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Quantitative Finance and Derivatives I

Finanza Quantitativa e Derivati I
code 20188
a.y.2011/12, January 2012

Give a detailed justification to all your answers!

EXERCISE 1

Consider a multiperiod discrete market with ¢ = 0, 1,2 with the following information structure:

t=0 t=1 t=2
1 / w1
fl \ W
S
1 / w3
f2 \ Wi

Two securities are traded in the market. The first is the locally risk-free asset B that provides the
locally riskless interest rate

r(0) = 5%

r()(f) = 8%
r()(f2) = 0%.

—
~—

—

The second security is the risky asset S, whose price at time 0 is

whereas at ¢t = 1 its prices are
S()(f) =115
S(1)(fz) =9.5
and at the final date T =2

S(2)(wy) = 13.57
S(2)(ws) = 11.27
S(2)(ws) = 10.925

5(2)(ws) = 9.025

1. Write the prices of the locally riskless asset B in each node of the information structure for
t=1,2.

2. Is the market dynamically complete?

3. Determine the set of the risk neutral probabilities Q for the market, specifying Q(wy) for
k=1,...,4. Is the market free of arbitrage opportunities?

4. Compute the no-arbitrage price at ¢ = 0 and at ¢t = 1 of a Furopean put option on S with
maturity T' = 2 and strike K = 12.27.
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5. Compute the no-arbitrage price at ¢ = 0 and at ¢t = 1 of a Furopean knock-in put option on
S with maturity T" = 2 and strike K = 12.27 and barrier b = 11. The put option is activated
only if the stock S exceeds the barrier b = 11 during the life of the option. The terminal payoff

is therefore
(K—-S52)"  if maxs—0128(t) >0
0 otherwise

X(2):{

6. Consider a repo (repurchasement agreement) with collateral S and maturity T = 2. The
holder of S sells the stock at the initial date = 0, receives the initial price S (0) and must buy
back the stock at maturity T' = 2 at the price F. The price F' is settled so that the no-arbitrage
price of the contract at date 0 is null. F' therefore coincides with the forward price for S at

T and hence it must satisfy
S(@2)—F
EC | ==~ | =o.
]~

Compute F.

The repo is a collateralized loan: the stock holder receives S(0) at the initial date (by selling
the stock), and has to pay F at maturity, to buy back the stock. Find the repo rate, i.e. find
Trepo Such that

S(0) - (1 4+ Trepo)” = F.

EXERCISE 2

Consider a Black-Scholes market with the riskless security B(t) = e’ and the lognormal risky
security S with drift x4 and volatility ¢ under the historical probability P. Assume the following
values for the parameters: S(0) =1, 6 = 2%, p = 5% and o = 12%.

1. Determine the historical probability P that a European put option on S with strike price K =1
closes at maturity T' = 4 in the money.

2. Consider the European derivative on S whose payoff X at maturity T =4 is
X =(S(T))°.
The derivative trades at time ¢ € [0; 7] at the price
Vx (t) = F(t,5()
with F (£,S(t)) = (S(t))* et

for some o € R. Apply the Black-Scholes PDE to determine « such that the market extended
to the new derivative is arbitrage-free.

3. Find the replicating portfolio of the European derivative of the previous point, i.e. compute
¥ = (Yo (t),91 (1)) for t € [0; T

0

Y1 (¢) %F(t, S (t))

Go(t) = (F(tS@#)—01(t)-S(t) e

where « takes the no-arbitrage value of the previous point. To replicate the derivative do you
need to go long or short the stock?
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4. Consider now the buy-and-hold portfolio 9P = <19(])3 H ,19{3 H) constituted with the initial

positions of the replicating strategy 1 of the previous point. The components of the buy-and-
hold portfolio 9P are therefore

I (1) = ¥ (0)
I (1) = 91(0)
for all t € [0;T]. Determine the historical probability P that the terminal value of this buy-

and-hold strategy superreplicates the terminal payoff of the derivative of the previous point
at maturity.

(For questions 1 and 4 you only need to determine the formula for this probability, expressed in
terms of the distribution function N(-) of a standard Normal random variable).

QUESTION
In a one-period arbitrage-free market state the equivalent conditions that the initial price of a
redundant derivative security has to satisfy in order to preserve no-arbitrage in the extended market.
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SOLUTIONS TO EXERCISES

Exercise 1

1. The prices of security B are
B(1)(fi) = B()(fy) = 1.05
and at the final date T'= 2

B(2)(w1) = B(2)(w2) = 1.05-1.08 = 1.134
B(2)(ws) = B(2)(w4) = 1.05

2. The market is dynamically complete, because each one-period submarket is complete (in your
exam check explicitly that the rank of the terminal payoff matrix of each one-period submarket
has rank 2).

