LEl(aEN\IAweS AND El(xENVec,TORa

Ax =X QA= Ugenvalue Xsu%mmtor

(A-AD)X=0 it XED = A singular <=y dek(R-21)=0
T(®)={ A4, %2, ..., An) T() = spectrum (% X) - uignparr
KeN(A-1)  N(A-71): egonspace
Tor 2x2 motuees: >0 0 = Troce (A) T its Qi = des(8)

The Ugenalues of A are e came o AT

‘%:q—d S an QA%QMYQ\MO of A4 \p(e)zmox{ lﬂi‘} P(ﬁ): sperttal vodws

SWMILARTY |

(roal : tronsform ko another matiax of coser strueture (. ar clag )

S¥AS=B  84AQ = amilardy tronsfrmation

IF A nxn wih n Unearly independent wgenvectors |xi, ..., XnY

8AS: A = (’)4,0 )

o " An N distinet vugomvalues = n dust. . veckors

ALGERRAIC AND GEOMETRIC MULTIPLIUTY \

ﬁ\%.mu,\t. = number of fmeg an agmvalue 8 o ook of bne ch . polynomial .
Geo.mule. = dimension of tne ugenspace oum (N(R-Ax))

ILM, %eo.mujb < o.l%.mwtb %o,o.muub=ai%.mulb = A semi-2uimple
When ugenvalues are ol cigkinek = Ai Simple |

Simple or Somi-Simple. <> sek of L\mmua \ndependent uovectory




DIAGONAL\ZABILITY

Question: whan A & Jmilar o o duowgy . motux? = A: complke Rk of eneet.

SORDAN  CANONICAL FoRH\

3 = drog ( 3(24), 3(%2), - --, 3(%)) 3(29) = Jordan segments

3(%):= <3‘(”“). © j ti = qpo.mulk. of &
)

O Sei(Ai Q.(é) = g, Q\émwt% of D

Si(ﬂa.) = <9‘3 ‘4 9‘4> #9\} = a)%.mudb of ﬂa-
F:

Nok similar o dm%onok mathx = de?eo,f\vo, motux = nilpotent matiax
Gwven N With Nf20 with k>0 NQh\\Pochb

@E-NlLPoTENT DECOMPORITION | |
& Sinqular makux of index k stk Hiok rank(#*)=r

Y-\ (0 0) C= non-8ingular, N=nilpctent of mdex k
O N

Index = gmallest non m%o:t\we integer k Sueht thok Yank(A®) = rank (a%+)

How 4o eonstruek a coe-nipotent deeompogition Ror 2x2
4. Delermine wndex(8)=k
2. Compute tank(AK).r

3. Construct A =(x|4) wih X=R(A¥), U= N(*)
. Compute B4

3. Gompu‘ce R4AR Yo rwn\.%

ATA= AT = normal m.



ORTHOONAL MATRICES

BeR™ oﬂ-ho%onol = A'a=R87=I => A4 =0T = 1sometres
> um‘ror%m. e cnxn

Ixlg= d xvx = {=xt | Bux g = | x {1z

R R

EUEMENTARY ORTHOrONAL PRo:eOIoR_S—_\

WeR" Julpg=4 ga1_yu 8 = dlemutary progector (orthogonod)

uut T
In geront, ¢ llg#d 5 gox- T o L

ELEME NTARY REFLECTORS ( HOUSEHOLDER le

|

| T

i ue R P\=1-2% R = dlemeutary reflector
|

€ lulg-a & Rez-guuT

E&THo(mMAL REDUCTION (THEORE ﬂ

Tor ey matux e €M (R™") lnere eysts o unttary motix U and an

Orthogonol amad upper tapesoolodl motux T Suel ok A=UT
= B8R factorsotion

L&wer«s Roanor\T[

G- ( C‘g— :) ets¥h G orthogonal,

_(x I S -(‘*“2)
2 (3) ¢ v T gt é‘;z > W=lo




EE AST SENARE FROBIEH

min | Ax-bly A=B8R wth B=(8480) Rx=8ub = & =-R
X
s b A =‘ Tb
a’(ale) - (a7a | &T8) - ((g) (§‘§b>> solve Rx= 8]

COMPLEMENTARY SURSPAES | |
XY subspaces X UWeV X% comp\o,m%hné = \1=Xv®5
® = direct Sum Xow=¢g o

Respon] ) S|4
N=span{x4, ..., xr,u4, ..., LaP\B

X= Pmaedu)n of v onto X along & xe X

V=x+‘3 % \l_é;V
g = progeetion of v onto 4 along X 3¢

ORTHOGONAL COMPUE MENTARY, %\)B%?AQEI

<xlys=0 o Xy orPno%onok => x"té:O
L UeV o subeek of V 5 xeld ) Ye b, xu=0 & Heu -V
R aLn(E) yopm. R(e) @ N(@Y)

RODL N \oge. R(E)®N ()

BR faonzation = nformation  abouk R(®), N(aT)

