationary point f P(o)e0

Taylor polynmal � )-o)+\*K)+') (x-x)+.

(9-A(a)+ 2 ..

If )>o then )xo)> Xo minimum pount

|TANGENT PLANE y)=xy+ xy+9

+
2xyo+Xo +)(y9)

* 1s the tongent plane to (Xo,yo).



NORMAL VECTOR.| uector ofscomponents porpendeularto the tangent plane

())

to =$(xo,yo)

-tangnt plane

|-(*)

We need to rormal�e N by

(x-x>)

()
()o(e

If (xo,4o) is a pont

on the tangent ploe

DIFFERENTIALS

dx-(x-xo)

dy-(996)

dz-(*-2)

dz-(3dx+dy
(Xo,yo) fxec

(df), = ž-žo P(x.g)-(Xo,yo)

df xdx+dy is ealled total differental

We are
afproxmatng 4f fxAx+Ayay

lo find the minimum of a Aunetuon x)we need to fnd the AerOS Of Ye
If q-V, the first partal dervatwes fa are Hie econd partod

dervatwes of

Ihe Jacoban matnx Sg colect au the first deruatuwes (part)

();-() (3)-(H)



NEURAL NETWORK

These are actwaton

functons for Neural

tan{n}-ex
Netwarks

t+e2x
tanh'=

(d+eye

We ean modify thoe functons applyng shftng ancd stietekun

T(3(x-s) 3� seaung � weugktng wi

5 shftHng � biasing > bi

Ži Wig Xztb� � Wa+b � s*)- (Wa+b)

If we are using more values, the numborof nested funetons ww
Borrespond to the number of layers of the network.

I# we use one Value, we hawe the pereeptron (simplest neural networt)

F(*) = stepsfthe neural network

()
()

multwantefunotuonfthe neural netuwok

eost(w

To eompude F()

)=error cost furcton

min Cost

cost I y(a)-F(N



DIREONAL DERINATVE Duf u-(us,) ducecton

Dufo

GRADIENT
(add

ue
qeadieut teeer Re dvectouto elo

f3x+ytd

CHAIN RVLE
P(&(x.9)

dg

A. iue leadug eonmdubates ahe tatuo pomt(o)
Tue okeer eamávdates ae owopou (nodewatwe)omd ondpounta

2.

TP dewatue ewt at an mteu (mun e(max, t oo:

(m &>0

qc>b?

Saddle 4e<b'



CURYE y-) SURFACE (4)

dx
omd

dx?

TANGENT LINE >TANGENT PLANE�o )+ (y)TANGENT PLANE e

(xy)=em Af =

Ax

PARTIAL DERNATNES

SADDUE PoINT uebotom

Re top

ue y poobol at (o0) ws

e x poabcla => meukr max net omm!

*-t-x°-y' Puod tomgent plame at (xo, go.ž)-(4,2,)

( --2xo =-2(4) =-2

(3).(x+(.(49)

*-9-(-2\*-)+(-Xy-2)

-4

NORWAL

VECTOR -2x-4y+10

-2x-4yt3

NEWTON'S METHOD

Ax,Ay >