3. We look for risk neutral probabilities Q for the market. We have to solve the systems

{ 50) = by (SOUDAU 500U
Q[fi]+ [ 3l=1
Qlfi],Qlf3] >0
for my,

S = rrrbi {S@@nQUnl 1]+ S(2)(w)Qluwa 11}
Qw1 f1] JrQ[W2|f1] =1 (2)
Qw1 /1], Qlwalfi] > 0

for m;y 1, and

S(1)(f3) = 1+,(1)(f 7 {S( Qlws|f3] + 5(2)(ws1)Qlwal f5]}
Qlws|f3] + Qlwalf3] =1 (3)
Q[wslf3], Qwalf3] > 0

System (1) can be rewritten as

{ 10 = 55 {115 Q[f1] + 95 QIf]}
1

and is solved by

System (2) can be rewritten as

115 = 15 {13.57- Qi |f1] + 11.27 - Qlwa| 1]}
Qlw1lfi] + Qlwa|fi] =1
Qlw1|f1], Qlwol fi] > 0

and is solved by

Quilfi] = 05
Qlwolfi] = 05
4
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and System (3) can be rewritten as

9.5 = taygm 110925 Qlus|f3] +9.025 - Qlwalf3]}

Qlwsl|f3] + Qlwalf3] =1
Qlws!f3], Qwalf3] > 0

and is solved by

Qlwslfz] = 025
Qlwalfy] = 0.75
Therefore
Qlwi] 0.5-0.5=0.25
Qlws] = 0.5-0.5=0.25
Qlws] = 0.5-0.25=0.125
Qlwy] 0.5-0.75 =0.375

Since there exists a unique risk neutral probability measure, the market is arbitrage free and
complete (by the 2"¢ FTAP).

4. The terminal payoff of Furopean put option on S with maturity 7' = 2 and strike K = 12.27 is
in the nodes wy for k =1,...,4

(12.27 — S(2)(w1)) = (12.27 — 13. 57)+

(12.27 — S(2)(w )) = (12.27 — 11. 27)
(12.27 — S(2)(ws)) " = (12.27 — 10.925)" = 1.345
(12.27 — S(2)(wq)) T = (12.27 — 9.025)" = 3.245

p(2)=

The no arbitrage prices of the put option at t = 0 and in the nodes f{ and fi at t = 1 are

_ 9 i
DY = EQ p( 1
p( )(fl) _1+7"(1) Pl- (fl)
0-054+1-0.5
= ——  =10.46296
) 1.08 )
1y Q p(2) 1
p(].)( 2) E _1+7"(1) Pl_ (f2)
_ 1.345-0.25 + 3.245 - 0.75 -
1.0
_ 1 ]
- EQ p(
p(0) T+7(0))
0.46296 - 0.5+ 2.77-0.5
= =1. .
1.05 5395

5. The knock-in put option is activated only if the stock S exceeds the barrier b = 11 during the
life of the option. The stock exceeds the barrier b = 11 at ¢ = 1 in f{ only, therefore the
payoff is active at T'= 2 in wy (where the put is out of the money) and in ws only. Hence

X2 (w) = (K—=S(2)(w1)) =12271-1357)" =0
X(2)(w2) = (K—5(2)(w)" =(1227-1127)" =
X2)(wg) = X (2) (w4) = 0 since the barrier is not activated
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The no-arbitrage price at t = 0 and at ¢t = 1 of the Furopean knock-in put option on S are

sxh) = 8| 0| P o
0-05+1-0.5
= —qe - 0.462 96
sxsh) = 5| 0| P o)
_0:02540-0.75 _
B 1.0 B
0.46296 -0.5+0-0.5
= 105 = 0.220 46.

6. The forward price F for stock S at date 2 is such that

|5 | -0

hence

where the last equality follows by the martingality property of the discounted risky asset with
respect to the risk-neutral measure. We compute

1 1 1
E®|——| =—— .05+ —-0.5=0.91711.
{B(%] 1131 2" 103

We get therefore
S (0) 10

F=e EN T 091711

= 10.904

To determine the repo rate 7.y, We solve the equation

10+ (14 Trepo)” = 10.904

10. 904
Trepo = \/T— 1=+1.0904 — 1 = 4.4%

that yields

Exercise 2

1. The historical probability P that a European put option on S with strike price K = 1 closes
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at maturity T' = 4 in the money is

P[S(4) < K] p o) arows si(o)} =

- 2
= P <M—2) 44+ 0Wy <In 500

5)-
- ofre oy (%) 9] -
- (el (%) 9)

o (d (o 22 ) -

= N(-0.71333)

where Z denotes a standard normal random variable with respect to the historical probability
P.

