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Quantitative Finance and Derivatives I

Finanza Quantitativa e Derivati I
code 20188
a.y. 2012/13, January 2013

POINTS WILL BE AWARDED ONLY IF THE ANSWER IS SUPPORTED BY A
DETAILED LOGICAL GIUSTIFICATION

EXERCISE 1 (35 points out of 100).

Consider a multiperiod discrete market with ¢ = 0,1, 2 with the following information structure:

t=0 t=1 t=2
1 / w1
fl \‘ W
S
1 / w3
f2 \ wa

The historical probability is uniform on €, i.e. P(wg) =0.25 for k =1, ...,4.
Two securities are traded in the market. The first is a locally risk-free asset B that provides the
locally riskless interest rate

r(0) = 5%

r(D)(fy) = 6%
r(D(fz) = 0%.

—
~—

—

The second security is a risky asset S, with time 0 price

with time 1 prices

and with time 2 prices
S(2)(wy) =13.2
S(2)(w2) = 8.8
S(2)(ws3) = 10.35
S(2)(wq) = 8.55

1. (5 points) Is the market dynamically complete?

2. (10 points) Determine the set of risk neutral probabilities Q for the market, specifying Q(wy)
for k =1,...,4. Is the market free of arbitrage opportunities?

3. (6 points) Compute the no-arbitrage price at t = 0 and at t = 1 of a Furopean digital option
on S with maturity T = 2 and strike K = 10. Recall that the final payoff of the digital option
is

1 i S@>K
X(2) = { 0 otherwise
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4. (14 points) Is the final payoff X (2) of the digital option of the previous point independent

of Py with respect to the risk neutral probability Q7 Is X (2) independent of P; with respect
to the historical probability P?

EXERCISE 2 (50 points out of 100).

Consider a Black-Scholes market with the riskless security B(t) = ¢ and the lognormal risky
security S with drift x4 and volatility o under the historical probability P. Assume the following
values for the parameters: S(0) =1, § = 3%, p = 7% and o = 14%.

1.

(5 points) Determine the historical probability P that a European put option on S with strike
price K = 1 closes in the money at the maturity 7' = 4 (Here you only need to express the
probability in terms of the distribution function N(-) of a standard Normal random variable).

. (15 points) Compute the stochastic differential of

Y (t) = (S (t)°

with respect to both the risk-neutral measure Q and the historical probability measure P. Is
Y () lognormal with respect to both probabilities? If your answer is positive, compute both
the risk-neutral and the historical drift.

. (8 points) Consider the European derivative on S with payoff X at maturity 7' = 4 given by

X =(S(1))°.

Compute Sx (0), its no-arbitrage price at time 0.

. (10 points) Compute the buy-and-hold strategy with B and S such that the initial cost of

this strategy is equal to the initial cost of replication, and whose terminal value at T replicates
the final payoff X on average with respect to the historical probability measure P.

. (12 points) Let (99, 9%1) = (Jo (), %1 (¢)) denote the self-financing replicating portfolio of the

derivative of point 3. Compute 1, (0) . Are you long or short on S at the initial date?

QUESTION (15 points out of 100).

In a discrete multiperiod arbitrage-free market consider a redundant derivative security with
cash-flow process X = {X (t)}thl. The payout X (t) is paid at ¢ to the holder of the derivative
security. State the equivalent conditions that the price process of this redundant derivative security
has to satisfy at any ¢ =0, ...,7 in order to preserve no-arbitrage in the extended market.
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SOLUTIONS TO EXERCISES

Exercise 1

1. The prices of security B are
B(1)(fi) = B()(fy) = 1.05
and at the final date T'= 2

B(2)(w1) = B(2)(w2) = 1.05-1.06 = 1.113
B(2)(ws) = B(2)(w4) = 1.05

The market is dynamically complete, because each one-period submarket is complete (in your
exam check explicitly that the rank of the terminal payoff matrix of each one-period submarket
has rank 2).

2. We look for risk neutral probabilities Q for the market. We have to solve the systems

S(0) = Hio) {S(UHQLAT + SM)(f3)QLf3]}
Qlf]+QlfF] =1 (1)
Q[f1],Q[f3] >0

=

for my,

[wil f1] + Qlwa| f1] = 1 (2)

{ SO = mym (5@ @)Qwrl f] + S(2)(ws)Qlws| £11}
Q
Qlw1|f1], Qlwzlf1] > 0

for m;y 1, and

SW(f2) = gy {5@)(ws)Qlws| f3] + S(2) (wa)Qlwal £31}
Qlws|fz] + Qlwalfz] =1 3)
Qlws|f3], Qlwal f2] > 0