VRV factohization 3 information abouk R(ﬁ),R(ﬂr),N(g),N(Ar)




VRV FACTORIZATION

Coven AER™"  with rank(A)=r there exct two orthogonal nr\xc:’chezs
Ve®R™™ ond VER™™ snd o non-singular matkx  C e R gyen thok

a=0/c o)v": VRVT
o o

4. The st r Cowmns of U are an orthonormo bogis For R(A)
2. The first v columns of \ o

U= (U-{,-.-,ur,...,IUm) \‘=(\3";L\fln;'\\(_‘j)

b. R®  b.n(#) BREAETD  b.N(E)

LS\N&ULAR VALUE DECOMPORITION (

Gma matux Ae R™N i, Yank(®=r con be foctonsed as

fi= 0D O\WT. ysyT D= @, G
(o o) diag(, .., )
U= eft-hang sm%u\or veelorg

#T =rank(A) 5 uTagy-1
N= Nght-hand Singular veetors - (

WT=\Ty= T

Bl A4

AN, = oy = Ust Singular Volue = Amox




ECKART - YouN(x (THEOREMW)

et ASR™T yith vonk(Mer and fix k<r, Hen e matix opprox.
protiem  min]A-2l, with Yank(2)ek hos e Solution |

2= Ae= T8 quvT

and He volue of e wuunum s || A-Akllg = Ty

RELATION Wity El(xENVAweﬂ

- T =\sTyT T o VS2\T=VAVT
= Uusv BTR=NVZ OTUSVT=Vz?y |

4

L

AQT = UZVTVSTYT= U5 STUT= US20T=VALT
I//

(M) = { @, ..., ] = o (paT)

BRnNmPAL COMPONENT ANALARIS,

Croal. . q prnupod axe thot rekurn moximal varanee under progection

We assume 4o have centred doka x-¢=b3-mwn(ba) 34N

= meon(x2) = 0 2V x=_x_3Tﬂ-.-. w(xg)e 22

(x2) ar( x7) L y S (Xa)m
X= (X4 | Xa|--[x\)  xegM™n = (V) X=US\T with rnk(x)r
Vi = prinepol tomponent direckiong

veetor with lm%esb
H

242XV % sample vananes
= hormalized prnepal components P
among alk n.comb. OF X
e R(X)
Covariance makax = XX

tq-
m-4 X3~ S;T}:; => XX correlation maotux

®©




PROJECTION MATRIX

XBEV subspaces N=X0Y veV = Vexry XxeX, ye4
Pu=x  P=progection matux = Pvex progection of v onbo X along Y
Respandxa, - xe} Gespanye,.. ymer]

B {xa oy Y} rnk(@)=me s B=(X(Y)

P& =P(x|4) = (Px|Py)= (x|0) = PeB4=(Xl0)B™ = P=(X|0)B™

> P-= B(Ir 0)8"‘ progecior onto X along 3
00

I-P-= 3(0 0)5" progector onto Y odong X
O Ir

R(P)={ x| Py=x}=%X  N(F)-R(1-P) I Pllg = 4
From 2D or VRV Foctorization :

o= 00T Priap = Py = T-Prgey ' Prgy = W(MW) AT
=W R By - TPy 1 MR

@F\'l DIME NSIONAL CALCY LUQW

#(x4) = funckion of two varables = urface / plane.
fMAx=ATb = normal eqmtwn => obtained by partal dervatives

A > gy Hrd) -9, 20 » P00 » &
X" Ax»0 Ax T dx
?'gz &m !@(}jgégﬁ')-:{!(x,@ =$|
9‘3 Ajro Ay ¢

2 % 9op_ o
Second partuol derwokwes 3 ,a‘;@gf = g';g gz Ox ~ 9yx




HESAN MATR\xW

The Hessian mofux of

o o4 = (| Ax-bllg ok ko
H=[ 9 oyx H=HT = symmetne $09=llAx-blz 15 equ
S% o H=2ATA
X3y By
XA . a >
I P wkh x=<x;n> thon  Hig = (__% i

The vecfor hat eolleck ol the firsk denvatives (partiod) & tue
GRADIENT VETTOR v |

of
AV Q.X4
o
9Xn
l TANGENT |INE

y=P(xo)+ P(xo)(x-X0)  Xo = Stokionary point € $1xe)=0

Toglo ol = Blxa)+ P xI=0) + () (-3 + ..
glor polynomal & $(x) = (x )+W )+ 2x (X-Xo)*+
(9= 10-("?)"‘ %"—)(x—xoﬁﬁ

IE P(o)>0 them Q(")ZQ(Xo) = Xo Minimum Pomb

TANGENT PLANE‘ *(X,%)=X2%2+ Xléi-% %—%:QX%Q*% 8‘%;2)6‘3 +X+ A ‘

%= 3§ Y3 + XoYo+Yo + (2XeYd +Yo)(x-xXo)+
+ (_2X§ ‘éo + Xo *J}(%“éo}

¥ 15 the bongent pane o (Xeyo).