. The price
Vx (t) = F(t,5(t))
with F (£,S(t)) = (S(t))*-eT1
for the European derivative on S whose payoff X at maturity T' = 4 is
X = (S(1))

with a € R is a no-arbitrage price if and only if F' satisfies the Black-Scholes PDE with the
proper boundary condition.

The boundary condition at maturity is satisfied for any «, since
F(T,S(T) = (S(T))* - e*™™1) = (S(1)* = X

for any possible value of the underlying at maturity S (7). We then impose the Black-Scholes
PDE on F. To do so we first compute the derivatives of F (t,5) = 52 - e*(T—1),

We have

ang,S) _ —SQQea(T_t); aFa(gS) _ QSeo‘(T_t); azgé’tz,S) — 9e(T—t)
The Black-Scholes PDE
8F(t,S) L s ,0?F(t,S) OF(t,S)
- 0 —0F(t =
ot 27 e T g (t,5)=0

applied to F' is
1
520770 4 Zg2g% (2e2070) 4 55 (28¢2T70) — 552 (T70 —
2
that can be written as 1
—a+502(2)+5(2)—5:0
i.e.
—a+0*+56=0
Therefore o must satisfy

a=02+6=0.122+0.02 = 0.0344

to preserve no-arbitrage in the market.
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3. The replicating portfolio of the European derivative of the previous point is for ¢ € [0;T]

9 (t) = 3F(t,S(t)) =25 (1) e* T~ >0

a5
Bot) = (FES®)=d1()-S®) e = ((51)" e*T0 =28 (1) e .5 (1)) - e

= —(S(@)*- e T0 .70 <

where o = 0.034 4. Due to the signs of ¥ (¢) and ¥ (¢) , the replicating strategy is long S and
short B.
4. The buy-and-hold portfolio 95 = (1983H, 19?1{) is constituted with the initial positions of the

replicating strategy ¢ of the previous point. The components of the buy-and-hold portfolio
9PH are therefore

OEH (1) = 9BH =95 (0) = — (5(0))%-e*T=0 .00 = _(§(0)) - T = — (1)%- 23444 = _1.1475
IPH (1) = 9PH =9,(0)=25(0) - e*T=0 =2.1.00344(4=0) — 9 995

unchanged for all ¢t € [0;T]. The historical probability P that the terminal value of this buy-
and-hold strategy superreplicates the terminal payoff of the derivative at maturity is

P Voo (T) 2 (S(T)] = P |=(S(0)°: T & +25(0) -2 T0 . 8(T) = (S(T))* | =

—_———

19()J3H B(T) 19{3H

P- (1) e e 21T S(T) > (S(T))°] =
P [(s (T))? — 2e°T S (T) + T . T < 0]

The inequality

(y)Q _ 2eaTy + eaT . e5T § 0

is satisfied for any y € [y1; y2] where

Y12 = T+ Ve2aT _ eal . 0T — 0-0344-4 4 \/€2:0.0844-4 _ 50.0344 4, 0.024
003444 4\ /773704 % 10-2 = 0.876 03
e +4/7.3704 x 10 { 1.419

(notice that the argument of the square root is positive if and only if 2ac > «+ §, which is true
since a = 02 + §).

Therefore the historical probability P that the terminal value of this buy-and-hold strategy
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superreplicates the terminal payoff of the derivative at maturity is

5]
el (o5 estalogy (-3) )

1 . 122 1 1.41 122
:]P’[ <1n087603—(0.05—0 > 4)<Z< (1 9—(0.05—O )~4>}
0.12v/4 1 2 0.12v/4 1 2
=P[-1.2648 < Z < 0.744§]

= N (0.7448) — N (—1.2648) =
= 0.771803683 — 0.102971516 = 0.668 83

(in the previous lines Z denotes a standard normal random variable with respect to P).