System (1) can be rewritten as

Q[ ]+ [ ]:
Q[f1],Q[f3] >0
and is solved by
Qlfi] = 075
Qlf;] = 025

System (2) can be rewritten as

11 = 45 {13.2- Qw1 | f{] + 8.8 - Q| f{]}
Qlws|f1] + Qlwelfi] =1
Q[wi|f1], Qwa|f1] >0
and is solved by
Qun|fi] = 0.65
Qlws|fi] = 035
3
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and System (3) can be rewritten as

9 = T 110-35 - Qlws| f3] + 8.5 - Qlwa| f3]}
Qws|f3] + Qwal f3] =1
Qlws|f3], Qw4 f3] > 0

and is solved by

Qws|fi] = 0.25
Qlwslfz] = 0.75
Therefore
Qfw1] 0.75-0.65 = 0.4875
Qw2] = 0.75-0.35 =0.2625
Qws] = 0.25-0.25=10.0625
Qfw4] 0.25-0.75=0.1875

Since there exists a unique risk neutral probability measure, the market is arbitrage free and
complete (by the 2"¢ FTAP).

3. The terminal payoff of European digital option on S with maturity 7' = 2 and strike K = 10 is

X2)(wg) = lfork=1,3
X(2)(wg) = Ofork=2,4

The no arbitrage prices of the digital option at t = 0 and in the nodes f and fi at t = 1 are

s = B0 | o m
_ 1~0-651;£'0'35 —0.61321
sx)() = B s P ()
1 0.25;)0 075
Sx(0) = EC [3%]
_ 0.61321. 0.17.5()); 025-025 _ 19753

4. The final payoff X (2) of the digital option of the previous point is not independent of P; with
respect to the risk neutral probability Q, because

Q(X(2)=1)Nnfl)=Q(w)=04875

is different from the product of the two probabilities

QX(2)=1-Q(ff) = QiUws) -Q(f)
(0.4875 4 0.0625) - 0.75 = 0.4125.
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On the contrary, with respect to the uniform historical probability, the probability of the

following intersections

P(X(2)=1)Nnfi) = P(w)=025
P(X(2)=1)Nnf,) = P(ws) =025
P ((X (2)=0)n fl) P (w2) =0.25
P ((X (2)=0)n fz) = P(w4) =025
do concide (resp.) with the product of the probabilities
P(X(2)=1)-P(f) = P(wiUws) -P(f})=(0.25+0.25)-0.5=0.25
P(X(2)=1) -]P’( 21) = P(wiUws)- IP’( ) (0.25+0.25) - 0.5 = 0.25
P(X (2) =0) -IP’( 11) = P(waUwy)- IP’( ) (0.25+0.25) - 0.5 = 0.25
P(X (2) =0) -IP’( 21) = P(wsUwy)- IP’( ) (0.25+0.25) - 0.5 = 0.25

Thus the payoff X (2) is independent of P; with respect to historical ptobability P.
Exercise 2.

1. The historical probability P that a European put option on S with strike price K = 1 closes
at maturity T = 4 in the money is

PIS@) < K] = P|e(n% )4+UW4<SI((O)}_
= P ( 22) 44 ocW4<In 0]
el () 9]

st
i (50

014{(
—0.86) = 0.194 89

i~ (+-%)9))
~(o0r-257) 1))

where Z denotes a standard normal random variable with respect to the historical probability
P.

¥
"l

2. To compute the stochastic differential of

with respect to the risk-neutral measure we consider the function

£(t,9)=(5)°

and its derivatives

af(t,S)
ot

£ (t,8)
952

wlon

=

— 0 _ 2
=0; =2
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Applying Ito formula we get

o

Ay () = 0-di+ %su)— LdS (8 4+ (—25(7:)—3) .S (t) o2dt

2 9

(5)% (; (St + odW™ (1)) — ;a%)

= Y (1) ((;5 + —;a2> dt + %UdW* (t))

Hence Y (t) is lognormal with respect to the risk-neutral measure and its risk-neutral drift.is

1 1 1 1
Q- 25— —62=2.003— -0.142 = 7.8222 x 1073
Iy =3°797 T3 9 .

With similar steps, Y is lognormal also with respect to the historical probability measure P,
since

dy (t) =Y (t) <(;u + ;H) dt + éadW (t)>

and its historical drift is

P 2 2 2
Uy = s — =0 =—-0.07— =0.14* = 2.1156 10
3 9 3 9 X

. The initial price of the European derivative on S whose payoff X at maturity T =4 is

is
Sx (0) = B2 [e T (S(T)¥] =0T B (S (1))?]
= ¢ °T.Y(0) ety T
because Y is lognormal, and hence E© [(S (T))%] =EQ[Y (T)] =Y (0) ety T Therefore