NORMAL VECTOR |

|x1=4  vector of 3 component= perpenducular fo the tangent plane

ot . of o,Uo Qg ¥-¥o+( ) (x-xo) +
(g“)° gx(x %) N %= ((;))° ( ) (‘3 ‘60)
M )o
(%ég)o= 99_‘63 (Mo%O) _;é | z°=~$(x°,%<b .

2 = btangent plane

A (x-xe
(?X)o(x X) (g-g) | (g) - (X—Xo) . .\F (XOI%OS . Fomt
(30alatr [ ={(axk " 3y o1 _03-2%@ on e, bangert plone
-(2-x0) (2-20)

We need o normalige N by | (

 ——
DIFFERENTIALG '

dx = (x-xo)
dy=(4-4)  dx-(2), dx+(99) dy =% ¥o=£(x0Ye)

de= (2 -2o> (d?)o (‘Q_@) dx + (2€>°d‘é (Xo,Yo) fixed

Qx)o ) (9;1)0 ’7'{"2 |

(d€)o = 2-2 = £(%,9)- $(xo,4o)
df = Qxdx-\-ﬁad% 1S eolled total differentiol,
We are approximoting  Apay PxAx+ Ay

To find the minimum of a funckuon 20) we need {o Aind the zerws of V¢
IF 9= 38, the fist parkal dervatwes of g are Wie Recond partol

dernvatwes of £
The Sacoblon mokix 3g colleck ol the first dervolues (qutuok)

(38)i3 (%) (32)= (M¢) ¢ g-V# ®




NEURAL NETWORK

()= - T = T(X)(U-T(x) These are ackwakwn
458 Funchons for Newrod
-eX Nework
tonfr}. -2 banh'e 2

J+ X ( d+ e-X)Qg

W
e com modify those Funchions applying %M—‘Hn% ond stietelung
T(3(x-8) 3 sealing = Wughting = Wi
5 % shifting 3 bmsm% = bi
Xi= Wix+b Yy = WigXz+bi = 2=Wa+b =+ T(2)- 7(Wa+b)

If we are UsSing More values , the number of nested functons WUk
orrespond o the number of layers of the nekwork .
If we use one volue, we howe the pereeption (Simplest meurod networ)

FX) = steps of +he nourd rebork

01\ _ (2‘,) ® x01 cotegory @ .
\d(x )- (o) e B | lé(xﬁ;) multtwaroke functwon
4 . caeqony & o £he eurol nekwork

(‘.OSE( \ND], bE]) z=eror  coRL funchon | @Sh = ﬁ_ Zi:( l \é(x \i}) _F(xm)“:

To compute F(X) = min cost

W'l '}, bii}




=(U4,u2) dwteckion
DIRECTONAL DERVATVE | Dup  U=(uq

Duf - %\:uw 99-?0\2.

%k M BB
[aeavent| e . ,;;’f;»f;ége} (o A2

The Qrociont teln e dueckow fo elumls
omd Ak Cemod || Queer L gleepmam

:?=3x+t3~w\ &= ity V£=($>=(§§)
%

, | €_deog op 4o
| an RUE | £(q(xu) g—fw%g'a"i gg'd@e%‘g

’ ove rokwuoruy Pomk(gfw)
4. The Qeaduuoys conrdubioder

f (00) e quadolic Qurckon P(xu)- axtbyrcy® oy o,

2
Saddle 4 qe<b
UM 80 (yaxanum A a<20 4
acrb? acyb




@l %-g(x\ ‘S\)R!‘AQE-I E'Q(X.\ﬂ
3{ - g—im g—g 9.2 2_'2 ) ‘_a_-_@ '3

dx? XY 'ax'a\é Y2 ola'ax

TANGENT LiNe > (TANGENT PLANE | 3 -20+ 2B(x o). EACED

A $(K*A><;VD ££_®
')@(x\a} Ae’ﬁvg 2;-:‘: = Y y

o =xylexyey 5 2(xyy- 2ty | PARTIAL DERNATIES |
fxP=y-x* o %f < 4%~ 2x

e
'9_L§=2'(3

ISﬁDDUE, Pom=> Mbv&oﬁhegmté posodoRa ok (0,0) 4>
e *°P % We x posaloe < (MedkuVL (Mmag mere v !

2= Jh-x* -t& W )bolwawb plome okt (xo, Yo, 2o)= (A 2,9)
(9@) - 2x0 =-2(4)= -2

)= -2 = -2(2) =t .Enzo-( )(x'x”(%)(‘é*)'
Dyl = "9 T )

2= 3 (-2 - i) (- #)y-2) -

= -2X+2 - LHa+8 =
oo (Bh) o - ~2x-kyeso
(%)o ¥~ = 2% -ly + A9

NEWTON'S HETHob

7 (_g Ax*(%>‘5‘é"%(""‘3) A, Ay >
(gx AX K%\Ag-.- - “\(Xn.lﬁn\ (x"' ‘Qh\ﬁ Xn+ 4,‘§m4\