Though not requested by the exam, we compute here also the risk-neutral probability of the
same event

1 . 122 1 1.41 122
:Q[ (111087603—(0.02—0 )-4) <7< (ln 9-(0.02—0 )-4)]
0.12v4 1 2 0.12v/4 1 2
=Q[-0.76481 < Z% < 1.2448|

= 0.893397362 — 0.222192346 = 0.671 21

where Z@ denotes a standard normal random variable with respect to Q.
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Quantitative Finance and Derivatives I

Finanza Quantitativa e Derivati I
code 20188
a.y. 2011/12, February 2012

Give a detailed justification to all your answers!

EXERCISE 1
A one period market is constituted by the riskless asset B that provides the riskless interest rate
r = 25%, and by the risky security S; whose prices at time T' =1 are

S1(1)(wy) =05
Sl(l)(w2> =2.5
S1(1)(wsz) =1

1. Is the market complete?
2. Suppose that the risky security S; trades at t = 0 at the price
S1(0) =S =1.0

Do state price vectors/risk neutral probabilities exist? If your answer is positive, find the
whole set of state price vectors/ risk neutral probabilities, and discuss no-arbitrage in the
market,.

3. Suppose that a put option on S7 with strike K = 1 and maturity 7' = 1 is introduced in the
market. Write p(1) the payoff of the option at maturity 7' = 1 in all wy for k£ = 1,2,3. Can
the put option on S; be replicated with B and 5?7 If your answer is negative, determine the
interval of no-arbitrage prices at ¢ = 0 for the security put option on S;.

4. If the put option trades at ¢ = 0 at the price
p(0) = 0.16

is the extended market B, S7 and the put option free of arbitrage opportunities? If your
answer is positive, find the set of risk neutral probabilities in the extended market.

5. A passport option on S is introduced in the extended market that includes B, S, and the put
option as in point 4. A passport option on S is a European call on the profits of a trading
account on S. The holder of this deritative chooses at the initial date a trading strategy
u € [—1,1] on the stock S. At maturity she receives the gain of such strategy if positive; in
the case of (potential) losses the position is closed without any obligation for the holder. In
our framework, the final payoff determined by the trading strategy u € [—1,1] is

X = (u-(S(1) = 5(0))".
whose initial no-arbitrage value is then

E9[X.,]
1+7r
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Find the trading strategy u* € [—1, 1] that maximizes

E°[X.,]
1+7r °
Compute the maximum
E?[X,-]
1+r
This value is the intial no-arbitrage price of the passport option
_ EQ [XU*]

Sx (0) = BT

that the buyer of the option pays to the writer at ¢ = 0.

6. Suppose the holder of the passport option enters in the non-optimal trading strategy u, = — "7
Compute the initial replicating cost of the final payoff X,, . Determine the difference that the
writer of the option pockets at t = 0 due to the suboptimal choice of the trading strategy by

the holder.

EXERCISE 2

Consider a Black-Scholes market with the riskless security B(t) = ¢ and the lognormal risky
security S with drift 4 and volatility o under the historical probability P. Assume the following
values for the parameters: S(0) =1, § = 4%, u = 6% and o = 14%.

1. Determine the historical probability P that a European call option on S with strike price
K = 0.5 closes at maturity T' = 1 in the money.

2. Consider the FEuropean path-dependent derivative on S whose payoff X at maturity 7' =1 is

X =100 (m SW) >2

Compute its initial no-arbitrage price Sx (0).

3. Show that the initial price of the derivative of the previous step Sx (0) is increasing with
respect to the volatility parameter o.

4. Find the risk-neutral probability that the payoff X of point 2. exceeds the level b = 1 at
maturity 7" = 1.

THEORY QUESTION
State Ito formula for a diffusion process.
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Solution of the Exercises

Solution of EXERCISE 1

1. The market is incomplete, because the number of scenarios K = 3 > 2, the number of traded
securities.

2. Since the market is incomplete, the risk-neutral measures (if any) cannot be unique. Denoting
by ¢; = Q(w;) >0 for i =1,...,3, we have that

1
—— 1 0.5¢1 +2.5¢2 + 1(1 — 1 — ¢2) =1
1.25 —_——
q3
1.2g2 — 0.4¢, + 0.8 1
1. QQQ - 046]1 —-02 = 0

that gives
a1 € (0;3) = (0;0.625)

gp = 220202 — 1g; + 1 =0.33333¢; + 0.166 67
G=l-q—(30+§) =—30+32=083333-1.3333¢,

The state price vectors are

so that 0 s )
U1 € (13558 135) = (00.5)

Py =31 + g - 155 = 0.33333¢, +0.13333
Py = _%¢1 + % . ﬁ = —1.3333%; + 0.666 67

3. The final payoff of a put option on S; with strike K = 3 and maturity 7' =1 is

p(1)(w1)=(1-05)"=05
p(1) (w) = (1-2.5)" =0
p(1)(ws)=(1-1" =0

and cannot be replicated because

1.25 0.5 0.5
det | 1.25 25 0 =—-0.9375#0
1.25 1 0
1.25 0.5 0.5
rank | 1.25 2.5 0 =3,
1.25 1 0
3
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i.e. the put payoff is independent from the terminal prices of B and 5.