Sx(0) = e 7.y (0)el30-37)T
= Y (0) e(TFN)T Z 1 (-5:0.08-5004%)4 _ 91511

. Denote with hg,h; the number of units of B and S that constitute the buy-and-hold strategy.
We have to determine hg,h; such that the cost of the strategy

ho-1+hy-S(0)=Sx(0)
and such that at maturity
EP [(s (T)F = (ho- " +hy - S (T))} =0.
This average equation can be rewritten as

0

E? [(5 (T))%} —BP [(ho- €T + hy - S(T))]

ol

) (0))% e T —hy-eT — hyS (0)e*T = 0 because (S (t))® and S (t) are lognormal
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From the initial cost equation we get
ho = Sx (0) — hy - S(0),
and substituting into the average equation we obtain

(5(0)% e*¥T — (Sx (0) = hy - S (0)) - T — by S (0) T =0
h1S(0) ( e“T) Sx (0) T — ((O))EB“Y'T

Sx (0) €T — (S(0))% erv'T

5 (0) (7T — erT)

0.915 11 . 0034 _ (1)3 (2 1156x107%4
_ 1- (0034 — ¢0.07-1)

hy =

= 0.28893

Therefore
ho = 0.91511 — 0.28893 - 1 = 0.626 18.

5. The initial no-arbitrage price of the derivative is
Sx(0) = B2 [e 0T (S(T)] =0T B2 [(S(T))¢]

= 9T . (3 (0))% ehy T

The initial number of units of S of the self-financing replicating strategy is

91 (0) = 86?;((5)(;) = é (S(0)F - el-30-39")T 5 ¢

Hence the replicating strategy is initially long on S.
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Quantitative Finance and Derivatives I

Finanza Quantitativa e Derivati I
code 20188
a.y. 2012/13, February 2013

POINTS WILL BE AWARDED ONLY IF THE ANSWER IS SUPPORTED BY A
DETAILED LOGICAL JUSTIFICATION

EXERCISE 1 (50 points out of 100).
Consider a one period market with the riskless asset B yielding a risk-free rate r = 4%, and a risky
security S; whose prices at time 7" =1 are

S1(1)(w1) =9
81(1)(&)2) =10
Sl(l)(wg) =8

Assume that the historical probability P on € is

]P’(o.)l) =04
]P(OJQ) =0.5
P(w:;) =0.1.

1. (3 points) Is the market complete?
2. (7 points) Suppose that the risky security S; trades at ¢ = 0 at the price
S1(0) = Sp =8.75

Do state price vectors/risk neutral probabilities exist? If your answer is positive, find both
the set of state price vectors and that of risk neutral probabilities, and discuss no-arbitrage in
the market.

3. (10 points) Suppose that a call option on S; with strike K = 9.22 and maturity 7' = 1 is
introduced in the market. Determine ¢(1)(wyg), the payoff of the option at maturity T'=1 for
k =1,2,3. Is this call option replicable with B and S;7 If your answer is negative, determine
the interval of no-arbitrage prices at ¢ = 0 for this call option on Sj.

4. (10 points) Compute the strategy 9INE = (19(I)NF,19{NF that minimizes in the original
market the initial cost of super-replicating the maturity payoff of the call option introduced
in point 3.

5. (15 points) Compute the strategy 9" = (951", 19{\4V> that allows you to mean-variance-
hedge in the original market the maturity payoff of the call option introduced in point 3. To
determine the strategy 9" you need to impose the following two conditions on Vyarv (1), its

value at time T'=1:

(a) Vymv (1) must replicate the maturity payoff of the call option ¢(1) on average with respect
to the historical probability measure P;
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(b) Vyamv (1) must minimize the quadratic error of replication with respect to the hystorical
probability measure P, that is EF [(c(l) - Vﬁ(l))2i| must reach its minimum at ¢ = 9V

6. (5 points) Compare the initial costs of the strategies YV and 9™V computed above, and

give a financial intrerpretation to your findings.

EXERCISE 2 (30 points out of 100)

Consider a Black-Scholes market with the riskless security B(t) = e’ and the lognormal risky
security S with drift x4 and volatility o under the historical probability P. Assume the following
values for the parameters: S(0) =1, § = 2%, u = 7% and o = 10%.

1. (5 points) Determine the historical probability P that a European put option on S with strike
price K = 0.5 closes out of the money at the maturity T = 1.

2. (15 points) Given the parameter a > 0, apply Ito Formula to compute the stochastic differ-

ential of
1.2 2

Y(t)=e 27" (S(1)7,
with respect to the risk-neutral probability Q.

3. (10 points) Consider the European derivative on S whose payoff at maturity T =1 is

Determine the value of the parameter o consistent with the fact that the initial no-arbitrage

price of the derivative is
Sy (0) = 1.5.

THEORY QUESTION (20 points out of 100)
State and derive the Black-Scholes partial differential equation. Write the terminal condition at T

for a European call option on S.
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Solution of the Exercises

Solution of EXERCISE 1

1. The market is incomplete, because the number of scenarios K = 3 > 2, the number of traded
securities.

2. Since the market is incomplete, the risk-neutral measures (if any) cannot be unique. Denoting
by ¢; = Q(w;) >0 fori=1,...,3, we have that

1
—— | 9¢1 +10¢g2 +8(1 —q1 — g2) | =8.75
1.04 —_———

93
2=11-q
q2 = 0.55 — 0.5(11

that gives
a1 € (0;3) = (0;0.9)
q2 = 0.55 — 0.5q1
g3 =1—q1 —(0.55 — 0.5¢1) = 0.45 — 0.5¢;

the state price vectors are

so that 0 )
¥y € (719309 157) = (0;0.86538)
1y = 0.55 - 57 — 0.5¢); = 0.52885 — 0.51,

1y =045 ﬁ —0.5t; =0.43269 — 0.5
3. The final payoff of a call option on S; with strike K = 9.22 and maturity 7' =1 is

(1) (w)=(9-9.22)" =0
c(1) (we) = (10 —9.22)" = 0.78
c(1)(ws) =(8-922)" =0

and cannot be replicated because

[1.04 9 0 ]
det,! 1.04 10 0.78 | =0.8112#0
[ 1.04 8 0 J
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[1.04 9 0
rank 1.04 10 0.78 | =3,
[ 1.04 8 0

i.e. the call payoff is linearly independent from the terminal prices of B and 5.

Hence there is an interval of no-arbitrage prices at t = 0 for the security call option on S;. To
retrieve such interval we compute

1

0-¢14+0.78-g2+0-¢g3 0.78
EQ[c(1)] = = —— .(0.55 — 0.5¢q;) = 0.4125 — 0.375
T )] 1.04 o1 0) n
therefore L
inf E? [c(1)] = 0.4125 — 0.375 - 0.9 = 0.075
Ql+r
and
E2[c(1)] = 0.4125 — 0.375-0 = 0.4125
S%lerT [c(1)]

Hence the no-arbitrage interval for the call option is (0.075;0.4125)

INF INF GINF
7.9 - 7.90 ,7.91

. The strategy ) that minimizes in the original market the initial cost of

superreplicating the payoff of the option introduced in point 3 at time 7" = 1 has initial cost
Vyinr (0) = 0.4125.

The strategy 9/ V' belongs to the set of super-replicating strategies, whose final payoff Vy (1) >
¢ (1) . More precisely, the set of superreplicating strategies ¥ is defined by the system of linear
inequalities:
¥y-1.044+9,-92>0
¥y - 1.04 4+, - 10 > 0.78
¥y 1044+, -8 >0

or, equivalently,
¥y > -9, = —0.115560,
¥y > =129, +0.078 = —0.1049, + 0.078
¥y > -9, = —0.139,

Denoting by R1, R2 and R3 the three lines defining the boundaries of the system of linear
inequalities,
R1: 9, = —0.11556%, (black)
R2: 9, = —0.1049, + 0.078 (Dblue)
R3: 9, = —0.139, (green),

their graph in the (z,y) = (9,,v;) plane is
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05T

0271

oL

0.1 T
02 T

-03 T

-0.4 —

Thus, the super-replicating strategies (J,, ;) in the (z,y) = (Jy,9,) plane define the region
above the maximum between the two lines R2 (blue) and R3 (green). Such maximum has the
purple graph in the plot below.

~ N ~ 0.6 T

Supe&sr;;plicating Strategies

The strategy whose initial cost is ¢ lies on the line

Do+ 0, - 8.75 = c,
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defining the equation of RC

C
:9, = —0.11429 - ¢ -
RC : 9, 0 99+ 375

As ¢ varies, the graph of RC defines the set of red-dashed parallel lines in the above plot. The
strategy in the super-replicating region with minimum c is therefore (ﬁéN E ﬁ{N F ) = R2NR3.

Hence
{ ¥, = —0.1049, + 0.078

9, = —0.139,

delivers
9INE = 0.39 and 9{NF = -3

whose initial cost is Vyrvr (0) = 90N + 01V . 8.75 = —3+0.39-8.75 = 0.4125, as we know.