Hence there is an interval of no-arbitrage prices at ¢t = 0 for the security put option on S;. To
retrieve such interval we compute

1~1H~EQEP(1)]:O.5 m*ﬁg§r+OQ3:;§;h:04m
therefore .
ig1+TE@@un:04.o:0
and ]
ng+WEQ@ﬂﬂ:04-Q&5:025

Hence the no-arbitrage interval for the put option is (0;0.25)
. If the put option trades at ¢ = 0 at the price
p(0) = 0.16

the extended market B, S; and the put option is free of arbitrage opportunities, because
0.16 € (0;0.25) . The set of risk neutral probabilities in the extended market is determined by
imposing

1
E%[p(1)] = 0.4¢; = p(0) = 0.16
— B2 p (1) = 0.4, = p(0)
that yields
0.16
and, consequentely,
q1 = 0.4

@2=3%-04+%=03
3=—3-04+2=03

. Let AS = S(1) — S(0). The final payoff of the passport option determined by the trading
strategy u € [—1;1] is
Xu = (u[S(1) = S(O)])" = (uAS)"

We first compute AS in the different wy, for k =1,2,3:

AS(w1) =05—1=—-05
AS(wy) =25-1=15
AS(ws)=1-1=0

Therefore if the holder is short the stock, i.e. u < 0,
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and if the holder is long the stock, i.e. u > 0,

(uAS(au)) =(u-(-05)" =0
(WAS(w))* = (u-1.5)" =u-1.5> 0
(uAS(ws))* = (u-0)" =0

Therefore

_ (—u)-0.5-Qw1)+ 040 ifu<0
Q[(“Asﬂ - { O+u-1.5-@(1w2)+()ifu>0

B (—u)-05-04=02(-u) ifu<0
- ©-1.5-03=045-u ifu>0

The trading strategy u* € [—1, 1] that maximizes

ECQ[X,]
147

is the trading strategy u* € [—1,1] that maximizes the piecewise linear function

- f —02-u ifue[-1;0]
f(u) = E° [(uAS)JF} = { 0.45-u if u € [0;1]

on the domain [—1;1]. As we can easily see, the function f (u) reaches its maximum at u* = 1.

04T

02T

fw

0.1 T

-1.0 -0.8 -06 -04 -02 00 02 04 06 0.8 1.0
u

The maximum value f (u*) is equal to

max B2 [(uAS)ﬂ = f(u*) =045 (1) = 0.45
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The intial no-arbitrage price of the passport option is therefore

_ EQ[X,.] 045

Sx (0) == = 935 ~ 0%

6. If the holder of the passport option enters in the non-optimal trading strategy

*

U 1
= - _05<0,
v 2 2

the final payoff is
(UoAS(w1)) " = (—u,-0.5)7 =0.5-05=0.25

Xu, = (ueAS(w2))" = (uo-1.5)T = ((=0.5) - 1.5)" =0
(uoAS(w3)) T = (up-0)" =0

with replicating cost equal to

+
o 0 E@ {(UOAS) ]  —-02-u, —02-(-05) 0.08
Xug - 1 +r - 1.25 B 1.25 o

since the risk-neutral expected value of the discounted terminal payoff equals its initial replica-
tion cost, by no-arbitrage.

The difference that can be pocketed by the writer of the option due to the suboptimal choice
of the trading strategy is

Sx (0) — Sx,. (0) = 0.36 — 0.08 = 0.28.

Solution of EXERCISE 2

1. The historical probability P that a European call option on S with strike price K = 0.5 closes
at maturity T =1 in the money is

P[S(1) > K] p |o(e=)1eem K} -

- 2
= P <u2> 14+oW; >In—

- ofe e (%))
0.2
- (o (%) )
= N(_o.liﬂ (mof’— <0.06— 0‘;42> 1)) -

= N(5.3096) ~ 1
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. The initial no-arbitrage price of the European derivative on S whose payoff X at maturity

T=1is
X:lOO-(ni&)Z

(-5}
((5—02 05+0 (V05 Z))

=100-e~ [(5—02) 0.5% 4+ o2 0.51, since EY [J (\/ﬁZ)] =0 and E© [(0 (\/ﬁZ))z} =0 (0.!

is given by

-5 _

Sx (0) =100 - E© =100-E?

<(5 - ";) 0540 (W* (1) — W* (0.5)))2 e

=100 - EQ e%, because W* (1) — W* (0.5) 205 - Z with Z = N

142\ 2
=100 004 (<0.04 20 5 > (0.5)% 4 0.14? .o.5> =0.96348

. To show that Sx (0) is increasing w.r.t. o we compute

aSgO(O) = % (100 el [(5 - ”;)20.52 + 02 .0.5D
(100 ced [2 ( - ”22) 0.5% (—o) + aD .

Such derivative is positive if and only if

02
—02 (5— 2) 0.524+0>0

0 (0.250% —0.56 + 1) > 0
0.2502 —0.56 +1 >0 since o >0
5 0.55—1

——— =20—4=2-0.04-4=-3.92
0.25

which is always satisfied, since 02 > 0. Therefore Sx (0) is increasing with respect to o, for
any o € R.
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4. The risk-neutral probability that X at maturity 7' = 1 exceeds the level b =1 is

2

Q[X>b]leo-((é(’2>~0.5+a(w*(1)W*(0.5))>2>b
100~<<5—) 0.5+0 (V05 Z)) >b1

:QH< ”2) 05+0FZ>\/E} {(5—) 0.5+ 0052 < — \/EH
=Q{< 02> 5+mﬁz>\/T (5—2> 0.5+ 0v052 < — \/E}

because the two events are disjoint

2> (s~ (5-5) 09) s 27 < (V- (-5 09) k]

0.142 1 0.142 3
( (0 04 — 2) '0'5) m] +Q [Z < (—M - (0'04 T2 ) '0'5) 0.14+/8
—Q[Z > 0.85762] + Q[Z < —1.1627]

—Q[Z < —0.85762 + Q[Z < —1.1627], by the properties of Z < A(0,1)
= N (—0.85762) + N (—1.1627)
= 0.195551164 + 0.122475621 = 0.318 03

=Q

+Q

+Q
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Quantitative Finance and Derivatives I

Finanza Quantitativa e Derivati I
code 20188
a.y. 2011/12, September 2012

Give a detailed justification to all your answers!
EXERCISE 1

Consider a multiperiod discrete market with ¢ = 0, 1,2 with the following information structure:

t=0 t=1 t=2
1 / w1
fl \ W
S
1 / w3
f2 \‘ wa

Two securities are traded in the market. The first is the locally risk-free asset B that provides the
locally riskless interest rate

r(0) = 10%
r()(f) = 0%
r()(f2) = 5%
The second security is the risky asset S, whose price at time 0 is
S(0) = 10,
whereas at ¢ = 1 its prices are
S)(fi) =12

and at the final date T' = 2

S(2)(wi) = 14.4
5(2)(w2) = 10.8
S(2)(ws) = 10.8

1. Write the prices of the locally riskless asset B in each node of the information structure for
t=1,2.

2. Is the market dynamically complete?
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3. Determine the set of the risk neutral probabilities Q for the market, specifying Q(wy) for
k=1,...,4. Is the market free of arbitrage opportunities?

4. Compute the no-arbitrage price at ¢t = 0 and at ¢t = 1 of a Furopean call option on S with
maturity 7' = 2 and strike K = 9.8.

5. Compute the no-arbitrage price at ¢ = 0 and at ¢t = 1 of a Furopean knock-in call option on S
with maturity 7" = 2 and strike K = 9.8 and barrier b = 9.5. The call option is activated only
if the stock S falls below the barrier b = 9.5 during the life of the option. The terminal payoff

is therefore N
X (2) _ (S (2) - K) if mint:()’l’g S (t) S b
0 otherwise

6. Consider a forward contract on S and maturity T = 2. The holder of a long position on the
forward contract buys the stock S at maturity 7' = 2 at the price F. The forward price F is
settled so that the no-arbitrage price of the contract at date 0 is null, that is

2| X0 ] =
Compute F.