. A strategy ¥ = (¥o,v1) in the original market has a terminal value that replicates the final
payoff of the call option ¢(1) on average with respect to the historical probability measure P if

EF [Vo(1)] = EF [e(1)]-
Since P(wq) = 0.4, P(wy) = 0.5, and P(w3) = 0.1, we have that
EF[S1(1)]=9-04410-0.5+8-0.1 =94

and
EF [¢(1)] =0-0.440.78-0.5+0-0.1 = 0.39

These computations yield
EF [Vy(1)] =90 (1 +7) + 9 EF [S1(1)] = 1.04 - 9o + 9.4 - 91 = BEF [¢(1)] = 0.39
and therefore

1.04-99=0.39—-94 1%
19MV — ﬁéWV’,ﬂiWV

The mean-variance-hedging strategy for the call option ) replicates the

final payoff of the call option ¢(1) on average with respect to the historical probability measure
P, and hence
1.04- 93V =0.39 —9.4.9MV,

Its terminal value Vyav (1) is therefore
Vouv (1) =90V (1 4+7) + 9V 51(1) = 0.39 — 9.4 - 9MV 4 9MV 5, (1)
leading to

Vygarv (1) (w1) = 0.39 — 9.4 - 97V 49V .9 = 0.39 — 0.492Y
Vv (1) (w2) = 0.39 — 9.4 - 917V + 9V .10 = 0.692"Y +0.39
Vouv (1) (w3) = 0.39 — 9.4 - 91V 493"V .8 =0.39 — 1.409"".
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The quadratic error of replication with respect to the hystorical probability measure P is.
P 2 MV 2 MV 2
E [(va(l) — (1)) } - (0.39 —0.49MY — 0) 04+ (0.6191 +0.39 — 0.78) 05+
2
+(0.39— 1,49 ~0) - 0.1
2
= 0.44 (19{‘”) —0.4689MY +0.1521.

The quadratic expression in 19{\4 V' is a parabola

-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 L5 2.0

whose minimum is reached at

—0.468
MV _ _
9 = 5044 0.531 82.
Therefore, the mean-variance-hedging strategy for the call option is 9" with
9" = 0.375 —9.0385-0.53182 = —4.4319
IMYV = 0.53182

Its terminal values are

Vv (1) (w1) = 0.39 — 0.4 -0.53182 = 0.17727 > 0 = ¢ (1) (w1)
Vv (1) (wa) = 0.6 -0.53182 + 0.39 = 0.70909 < 0.78 = ¢ (1) (w>)
Vv (1) (w3) = 0.39 — 1.4 0.53182 = —0.35455 < 0 = ¢ (1) (w3)

and its initial cost is

Vymv (0) = —4.4319+ 0.53182 - 8.75 = 0.221 53
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6. The strategy MV whose initial cost is 0.22153 does not super-replicate the option ¢ (1).
On the contrary, the more expensive strategy WIVE replicates the option ¢(1) in wy and w3
(because 9N = R2 N R3), and strictly super-replicates ¢ (1) in wy, where

Vorvr (1) (w1) = 90NF (1 +7) +91VF81 (1) (wy)
= -3-1.04+039-9
= 0.39>0=c(1)(w)

Solution of EXERCISE 2

1. The historical probability P that a European put option on S with strike price K = 0.5 closes
at maturity T'= 1 out of the money is

P[S(1)>K] = P _e(quj).Han > K} _

- 2
= P (u— )-1—1—0W121n

I
=
="
A\

S
S»—A
[a—
N
@)
S\N
|
S
=
|
‘q
[NV}
N———
—
N———
I

2. To compute the stochastic differential of
Y (8)=e 57 (S (1),

with a > 0, with respect to the risk-neutral probability Q, we consider the function

F(t,8) =e 37 (9)
and its derivatives

2
UWS) _ 15202 —30%e®t . (g())®; WS _mgotatrpgat, S _ o—dotatiy (o 1) §a-

Applying Ito formula we get

1 1.2 2 1.2 2 _
day (t) = —502042 ceTRT (SN dt+ae 2t S ()T dS () +
% cafa—1)em 279 5 ()72 82 (1) o2dt

1

2 2 1 1
= e 27 (S(t)” (—202a2dt + dadt + ocadW™ (t) + 5@ (a—1) O'th)

= Y(t) ((m — % -aUQ) dt + cadW* (t)>
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Hence Y (t) is lognormal with respect to the risk-neutral measure and its risk-neutral drift.is

ug = a<5—;-02)

1
= 0.02 — =-0.12
a(002-3-017)

0.015«

. The initial no-arbitrage price of the European derivative on S whose payoff at maturity 7' =1
is

is given by
SY (0) — ]EQ [676 .Y (1)]
= ¢°.Y(0) ¥l since Y is lognormal
0002 ,(0.0150)
o—0.0240.0150
Since
Sy (0) = 1.5,
we obtain
e—0.0240.015a  _ |5
—-0.02+0.015a¢ = Inl.5
In1.5+ 0.02
= " —98.364
@ 0.015 836
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Quantitative Finance and Derivatives I

Finanza Quantitativa e Derivati I
code 20188
a.y. 2012/13, September 2013

POINTS WILL BE AWARDED ONLY IF THE ANSWER IS SUPPORTED BY A
DETAILED LOGICAL JUSTIFICATION

EXERCISE 1 (35 points out of 100).

Consider a multiperiod discrete market with ¢ = 0,1, 2 with the following information structure:

t=0 t=1 t=2
1 / w1
fl \‘ W
S
1 / w3
f2 \ wa

Two securities are traded in the market. The first is a locally risk-free asset B that provides the
locally riskless interest rate

r(0) = 1%

rO)() = 1%
r)(f) = 0%.

—

—

The second security is a risky asset S, with time 0 price
S(0) = 100,

with time 1 prices
S(1)(f1) =105
S(1)(f3) =95
and with time 2 prices
5(2)(w1) = 110.25

S(2)(w2) = 99.75
S(2)(ws) = 104.5
5(2)(ws) = 85.5

1. (5 points) Is the market dynamically complete?

2. (10 points) Determine the set of risk neutral probabilities Q for the market, specifying Q(wy)
for k =1,...,4. Is the market free of arbitrage opportunities?
3. (5 points) Consider the European derivative X with maturity T = 2, whose terminal payoff
at T'=2is @ @
S(2) if S(2) < 100
X2 = { 100 otherwise

Compute the no-arbitrage prices at t = 0 and at ¢ = 1 of the derivative X.
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4.

(4 points) Consider the derivative Y whose cashflow is

[ S(t) if S(¢) <100
Y= { 100 otherwise

for t =1 and T = 2. Compute the no-arbitrage prices at ¢ = 0 and at ¢ = 1 of the derivative
Y.

. (5 points) Compute the no-arbitrage price at t = 0 and at t = 1 of a zero-coupon bond with

maturity 7' = 2, whose terminal payoff is 1 in any state of the world.

(6 points) Determine a buy-and-hold strategy 9 that replicates a European put option on
S with maturity 7' = 2 and strike 100 using only two financial securities in the market
extended to all the derivatives of previous points, that is in the market constituted by B, S,
the derivatives X of point 3.,Y of point 4., and the zero coupon bond of point 5.

EXERCISE 2 (40 points out of 100).

Consider a Black-Scholes market with the riskless security B(t) = e’ and the lognormal risky
security S with drift ;1 and volatility ¢ under the historical probability P. Assume the following
values for the parameters: S(0) =1, § = 5%, u = 8%, 0 = 16%, and T = 4.

1.

(5 points) Determine the historical probability P that a European call option on S with
strike price K =1 closes in the money at the maturity T (Here you only need to express the
probability in terms of the distribution function N(-) of a standard Normal random variable).

. (5 points) Find the strike price K’ such that the risk neutral probability Q that a European

call option on S with strike price K’ closes at the maturity T in the money is equal to the
probability computed at the previous point.

. (12 points) Let W* be the standard Brownian motion under the risk neutral probability Q.

Compute
B[ (1) - (1)?| 7]
B® [ )*] 7]
EC [(W* (T) = W™ (1)) - W* (t)| ],

and
B [(W* (1))| 7]

for t € (0,T) (explain carefully the steps of your computations).

. (8 points) Consider the European derivative whose final payoff is

Y =W (1))’

where W is the standard Brownian motion under the historical probability P. Determine its
no arbitrage price for any ¢ € [0, 7.

. (10 points) Consider the European derivative whose terminal payoff X at maturity T is given

by
X = (W(T) - E)?,
where W is the standard Brownian motion under the historical probability P, and E is fixed

in such a way that Sx(0), the initial no-arbitrage price of the derivative X, is equal to 5 - E.
Find F such that Sx(0) < 10.
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QUESTION (25 points out of 100).

In the Black and Scholes market model state the Partial Differential Equation for a European
derivative whose terminal payoff is a deterministic function of the terminal underlying value.

Write the terminal condition for a digital European option that pays at maturity 1 if S (7°) > 100,
and 0 otherwise.
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SOLUTIONS TO EXERCISES

Exercise 1

1. The prices of security B are

B()(f1) = B(1)(f3) = 1.01
and at the final date T = 2

B(2)(w1) = B(2)(ws) = 1.01-1.01 = 1.020 1

B(2)(ws) = B(2)(w4) = 1.OL.

The market is dynamically complete, because each one-period submarket is complete (in your
exam check explicitly that the rank of the terminal payoff matrix of each one-period submarket

has rank 2).