7. Suppose that the historical probability is uniform on the set Q = {wy, ...,w4}, that is
P(wg) =0.25 for k=1,...,4.

Compute the historical probability that the terminal payoff of a long position on the forward
contract of the previous point is positive, that is compute

P[S(2) > F]

EXERCISE 2

Consider a Black-Scholes market with the riskless security B(t) = ¢ and the lognormal risky
security S with drift x4 and volatility o under the historical probability P. Assume the following
values for the parameters: S(0) =1, 6 = 3%, u = 6% and o = 10%.

1. Determine the risk neutral probability Q that a European put option on S with strike price
K =1 closes at maturity T = 4 in the money.

2. Find the strike price K’ such that the historical probability P that the European put option
on S with strike price K’ closes at maturity T = 4 strictly in the money is equal to 50%.
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3. Compute the differential of
Y () =S ()
with respect to the risk-neutral probability Q. Is the process Y lognormal? Justify your answer.
In case of a positive answer, compute the risk-neutral drift of the process Y.

4. Counsider the European derivative whose payoff at maturity 7' = 4 is Y (4) . Compute its initial
no-arbitrage price.

(For question 1 you only need to determine the formula for this probability, expressed in terms of
the distribution function N(-) of a standard Normal random variable).

QUESTION

In a discrete multiperiod arbitrage-free market consider a redundant derivative security with
cash-flow process X = {X (t)}thl. The payout X (t) is paid at ¢ to the holder of the derivative
security. State the equivalent conditions that the price process of this redundant derivative security
has to satisfy at any ¢ =0, ...,7 in order to preserve no-arbitrage in the extended market.

Scaricato da lorenzo dibona (lorenzodibona812@gmail.com)



SOLUTIONS TO EXERCISES

Exercise 1

1. The prices of security B are

B)(f1) = B)(fy) =
and at the final date T' = 2

B(2)(w1) = B(2)(w2) = 1.1
B(2)(ws) = B(2)(w4) = 1.1-1.05 = 1.155

. The market is dynamically complete, because each one-period submarket is complete (in your
exam check explicitly that the rank of the terminal payoff matrix of each one-period submarket
has rank 2).

. We look for risk neutral probabilities Q for the market. We have to solve the systems

{ S(0) = M(O) (SOUHQLA + SODHQLAT
Q[f1]+ [ 2] =1
Qlfil.Qlfz] >0
for my,

S( )(fll) = 1+T(})(fl) {S )(Wl)Q[W1|f11] +S(2)(W2)Q[W2|f11]}
{ Qlw|f7] + Qluws| fi] = 1 (2)
Qlwi|f1], Qlwa|fi] > 0

for mq 1, and

SM(f2) = 1y 152 (ws)Qluws| ] + 5(2)(wn) Qluwal £31}
Qlus|f3] + Qlual f] = 1 (3)
Qlusl f1]. Qluws| f4] > 0

System (1) can be rewritten as

10—%{ 2-QIf{]1+9-Qlf:1}
Q[] ‘[Q[le] 1

Q[f1].Q[f3] >0
and is solved by

Q[fl] = 0.666666667
Q[f}] = 1-0.666666667 = 0.33333

System (2) can be rewritten as

12 = {144 - Qw1 [f]] + 10.8 - Qw2 f{]}
Qlw1|f1]+ Qlwa|fi] =1
Qlw1|f1], Qlwalf{] >0
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and is solved by

Qwilfl] = 0.33333
Qlwa| f1] 0.666666667

and System (3) can be rewritten as

9= 15 {10.8- Qlws|f3] +8.1- Qlwalf3]}
Qlws|f;] + Qlwal f3] =1
Qlws|f3], Qlwal 3] > 0

and is solved by

Qlws|fz] = 05
Qlwalfy] = 05
Therefore
Qlwi] = 0.666666667 - 0.33333 = 0.222 22
Qw2] = 0.666666667 - 0.666666667 = 0.444 44
Qws] = 0.33333-0.5=0.16667
Qlwa] 0.33333-0.5 =: 0.166 67

Since there exists a unique risk neutral probability measure, the market is arbitrage free and
complete (by the 2"¢ FTAP).