. We look for risk neutral probabilities Q for the market. We have to solve the systems

Q[
Ql

11+Qlf;] =1
'1,Q[f3] >0

==

for myg,

[wi|f1] + Qlwe|f1] =1
[wi] f1], Qwal f1] > 0

{ SO = gy (S@@n)Qln|fi] + 5(2)(ws
Q
Q

for m; 1, and

Qlws|f] + Qlwal f3] =1
Qlws| 3], Qlwalf3] > 0

{ SM(2) = mmgn 152 (ws)Qlws|£3] + 5(2)(ws

System (1) can be rewritten as

100 = £1- {105 QIf]+95-Qf31}
Q[fﬂ +@[le] =
Q[f1], Qlf3] >0

and is solved by

System (2) can be rewritten as

{ S(0) = 2 {SMUHQUA] + S ()QLf3]}

(1)
)Qwsa| 1]}

(2)
)Qlwal 3]}

(3)

105 = 57 {110.25 - Qw1 | f1] + 99.75 - Qw2 f1]}

{ Qui|fi]+ Qwa|fi] =1
Qlwi|f1], Qlwal|f1] >0

and is solved by

Qluwilfi] = 0.6
Qlwa|fi] = 04
4
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and System (3) can be rewritten as

95 = Ty 11045 Qlws|f3] + 85.5 - Qluwalf3 ]}
Qlws|f3] + Qlwalf2] =1
Qlws|f3], Qlwal f] > 0

and is solved by

Qlws|f3] = 0.5
Qlwalfs] = 0.5
Therefore
Qlwi] = 0.6-0.6=0.36
Qws] = 0.6-0.4=0.24
Qlws] = 0.4-05=0.2
Qws] = 0.4-0.5=02

Since there exists a unique risk neutral probability measure, the market is arbitrage free and
complete (by the 2"¢ FTAP).

3. The terminal payoff
_f S(2) if S(2) <100
X(2)= { 100 otherwise

is equal to
X (2)(w1) =100
X(2)(wz) =99.75
X(2)(wsz) =100

X (2)(ws) = 85.5

The no-arbitrage prices at ¢ = 1 of this derivative are

s = B | | P o)

100-0.6 +99.75-0.4
1.01 8.9

N [ X(2) 1
Sx(V)(fz) = EQ_TT‘(I) Pr|(f2)

100 - 0. 5.0
100 051+0855 05 _ g o

Sx(1)

= EC

Sx(0) ol
98.911-0.6+92.75-0.4

= - 4 2.
1.01 9549

4. The terminal payoff of the derivative Y coincides with the terminal payoff of the derivative
X. Therefore from Y (2) = X (2) we get that their no-arbitrage prices at ¢ = 1 coincide too,
namely

Sy(D)(fH = Sx(1)(fi) =98.911
Sy()(fH) = Sx(1)(f3) =92.75.
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At t = 1 the cashflow of the derivative Y is
Y(1)(fi) = 100
Y(1)(f3) = 95.

The initial no-arbitrage price of the derivative Y is given by

sv0) = B¢ | IR0

_ (100 +98.911) - 0.1604; (954 92.75) - 0.4 — 192,52,

. The no-arbitrage price at t = 0 and at t = 1 of a zero-coupon bond with maturity T = 2,
whose terminal payoff is 1 in any state of the world is at date t = 1

o i
ZCB)(fl) = EQ g Pr| (f1)
1

= ﬁ:0.99010
C i
ZCB)(fl) = E° ke (f2)
_oL
1.0

At t = 0 the price is

= 0.984 22.

ZCB(0) = E° [ZCB(l)] - 0.99010-0.6+1-0.4

1+7(0) 1.01

. The terminal payoff of a European put option on S with maturity 7' = 2 and strike 100 is

100 — S (2) if S(2) < 100
0 otherwise

put (2) = (100 — S (2))" = {

This payoff is equal to the constant amount 100 plus the final payoff of a short position on X,
because S(2) i 5(2)
-5(2) i 2) < 100
—X(@2)= { —100 otherwise
y4 5(2) i 5(2)
100—-S5(2) i 2) < 100
100 - X (2) = { 100 — 100 = 0 otherwise
In the extended market this final payoff 100 — X (2) is obtained by buying at the initial date

100 units of the zero coupon bond of point 5. and by selling 1 unit of the derivative X. More
formally consider the buy-and-hold strategy in the extended market

P9 (t) = ¥o=0 units of B
Y1(t) = 91 =0 unitsof S
I9x (t) = 9Ix =-—1 units of X
Yy (t) = Yy =0 unitsof Y
19203 (t) = 79203 =100 wunits of ZCB
for t =0,1. Then
Co(2) = Vy(2)=-1-X(2)+100- ZCB(2) = —1-X (2) +100- 1

= (100 — S (2))* = put (2).

[ 100—8(2) if S(2) < 100
- 100 — 100 = 0 otherwise
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At t = 1 the cashflow of the strategy Cy (1) = 0, because ¥ is buy-and-hold. Therefore, the
cashflow process of ¥ coincides with the cashflow process of the European put option: hence
¥ replicates the put option.

Exercise 2.

1. The historical probability P that a European call option on S with strike price K = 1 closes
at maturity T' = 4 in the money is

P[S(T) > K]

p [o(o- %) Teawn

K}:

S(0)
N (e &
= IP’_Z>< [(( (u_g;).j’) =

- (-2) )

(s -5)7) -
(-2 )
(005~ 22 1)) -

where Z denotes a standard normal random variable with respect to the historical probability
P.

= P|Z< -

v <aﬁ

1 1
= N In——
< 016\[(

= N(0.84) =0.79955

. The risk neutral probability Q that a European call option on S with strike price K’ closes at
the maturity T = 4 in the money is

_e (6— %) THoWi

_ s<ol>] N

. |
- @;Z/ (s - (-%) 7)) -
o|7 <z (ngg - (- F) 7)) - ®)
= ¥ (g (- %) 1)

where Z' is a standard normal random variable with respect to the risk neutral probability Q.
This probability is equal to the one computed at the previous point if the arguments of the
normal cumulative distribution function in (4) and (5) coincide, that is if

oo (-2 )2l (-3) )

Q[S(T) > K]
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that is

e (-3) 7nd(-2)-

2
InK'—1InS(0) = (5—2> ‘T+InK —1InS(0) — (u—(;) -T
InK'=6T+nK—pu-T
InK'=(—p)-4+Inl1=-0.03-4=-0.12

K’ = exp (—0.12) = 0.886 92

. Let W* be a standard Brownian motion under the risk neutral probability Q. The required
conditional expectations are

B[ (W (1) - W* (¢ ‘ft}

EQ [(W* (T) = W*(t))*| because W* (T) — W* (t) is independent of .
= T —1t because W* (T) — W* (t) X N (0, — t)

[(W* ‘]—}} W*(t))® because W* (t) is measurable w.r.t. 7

EQ [(W* (T) — W* (t)) - W* (t)| Fi] = W* (t) - BL [(W* (T) — W* (t))| F:] because W* (t) is F-meas.
= W* (t) -BER[(W*(T) — W*(t))] because W* (T') — W* (t) is Fi-indep.
= W*(t)-0=0 because W* (T) — W* (t) 2N (0, —t)

and

B [ (1))’ A] =B [(W (1) - W (1) + W 0)°| 7] =
= BC [(W* (1) = W ()| 7] + B2 [0 ()| 7] + 2B (W (1) = W* (1) - W™ (9)] 1] =

=T —t+ (W*(t))>+2-0 because of the previous computations.

. The no-arbtrage price of the European derivative whose terminal payoff is
Y = (W(T)),

where W is the standard Brownian motion under the historical probability P, is given by

<W*( )“;‘ST)Z .7-}] =
(”JST> — 2t S rme (e (7 )W}

i {T s or o+ (M 0r) e )}

because of the computations of the previous point, and since E? [(W* (T))|F] = W* (t),
because W* is a Q—martingale. Therefore

0.08—0.05 \? _0.08—0.05
— T )y N [ 2y ) — ot T T ) b =
Sy (t) e { + (W™ (t)” + 016 01s @)

Sy (t) = e "TURC [(W(T))*| 7| = e 0T0EC

0T {E@ [ (@)’ 7] + B F

—0.05(4—1) {4 —t+ (W* (1)) +0.5625 — 1.5W* (t)} :
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5. The initial no-arbitrage price of the European derivative whose payoff X at maturity T = 4 is

X = (W(T) - B,

where W is a standard Brownian motion under the historical probability, is given by

(W* (T) — “_6T—E>2] ,

g

Sx(0) = e~ EC [(W(T) - E)ﬂ = 0T B0

where W* is a standard Brownian motion under the risk neutral probability measure. Then

(W* (T) — “T_(ST - E) 2]
(W™ (T))* + (—“0_5T - E>2 +2W* (T) (—MU_(ST - E)
= 7 <T+ (L‘;(ST+E)2 +0>

2
0.08 — 0.05

= exp(—0.05-4)- (44 E*+0.5625 + 1.5E)
= exp(—0.05-4)- (E*+ 1.5E + 4.5625)

Sx(0) = e 9T B

e—JTEQ

Since F is fixed in such a way that the initial no-arbitrage price of the derivative X is equal
to 5 - E, we have
exp (—0.05-4) - (B? + 1.5E +4.5625) =5 - E

that is
E? +1.5E+4.5625 = 5-Eexp(0.05-4)
E?4+1.5E+4.5625 = 5-1.2214-F
E?—4.60TE +4.5625 = 0

which is solved by £ =1.4412 and F = 3.1658.

For E = 1.4412 we get Sx (0) = exp (—0.05 - 4)- (1.44122 + 1.5 - 1.4412 + 4.5625) = 7.206 =
5.1.4412 < 10.

For E = 3.1658 we get Sx (0) = exp (—0.05 - 4)-(3.1658% 4+ 1.5 - 3. 1658 + 4. 562 5) = 15.829 =
5-3.1658 > 10.

Therefore the solution is E = 1.4412, because E = 1.441 2 does meet the constraint Sx (0) <
10, whereas F = 3.1658 does not.
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