. The terminal payoff of European call option on S with maturity 7' = 2 and strike K = 9.8 is
in the nodes wy for k=1,....4

(S(2)(w1) — ) = (144 -98)" =46
c@ =] @)~ 9.8)" = (108-9.8)" =
(S(2)(w3) —9.8)" = (10.8 —9.8)" =
(S(2)(w4) — 9.8) =(81-98) =0
The no arbitrage prices of the call option at t = 0 and in the nodes f{ and fi at t = 1 are
1y _ R [ <(2) 1/ e
c(1)(f1) E T () Pr| (f1)
~ 46-0.33333+1- 0 666666667 9.9
- 1.0 -7
1y _ Q [ c(2) ] 1
C(l)( 2) E _1+’I"(1) ,Pl_ (fZ)
1-05+0-0.5
= 1o - 0.476 19
_ 1)
_ oge|_<@
<(0) T+7(0)]
_ 2.2 -0.666666667 + 0.476 19 - 0.333 33 14776
1.1
5
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5. A European knock-in call option on S with maturity 7' = 2 and strike K = 9.8 and barrier
b = 9.5. is activated only if the stock S falls below the barrier b = 9.5 during the life of the
option. The terminal payoff is therefore

(KT if ming—g 2 S(t) <b
X = { 0 otherwise

X (2)(w1) = X (2)(w2) =0 since the barrier is not activated
(S(2)(w3) —9.8)" = (108 —9.8)" =1
(S(2)(ws) —9.8) " =(8.1-9.8)" =0

—~
[\
~
—
&
w
—
Il

The no-arbitrage price at t = 0 and at ¢t = 1 of the Furopean knock-in call option on S are

B [%\P} (1)

1-0540-0.5 .
= 2T 1) (fh) = 04761
05 c(1)(f2) = 0.476 19

Sx(1)
— EQ| =2
5x(0) [1+r@)
0 - 0.666666667 + 0.476 19 - 0.333 33

= =0.14430
1.1

Sx(W)(f1)

Sx(1)(f2)

6. The forward price F for stock S at date 2 is such that
EQ S(2)—F _0
B(2)
hence
B(2) B(2)

where the last equality follows by the martingality property of the discounted risky asset with
respect to the risk-neutral measure. We compute

F.EQ {1} _ o {S(z)} — 5(0)

EQ {31(2)} = % - 0.666666667 + ﬁ -0.33333 = 0.894 66
We get therefore
F= 5(0) = 10 =11.177
EQ {ﬁ} 0.894 66

7. The historical probability that the terminal payoff of a long position on the forward contract
of the previous point is positive is

P[S(2) > F]) =P (w;) = 0.25,
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because
S(2) (wg) > F for k=1 only.

Exercise 2

1. The risk neutral probability Q that a European put option on S with strike price K = 1 closes
at maturity T = 4 in the money is

P[S(4) < K] = p o (=% ) arews S[((O)] =

= P ((5—) 44+ oWy <In
7z <

s
(55~ (- %)) -

= P

K

(o
(

S(0
N 0.1;\/41 <ln1 (0.03 ‘202> .4>> -
= N(-0.5)

f

where Z denotes a standard normal random variable with respect to the historical probability
P.

2. The strike price K’ such that the historical probability P that the European put option on
S with strike price K’ closes at maturity 7" = 4 strictly in the money is equal to 50% is
determined by

P[s()<K'|=05
that is

P [5(4) < K} — plelsm)rews _ 5{{1 _

2 K
= P (u—é) A+ oWy <In——=

that is true for
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because of the properties of the standard normal distribution. The last equality implies

K = s©el7)1

N (S E NP P o)

. To compute the differential of
Y (t) = /S (¢)
with respect to the risk-neutral probability Q we first calculate the derivatives of

f(tS)=VSs.

These derivatives are

wles

of(t.S) _ q. of(t.S) _ -1 2% f(t,S) —
ot =0; 573 S

—_1
052 T 4

The differential by Ito formula is

ay (t) = of (téf(t))dwr 59
1

_ 55@)‘% s (t) + %O’QS(t)Q <—iS(t)_g> dt
N 0] (; (8t + od W™ (1)) — ;az’dt>
. ((;5 - ;oﬁ) dt + %adW* (t)>

af(tvs(t))ds (t) + %(725(75)2 62f(t75(t))

552 dt

where W* is a standard Brownian motion under the risk-neutral probability Q. Therefore Y
is lognormal with respect to the risk-neutral probability Q, and the risk-neutral drift is

1 1
Wy = Fi-got=

= 1003 1012—001375
= 30 017 =0.

. The initial no-arbitrage price of the European derivative whose payoff at maturity 7' = 4 is
Y (4) is

EQ [Y (4) e %] = e B2 [Y (4)] = e %Y (0) ¥ 4,
because Y is lognormal with respect to the risk-neutral probability Q.

Therefore
EQ[Y (4) e™%] = e 0034 . 1. 0013754 — 0,937 07
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